
Published as a conference paper at ICLR 2024

CONSISTENT ALGORITHMS FOR MULTI-LABEL CLASSI-
FICATION WITH MACRO-AT-k METRICS

Erik Schultheis
Aalto University
Helsinki, Finland
erik.schultheis@aalto.fi

Wojciech Kotłowski
Poznan University of Technology
Poznan, Poland
wkotlowski@cs.put.poznan.pl

Marek Wydmuch
Poznan University of Technology
Poznan, Poland
mwydmuch@cs.put.poznan.pl

Rohit Babbar
University of Bath / Aalto University
Bath, UK / Helsinki, Finland
rb2608@bath.ac.uk

Strom Borman
Yahoo Research
Champaign, USA
strom.borman@yahooinc.com

Krzysztof Dembczyński
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ABSTRACT

We consider the optimization of complex performance metrics in multi-label
classification under the population utility framework. We mainly focus on metrics
linearly decomposable into a sum of binary classification utilities applied separately
to each label with an additional requirement of exactly k labels predicted for each
instance. These “macro-at-k” metrics possess desired properties for extreme
classification problems with long tail labels. Unfortunately, the at-k constraint
couples the otherwise independent binary classification tasks, leading to a much
more challenging optimization problem than standard macro-averages. We provide
a statistical framework to study this problem, prove the existence and the form of
the optimal classifier, and propose a statistically consistent and practical learning
algorithm based on the Frank-Wolfe method. Interestingly, our main results concern
even more general metrics being non-linear functions of label-wise confusion
matrices. Empirical results provide evidence for the competitive performance of
the proposed approach.

1 INTRODUCTION

Various real-world applications of machine learning require performance measures of a complex
structure, which, unlike misclassification error, do not decompose into an expectation over instance-
wise quantities. Examples of such performance measures include the area under the ROC curve
(AUC) (Drummond & Holte, 2005), geometric mean (Drummond & Holte, 2005; Wang & Yao, 2012;
Menon et al., 2013; Cao et al., 2019), the F -measure (Lewis, 1995) or precision at the top (Kar et al.,
2015). The theoretical analysis of such measures, as well as the design of consistent and efficient
algorithms for them, is a non-trivial task.

In multi-label classification, one can consider a wide spectrum of measures that are usually divided
into three categories based on the averaging scheme, namely instance-wise, micro, and macro
averaging. Instance-wise measures are defined, as the name suggests, on the level of a single instance.
Typical examples are Hamming loss, precision@k, recall@k, and the instance-wise F -measure.
Micro-averages are defined on a confusion matrix that accumulates true positives, false positives,
false negative, and true negatives from all the labels. Macro-averages require a binary metric to be
applied to each label separately and then averaged over the labels. In general, any binary metric
can be applied in any of the above averaging schemes. Not surprisingly, some of the metrics, for
example misclassification error, lead to the same form of the final metric regardless of the scheme
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used. One can also consider the wider class of measures that are defined as general aggregation
functions of label-wise confusion matrices. This includes the measures described above, but also,
e.g., the geometric mean of label-wise metrics or a specific variant of the F -measure (Opitz & Burst,
2019) being a harmonic mean of macro-precision and macro-recall.

In this paper, we target the setting of prediction with a budget. Specifically, we require the predictions
to be “budgeted-at-k,” meaning that for each instance, exactly k labels need to be predicted. The
budget of k requires the prediction algorithm to choose the labels “wisely”. It is also important
in many real-world scenarios. For instance, in recommendation systems or extreme classification,
there is a fixed number of slots (e.g., indicated by a user interface) required to be filled with related
products/searches/ads (Cremonesi et al., 2010; Chang et al., 2021). Furthermore, having a fixed
prediction budget is also interesting from a methodological perspective, as various metrics which
lead to degenerate solutions without a budget, e.g., predict nothing (macro-precision) or everything
(macro-recall), become meaningful when restricted to predict k labels per instance.

While all our theoretical results and algorithms apply to a general class of multi-label measures, we
focus in this paper on macro-averaged metrics. If no additional requirements are imposed on the classi-
fier, the linear nature of the macro-averaging means that a binary problem for each label can be solved
independently, and existing techniques (Koyejo et al., 2015; Kotłowski & Dembczyński, 2017) are suf-
ficient. In turn, if we require predictions to be budgeted-at-k, the task becomes much more difficult, as
this constraint tightly couples the different binary problems together. In general, they cannot be solved
independently for each label, requiring instead more involved techniques to find the optimal classifier.

The macro-at-k metrics seem to be very attractive in the context of multi-label classification. Macro-
averaging treats all the labels equally important. This prevents ignoring labels with a small number
of positive examples (Schultheis et al., 2022), so-called tail labels, which are very common in
applications of multi-label classification, particularly in the extreme setting when the number of all
labels is very large (Jain et al., 2016; Babbar & Schölkopf, 2019). Furthermore, it can be shown
that one can remove tail labels from the training set with almost no drop of performance in terms of
popular metrics, such as precision@k and nDCG@k, on extreme multi-label data sets (Wei & Li,
2019; Schultheis et al., 2023). The macro-at-k metrics, on the other hand, are sensitive to the lack of
tail labels in the training set.1

We aim at delivering consistent algorithms for macro-at-k metrics, i.e., algorithms that converge
in the limit of infinite training data to the optimal classifier for the metrics. Our main theoretical
results are stated in a very general form, concerning the large class of aggregation functions of
label-wise confusion matrices. Our starting point of the analysis are results obtained in the multi-class
setting (Narasimhan et al., 2015; 2022), concerning consistent algorithms for complex performance
measures with additional constraints. Nevertheless, they do not consider budgeted-at-k predictions,
which do not apply to multi-class classification, while they play an important role in the multi-label
setting. Furthermore, using arguments from functional analysis, we managed to significantly simplify
the line of reasoning in the proofs. We first show that the problem can be transformed from optimizing
over classifiers to optimizing over the set of feasible confusion matrices, and that the optimal classifier
optimizes an unknown linear confusion-matrix metric. In the multi-label setting, interestingly,
such a classifier corresponds to a prediction rule, which has the appealingly simple form: selecting
the k highest-scoring labels based on an affine transformation of the marginal label probabilities.
Combining this result with the optimization of confusion matrices, we state a Frank-Wolfe based
algorithm that is consistent for finding the optimal classifier also for nonlinear metrics. Empirical
studies provide evidence that the proposed approach can be applied in practical settings and obtains
competitive performance in terms of the macro-at-k metrics.

2 RELATED WORK

The problem of optimizing complex performance metrics is well-known, with many articles pub-
lished for a variety of metrics and different classification problems. It has been considered for
binary (Ye et al., 2012; Koyejo et al., 2014; Busa-Fekete et al., 2015; Dembczynski et al., 2017),
multi-class (Narasimhan et al., 2015; 2022), multi-label (Waegeman et al., 2014; Koyejo et al., 2015;
Kotłowski & Dembczyński, 2017), and multi-output (Wang et al., 2019) classification.

1Results and description of such an experiment are given in Appendix I.
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Initially, the main focus was on designing algorithms, without a conscious emphasis on statistical
consequences of choosing models and their asymptotic behavior. Notable examples of such con-
tributions are the SVMperf algorithm (Joachims, 2005), approaches suited to different types of the
F-measure (Dembczynski et al., 2011; Natarajan et al., 2016; Jasinska et al., 2016), or precision
at the top (Kar et al., 2015). Wide use of such complex metrics has caused an increasing interest
in investigating their theoretical properties, which can then serve as a guide to design practical
algorithms.

The consistency of learning algorithms is a well-established problem. The seminal work of Bartlett
et al. (2006) was studying this problem for binary classification under the misclassification error.
Since then a wide spectrum of learning problems and performance metrics has been analyzed in
terms of consistency. These results concern ranking (Duchi et al., 2010; Ravikumar et al., 2011;
Calauzenes et al., 2012; Yang & Koyejo, 2020), multi-class (Zhang, 2004; Tewari & Bartlett, 2007)
and multi-label classification (Koyejo et al., 2015; Kotłowski & Dembczyński, 2017), classification
with abstention (Yuan & Wegkamp, 2010; Ramaswamy et al., 2018), or constrained classification
problems (Agarwal et al., 2018; Kearns et al., 2018; Narasimhan et al., 2022). Nevertheless, the
problem of designing consistent algorithms for budgeted-at-k macro averages is relatively new.

Optimizing non-decomposable metrics can be considered in two distinct frameworks (Dembczynski
et al., 2017): population utility (PU) and expected test utility (ETU). The PU framework focuses on
estimation, in the sense that a consistent PU classifier is one which correctly estimates the population
optimal utility as the size of the training set increases. A consistent ETU classifier is one which
optimizes the expected prediction error over a given test set. The latter might get better results, as
the optimization is performed on the test set directly. Optimization of budgeted-at-k metrics in this
framework has been recently considered in Schultheis et al. (2023). The former framework, which we
focus on in this paper, has the advantage that prediction can be made for each test example separately,
without knowing the entire test set in advance.

3 PROBLEM STATEMENT

Let x 2 X denote an input instance, and y 2 {0, 1}m the vector indicating the relevant labels,
jointly distributed according to (x,y) ⇠ P. Let h : X ! [0, 1]m be a randomized multi-label
classifier which, given instance x, predicts a possibly randomized class label vector by 2 {0, 1}m ,
such that Eby|x[by] = h(x). We assume that the predictions are budgeted at k, that is exactly k
labels are always predicted as relevant, which means that kbyk1 =

Pm
j=1 byj = k with probability

1. It turns out that this is equivalent to assuming kh(x)k1 =
Pm

j=1 hj(x) = k for all x 2 X .
Indeed, kh(x)k1 = k is necessary, because k = Eby|x[kbyk1] = kh(x)k1; but it also suffices as for
any real-valued vector ⇡ 2 [0, 1]m with k⇡k1 = k, one can construct a distribution over binary
vectors by 2 {0, 1}m with kbyk1 = k and marginals Eby[by] = ⇡; this can be accomplished using, e.g.,
Madow’s sampling scheme (see Appendix A for the actual efficient algorithm). Thus, using notation
�k

m := {v 2 [0, 1]m : kvk1 = k}, the randomized classifiers budgeted at k are then all (measurable)
functions of the form h : X ! �k

m. We denote the set of such functions as H.

For any x 2 X , let ⌘(x) := Ey|x[y] denote the vector of conditional label marginals. Given a random-
ized classifier h 2 H, we define its multi-label confusion tensor C(h) = (C1(h1), . . . ,Cm(hm))
as a sequence of m binary classification confusion matrices associated with each label j 2 [m], that
is Cj

uv(hj) = P[yj = u, byj = v] for u, v 2 {0, 1}. Note that using the marginals and the definition
of the randomized classifier,

Cj(hj) =

✓
Ex[(1 � ⌘j(x))(1 � hj(x))] Ex[(1 � ⌘j(x))hj(x)]
Ex[⌘j(x)(1 � hj(x))] Ex[⌘j(x)hj(x)]

◆
. (1)

The set of all possible binary confusion matrices is written as C := {C 2 [0, 1]2⇥2 | kCk1,1 = 1},
and is used to define the set of possible confusion tensors for predictions at k through Ck :=
{C 2 [0, 1]m⇥2⇥2 | 8j 2 [m] : Cj 2 C,

Pm
j=1 C

j
01 + Cj

11 = k}
In this work, we are interested in optimizing performance metrics that do not decompose over individ-
ual instances, but are general functions of the confusion tensor of the classifier h. While in general,
given two confusion matrices, we cannot say which one is better than the other without knowing the
specific application, it is possible to impose a partial order that any reasonable performance metric
should respect. To that end, define:
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Table 1: Examples of binary confusion matrix measures, which can be used as building blocks for
confusion tensor measures. For clarity, we denote tn = C00, fp = C01, fn = C10, tp = C11.

Metric  (C) Metric  (C)

Accuracy tp + tn Recall tp
tp+fn

Precision tp
tp+fp Balanced accuracy tp

2(tp+fn) + tn
2(tn+fp)

F�
(1+�2)tp

(1+�2)tp+�2fn+fp G-Mean
q

tp·tn
(tp+fn)(tn+fp)

Jaccard tp
tp+fp+fn AUC 2·tp·tn+tp·fp+fn·tn

2(tp+fn)(fp+tn)

Definition 3.1 (Binary Confusion Matrix Measure). Let C =
n
C 2 [0, 1]2⇥2 | kCk1,1 = 1

o
be the

set of all possible binary confusion matrices, and C,C 0 2 C. Then we say that C 0 is at least as good
as C, C 0 ⌫ C, if there exists constants ✏1, ✏2 such that

C 0 =

✓
C00 + ✏1 C01 � ✏1
C10 � ✏2 C11 + ✏2

◆
, (2)

i.e., if C 0 can be generated from C by turning some false positives to true negatives and false negatives
to true positives. A function  : C �! [0, 1] is called a binary confusion matrix measure (Singh &
Khim, 2022) if it respects that ordering, i.e., if for C 0 ⌫ C we have  (C 0) �  (C).

Similarly, in the multi-label case we cannot compare arbitrary confusion tensors, where one is better
on some labels than on others,2 but we can recognize if one is better on all labels:
Definition 3.2 (Confusion Tensor Measure). For a given number of labels m 2 N, and two confusion
tensors C,C0 2 Cm , we say that C0 is at least as good as C, C0 ⌫ C, if for all labels j 2 [m] it
holds that Cj0 ⌫ Cj . A function  : Cm �! [0, 1] is called a confusion tensor measure if it respects
this ordering, i.e., if for C0 ⌫ C we have  (C0) �  (C).

Of particular interest in this paper are functions which linearly decompose over the labels, that is
macro-averaged multi-label metrics (Manning et al., 2008; Parambath et al., 2014; Koyejo et al.,
2015; Kotłowski & Dembczyński, 2017) of the form:

 (h) =  (C(h)) = m�1
mX

j=1

 
�
Cj(hj)

�
, (3)

where  is some binary confusion matrix measure. If one takes a binary confusion matrix measure
(e.g., any of those define in Table 1), then the resulting macro-average will be a valid confusion tensor
measure. A more thorough discussion of these conditions can be found in Appendix H.

Macro-averaged metrics find numerous applications in multi-label classification, mainly due to their
balanced emphasis across labels independent of their frequencies, and thus can potentially alleviate
the “long-tail” issues in problems with many rare labels (Schultheis et al., 2022).

Denote the optimal value of the metric among all classifiers budgeted at k as:

 ? := sup
h2H

 (h), (4)

and let h? 2 argmaxh  (h) be an optimal (Bayes) classifier for which  (h?) =  ?, if it exists. For
any classifier h, define its  -regret as � (h) =  ? �  (h) to measure the suboptimality of h with
respect to  : from the definition, � (h) � 0 for every classifier h, and � (h) = 0 if and only if h
is optimal. If the  -regret of a learning algorithm converges to zero with the sample size tending to
infinity, it is called (statistically) consistent. We consider such algorithms in Section 5. Even though
the objective (3) decomposes onto m binary problems, these are still coupled by the budget constraint,
kh(x)k1 = k for all x 2 X , and cannot be optimized independently as we show later in the paper.

2This is specifically the trade-off we want to achieve for tail labels!
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4 THE OPTIMAL CLASSIFIER

Finding the form of the optimal classifier for general macro-averaged performance metrics is difficult.
For instance, when  (C) is the F� measure, the objective to be optimized is a sum of linear fractional
functions, which is known to be NP-hard in general (Schaible & Shi, 2003). We are, however, able
to fully determine the optimal classifier for the specific class of linear utilities, which are metrics
depending linearly on the confusion tensor of the classifier. Furthermore, we also show that for a
general class of macro-averaged metrics, under mild assumptions on the data distribution, the optimal
classifier exists and turns out to also be the maximizer of some linear utility, whose coefficients,
however, depend on its (unknown a priori) confusion tensor.

We start with a metric of the form3 (C) = G ·C =
Pm

j=1 G
j ·Cj for some vector of gain matrices

(gain tensor) G = (G1, . . . ,Gm), possibly depending on the data distribution P. We call such a
utility linear as it linearly depends on the confusion matrices of the classifier. Note that we allow the
gain matrix G to be different for each label, making this more general than linear macro-averages.
We need to consider this more general case, because it will appear as a subproblem when finding
optimal predictions for non-linear macro-averages as presented below.

Linear metrics are decomposable over instances, and thus the optimal classifier has an appealingly
simple form: It boils down to simply sorting the labels by an affine function of the marginals, and
returning the top k elements.
Theorem 4.1. The optimal classifier h? := argmaxh2H

 (h) for  (h) = G ·C(h) is given by

h?(x) = topk(a� ⌘(x) + b), (5)

where � denotes the coordinate-wise product of vectors, while the vectors a and b are given by:

aj = Gj
00 + Gj

11 �Gj
01 �Gj

10, bj = Gj
01 �Gj

00, (6)

and topk(v) returns a k-hot vector extracting the top k largest entries of v (ties broken arbitrarily).

Proof (sketch, full proof in Appendix B). After simple algebraic manipulations, the objective can be
written as  (h) = E

hPm
j=1(aj⌘j(x) + bj)hj(x)

i
+R, where aj and bj are as stated in the theorem,

while R does not depend on the classifier. For each x 2 X , the objective can thus be independently
maximized by the choice of h(x) 2 �k

m which maximizes
Pm

j=1(aj⌘j(x) + bj)hj(x). But this is
achieved by sorting aj⌘j(x)+bj in descending order, and setting hj(x) = 1 for the top k coordinates,
and hj(x) = 0 for the remaining coordinates (with ties broken arbitrarily).

Examples of binary metrics for which their macro averages can be written in the linear form include:

• the accuracy  (C) = C00+C11 (which leads to the Hamming utility after macro-averaging)
with aj = 2, bj = �1, and thus for any x 2 X , the optimal prediction h?(x) returns k
labels with the largest marginals ⌘j(x);

• the same prediction rule is obtained for the TP metric  (C) = C00 (that leads to
precision@k) with aj = 1, bj = 0;

• the recall  (C) = P(y = 1)�1C11 (macro-averaged to recall@k) has aj = P(yj =

1)�1, bj = 0, so that the optimal classifiers returns top k labels sorted according to ⌘j(x)
P(yj=1) ;

• the balanced accuracy  (C) = C11
2P(y=1) + C00

2P(y=0) , gives aj = 1
2P(yj=1) + 1

2P(yj=0) , bj =

� 1
2P(yj=0) , with the optimal prediction sorting labels according to ⌘j(x)

P(yj=1) �
1�⌘j(x)

1�P(yj=1) .

We now switch to general case, in which the base binary metrics are not necessarily decomposable
over instances, and optimizing their macro averages with budgeted predictors is a challenging task.
We make the following mild assumptions on the data distribution and performance metric:

3We use A · B =
P

uv AuvBuv to denote a dot product over matrices, and a concise notation A · B =P
j A

j ·Bj for ‘dot product’ over matrix sequences A = (A1, . . . ,Am) and B = (B1, . . . ,Bm).
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Assumption 4.2. The label conditional marginal vector ⌘(x) = Ey|x[y] is absolutely continuous
with respect to the Lebesgue measure on [0, 1]m (i.e., has a density over [0, 1]m ).

A similar assumption was commonly used in the past works (Koyejo et al., 2014; Narasimhan et al.,
2015; Dembczynski et al., 2017).
Assumption 4.3. The performance metric  is differentiable and fulfills for all labels j 2 [m]

@

@✏
 

✓
C1, . . . ,Cj + ✏

✓
1 �1
�1 1

◆
, . . . ,Cm

◆����
✏=0

> 0 . (7)

Assumption 4.3 is essentially a ‘strictly monotonic and differentiable’ version of Definition 3.2, and
is satisfied by all macro-averaged metrics given in Table 1.

Our first main result concerns the form of the optimal classifier for general confusion tensor measures,
of which macro-averaged binary confusion matrix measures are special cases. To state the result, we
define CP := {C(h) : h 2 H}, the set of confusion tensors achievable by randomized k-budgeted
classifiers on distribution P. Clearly, maximizing  (h) over h 2 H is equivalent to maximizing
 (C) over C 2 CP.
Theorem 4.4. Let the data distribution P and metric  satisfy Assumption 4.2 and Assumption 4.3
respectively. Then, there exists an optimal C? 2 CP, that is  (C?) =  ?. Moreover, any classifier
h? maximizing the linear utility G · C(h) over h 2 H with G = (G1, . . . ,Gm) given by Gj =
rCj (C?), also maximizes  (h) over h 2 H.

Proof (sketch, full proof in Appendix C. We first prove that CP is a compact set by using certain
properties of continuous linear operators in Hilbert space. Due to continuity of  and the compactness
of CP, there exists a maximizer C? = argmaxC2CP

 (C). By the first order optimality and convexity
of CP, r (C?) ·C? � r (C?) ·C for all C 2 CP, so C? maximizes a linear utility G ·C? with
gain matrices given by G = r (C?). A careful analysis under Assumption 4.2 shows that C?

uniquely maximizes G ·C over C 2 CP.

Theorem 4.4 reveals that  -optimal classifier exists and can be found by maximizing a linear utility,
that is, by predicting the top k labels sorted according to an affine function of the label marginals:
h?(x) = topk(a

? � ⌘(x) + b?) for vectors a? and b? defined for gain matrices G = r (C?) as
in Theorem 4.1. Unfortunately, since C? is unknown in advance, the coefficients a?, b? are also
unknown, and the optimal classifier is not directly available. However, knowing that h? optimizes a
linear utility induced by the gradient of  leads to a consistent algorithm described in the next section.

Although the optimal solution is expressed by affine functions of label marginals, in general, it
cannot be obtained by solving the problem independently for each label, i.e., the values of aj and
bj may depend on labels other than j. Let h?(x) and h0?(x) be optimal for distributions P and
P0, respectively. Let P0 differ from P only on a single label j. If we could solve the problem
independently for each label, then h?(x) and h0?(x) would be the same up to label j, in the sense
that the ordering relation between all other labels would not change. In Appendix E we show that this
is not the case, presenting a simple counterexample showing that a different distribution on a single
label changes the solution with respect to the other labels.

5 CONSISTENT ALGORITHMS

As any algorithm we propose has to operate on a finite sample, we need to introduce empirical counter-
parts for our quantities of interest. For example, we use b⌘(x) to denote the estimate of ⌘(x) given by
a label probability estimator trained on some set of training data S = {(x1,y1), . . . , (xn,yn)}.We
also define the empirical multi-label confusion tensor bC(h,S) of a classifier h with respect to some
set S of n instances. In this case, we have:

bCj
uv(hj ,S) =

1

n

nX

i=1

1[yij = u, hj(xi) = v] . (8)

Following Narasimhan et al. (2015), we use the Frank-Wolfe algorithm (Frank & Wolfe, 1956) to
perform an implicit optimization over feasible confusion tensors CP, without having to explicitly
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construct CP. This is possible, because Frank-Wolfe only requires us to be able to solve two sub-
problems: First, given a classifier h, we need to calculate its empirical confusion tensor, which is
straight-forward. Second, given a classifier and its corresponding confusion tensor, we need to solve
a linearized version of the optimization problem, which is possible due to Theorem 4.1.

Consequently, our algorithm, presented in Algorithm 1, proceeds as follows: In the beginning, we
split the available training data into two subsets. One for estimating label probabilities b⌘, and one for
tuning the actual classifier. After determining b⌘, we initialize h to be the standard top-k classifier,
which will get iteratively refined as follows. For the confusion tensor of the current classifier, we
can determine a linear objective based on its gradient. Because we can linearly interpolate stochastic
classifiers, which will lead to linearly interpolated confusion tensors, this gives us a descent direction
over which we can optimize a step-size,4 and the confusion tensor at this classifier. Based on this
confusion tensor, we can do the next linearized optimization step, until we reach a fixed limit for the
iteration count. We represent the randomized classifier as a set of deterministic classifiers hi, and
corresponding sampling weights ↵i obtained across all iterations of the algorithm. The Frank-Wolfe
algorithm scales to the larger problems as it only requires O(nm) time per iteration.

Algorithm 1 Multi-label Frank-Wolfe algorithm for complex performance measures
Require: Dataset S := {(x1,y1), . . . , (xn ,yn)}, number of iterations t 2 N, stopping condition ✏ 2 R

1: Split dataset S into S1 and S2

2: Learn label marginals model b⌘ : X �! R
m on S1

3: Initialize h0 : X �! bYk . Initial deterministic classifier
4: Initialize ↵0  � 1 . Initial probability of selecting the initial classifier h0

5: C0  � bC(h0,S2) . Calculate the initial confusion tensor
6: for i 2 {1, . . . , t} do . Perform t iterations
7: Gi  � rC 

�
Ci�1

�
. Calculate tensor of gradients of Ci�1 in respect to  (gain tensor)

8: ai  � Gi
11 +Gi

00 �Gi
01 �Gi

10 , b
i  � Gi

01 �Gi
00

9: hi(x) � topk(a
i � b⌘(x) + bi) . Construct the next classifier hi

10: C0  � bC(hi,S2) . Calculate the confusion tensor of the next classifier hi

11: ↵i  � argmax↵2[0,1]  
�
(1�↵)Ci�1+↵C0� . Find the best combination of Ci�1 and C0 (step-size)

12: if ↵i < ✏ then break . Stop if the step-size ↵i is smaller then ✏
13: Ci  � (1� ↵i)Ci�1 + ↵iC0 . Calculate a new confusion tensor based on the best ↵i

14: for j 2 {0, . . . , i� 1} do . Update all the previous
15: ↵j  � ↵j(1� ↵i) . probabilities of selecting corresponding h

16: return ({h0, . . . ,hi}, {↵0, . . . ,↵i}) . Return randomized classifier

This algorithm can consistently optimize a confusion tensor measure if it fulfills certain conditions:
Theorem 5.1 (Consistency of Frank-Wolfe). Assume the utility function  : [0, 1]m⇥2⇥2 �! R�0

is concave over CP, L-Lipschitz, and �-smooth w.r.t. the 1-norm. Let S = (S1,S2) be a sample
drawn i.i.d. from P. Further, let b⌘ be a label probability estimator learned from S1, and hFW

S
be

the classifier obtained after n iterations. Then, for any � 2 (0, 1], with probability of at least 1 � �
over draws of S ,

� 
�
hFW
S

�
 O(Ex[k⌘(x) � b⌘(x)k1]) + Õ

 
m2

r
m · logm · log n � log �

n

!
+

8�m

n + 2
. (9)

The proof of this theorem, given in Appendix D, broadly follows (Narasimhan et al., 2015): First, we
show that linear metrics can be estimated consistently with a regret growing with the L1 error of the
LPE. Then, we prove a uniform convergence result for estimating the multi-label confusion tensor.
As a prerequisite, we derive the VC-dimension of the class of classifiers based on top-k scoring, i.e.,
those classifiers that minimize some linear confusion tensor metric as shown in Theorem 4.1.
Lemma 5.2 (VC dimension for linear top-k classifiers). For ⌘ : X �! [0, 1]m , define

Hj
⌘ :=

[

a,b2Rm

{h : X �! {0, 1} : h(x) = 1[j 2 topk(a� ⌘ + b)]} . (10)

The VC-complexity of this class is VC(Hj
⌘)  6m log(em) .

4The classical version of FW uses a fixed step-size schedule of 2
t+1 instead of an inner optimization, but we

find the latter to give better results empirically. However, for the convergence result, fixed steps are assumed.
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Table 2: Results of different inference strategies on measure calculated at {3, 5, 10}. Notation:
P—precision, R—recall, F1—F1-measure. The green color indicates cells in which the strategy
matches the metric. The best results are in bold and the second best are in italic. We additionally
report basic statistics of the benchmarks: number of labels and instances in train and test sets, and
average number of positive labels per instance, average number of positive instances per label.

Inference Instance @3 Macro @3 Instance @5 Macro @5 Instance @10 Macro @10
strategy P R P R F1 P R P R F1 P R P R F1

MEDIAMILL (m = 101,n train = 30993,n test = 12914,E[kyk1] = 4.36,E[y ⇥ n train] = 1338.8)

TOP-K 66.25 49.55 8.96 4.81 4.95 51.96 62.04 12.85 8.75 7.71 33.63 76.60 11.46 19.68 11.28
TOP-K+wPOW 57.36 42.51 15.31 11.84 10.54 47.68 56.62 13.00 17.37 12.64 32.18 72.98 9.64 29.43 13.07
TOP-K+wLOG 39.72 27.32 14.43 10.10 9.41 35.40 39.96 11.38 15.33 10.95 28.45 63.36 9.86 26.25 12.26
TOP-K+`FOCAL 65.87 49.60 10.08 4.87 4.94 52.08 62.16 11.99 8.93 7.90 33.61 76.65 10.76 20.08 11.37
TOP-K+`ASYM 65.88 49.48 10.31 4.58 4.80 51.55 61.87 11.10 8.50 7.48 33.54 76.75 10.73 19.55 11.16

MACRO-PFW 7.94 6.13 19.33 6.06 2.87 6.99 8.96 17.29 8.79 3.17 6.02 14.14 17.38 17.24 5.23
MACRO-RPRIOR 6.37 3.67 8.81 19.82 5.31 7.38 7.25 8.91 26.50 6.71 8.31 17.42 10.53 39.24 8.85
MACRO-RFW 6.37 3.67 8.81 19.82 5.31 7.38 7.25 8.91 26.50 6.71 8.31 17.42 10.53 39.24 8.85
MACRO-F1FW 45.20 33.05 15.42 11.17 12.21 43.57 51.60 15.20 15.05 13.82 28.12 64.23 13.93 23.32 14.81

FLICKR (m = 195,n train = 56359,n test = 24154,E[kyk1] = 1.34,E[y ⇥ n train] = 412.6)

TOP-K 23.94 56.96 23.04 38.41 26.56 16.99 66.01 17.12 47.03 23.49 10.16 77.35 10.72 59.37 17.24
TOP-K+wPOW 22.35 53.44 17.96 44.26 24.21 16.10 62.80 13.76 52.39 20.68 9.77 74.54 9.08 63.98 15.08
TOP-K+wLOG 23.57 56.17 19.86 41.36 25.49 16.76 65.21 15.05 49.75 22.00 10.06 76.63 9.79 61.80 16.10
TOP-K+`FOCAL 23.64 56.27 24.90 36.67 26.42 16.89 65.62 18.53 45.67 24.16 10.05 76.63 11.77 57.90 18.14
TOP-K+`ASYM 23.37 55.65 23.09 37.00 26.12 16.74 65.04 17.39 45.61 23.60 10.06 76.63 10.91 58.36 17.48

MACRO-PFW 4.65 11.49 39.34 6.63 8.06 5.66 22.75 41.74 9.70 10.57 2.83 22.26 37.59 10.68 8.50
MACRO-RPRIOR 16.14 38.62 17.58 45.50 22.27 12.17 47.48 13.98 53.83 19.72 7.89 60.42 9.57 64.66 15.07
MACRO-RFW 16.14 38.62 17.58 45.50 22.27 12.17 47.48 13.98 53.83 19.72 7.89 60.42 9.57 64.66 15.07
MACRO-F1FW 17.59 41.60 35.28 29.28 29.43 12.22 47.31 34.13 32.70 29.43 5.92 45.77 34.55 33.08 29.02

RCV1X (m = 2456,n train = 623847,n test = 155962,E[kyk1] = 4.80,E[y ⇥ n train] = 1218.6)

TOP-K 72.99 75.32 13.06 4.67 5.43 52.30 81.96 12.77 7.61 7.64 32.98 89.70 11.35 14.75 10.28
TOP-K+wPOW 65.99 69.11 18.58 12.78 13.09 48.48 77.18 14.69 17.66 13.64 31.43 87.14 10.63 26.05 12.82
TOP-K+wLOG 70.70 73.37 19.97 8.10 9.80 51.18 80.49 16.03 11.75 11.29 32.66 89.14 11.96 19.01 12.06
TOP-K+`FOCAL 71.99 74.38 14.06 4.83 5.76 51.46 80.94 12.49 7.65 7.75 32.38 88.75 10.59 14.42 10.06
TOP-K+`ASYM 71.14 73.60 14.40 5.44 6.46 50.81 80.13 12.27 8.52 8.41 31.88 87.85 9.64 15.16 10.03

MACRO-PFW 46.36 50.11 21.11 5.61 5.84 29.40 49.81 21.69 5.72 5.31 19.45 60.40 21.66 6.03 5.78
MACRO-RPRIOR 44.26 46.10 14.60 18.24 12.04 34.77 56.28 13.13 24.59 12.77 24.08 70.51 10.66 34.34 12.39
MACRO-RFW 43.28 44.99 14.56 18.41 11.95 34.15 55.24 13.15 24.89 12.73 23.78 69.71 10.76 34.66 12.44
MACRO-F1FW 58.20 61.22 21.45 10.37 12.09 44.42 71.86 21.96 12.25 13.68 27.26 78.88 22.10 14.86 15.12

AMAZONCAT (m = 13330,n train = 1186239,n test = 306782,E[kyk1] = 5.04,E[y ⇥ n train] = 448.6)

TOP-K 78.29 59.29 35.73 12.44 16.52 63.63 74.54 46.43 32.72 35.06 39.16 85.18 39.52 51.69 40.39
TOP-K+wPOW 66.32 49.76 50.21 45.79 45.70 57.12 67.49 44.85 53.78 46.30 37.31 82.20 30.13 63.53 37.15
TOP-K+wLOG 72.56 54.56 50.30 32.06 36.94 61.15 71.83 48.93 42.87 43.05 38.71 84.49 36.84 56.71 40.60

MACRO-PFW 47.00 35.57 56.47 23.74 29.62 41.04 50.74 55.85 27.45 30.23 30.66 69.67 55.27 29.09 34.51
MACRO-RPRIOR 48.58 34.93 37.16 59.97 42.02 40.67 47.35 28.17 66.98 35.75 28.06 62.91 17.62 73.98 25.04
MACRO-RFW 48.58 34.93 37.15 59.97 42.02 40.67 47.35 28.17 66.98 35.75 28.06 62.91 17.62 73.98 25.04
MACRO-F1FW 68.59 51.49 56.75 34.68 40.90 55.73 65.60 56.62 36.40 41.92 35.30 78.34 54.67 39.93 43.26

6 EXPERIMENTS

In this section, we empirically evaluate the proposed Frank-Wolfe algorithm on a variety of multi-
label benchmark tasks that differ substantially in the number of labels and imbalance of the label
distribution: MEDIAMILL (Snoek et al., 2006), FLICKR (Tang & Liu, 2009), RCV1X (Lewis
et al., 2004), and AMAZONCAT (McAuley & Leskovec, 2013; Bhatia et al., 2016). For the first
three datasets we use a multi-layer neural network for estimating b⌘(x). For the last and largest
dataset, we use a sparse linear label tree model, which is a common baseline in extreme multi-label
classification (Jasinska-Kobus et al., 2020).5 In Appendix F we include all the details regarding the
setup of probability estimators.

We evaluate the following classifiers optimizing the macro-at-k measures:

• MACRO-PFW, MACRO-RFW, MACRO-F1FW: randomized classifiers found by the Frank-
Wolfe algorithm (Algorithm 1) for optimizing macro precision, recall, and F1, respectively,
based on b⌘(x) coming from the model trained with binary cross-entropy loss (BCE).

5Code to reproduce the experiments: https://github.com/mwydmuch/xCOLUMNs
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• MACRO-RPRIOR: implements the optimal strategy for macro recall, which selects k labels
with the highest bp�1

j b⌘j ; bpjs are estimates of label priors obtained on a training set and b⌘(x)
are given by the model trained with BCE loss.

As baselines, we use the following algorithms:

• TOP-K: selects k labels with the highest b⌘j coming from the model trained with BCE loss;
the optimal strategy for instance-wise precision at k (Wydmuch et al., 2018).

• TOP-K+wPOW, TOP-K+wLOG: similarly to TOP-K, selects k labels with the highest wjb⌘j ,
where wj are calculated as a function of label priors corresponding to the power-law,
wpow

j = bp��
j , and log weights, wlog

j = � log bpj , with bp estimated on the training set. For
power-law weights, we use � = 0.5. This kind of weighting aims to put more emphasis on
less frequent labels.

• TOP-K+`FOCAL, TOP-K+`ASYM: multi-label focal loss and asymmetric loss (Lin et al., 2017;
Ridnik et al., 2021) are variants of BCE loss, commonly used in multi-label classification to
improve classification performance on harder, less frequent labels. Here, we train models
using these losses and select k labels with the highest output scores.

For all baselines and MACRO-RPRIOR, we always train the label probability estimator on the whole
training set. For MACRO-PFW, MACRO-RFW, and MACRO-F1FW, we tested different ratios (50/50
or 75/25) of splitting training data into sets used for training the label probability estimators and
estimating confusion matrix C, as well as a variant where we use the whole training set for both steps.
We also investigated two strategies for initialization of classifier h by either using equal weights
(resulting in a TOP-K classifier) or random weights. Finally, we terminate the algorithm if we do not
observe sufficient improvement in the objective. In practice, we found that Frank-Wolfe converges
within 3–10 iterations. Because of the nature of the random classifier, we repeat the inference on the
test set 10 times and report the mean results. In Table 2 we present the variant achieving the best
results, and report all the results including standard deviations, running times, number of Frank-Wolfe
iterations in Appendix G.

The randomized classifiers obtained via the Frank-Wolfe algorithm achieve, in most cases, the best
results for the measure they aim to optimize, at the cost of loosing on some instance-wise measures.
However, they sometimes fail to obtain the best results on the largest dataset, where the majority
of labels have only a few (less than 10) positive instances in the training set, preventing them from
obtaining accurate estimates of ⌘ and C. In this case, simple heuristics like TOP-K+wPOW might
work better. Popular Focal loss and Asymmetric loss preserve the performance on instance-wise
metrics, but improvement on the macro measures is usually small. It is also worth noting that, as
expected, MACRO-RFW recovers the solution of MACRO-RPRIOR in all cases.

7 CONCLUSIONS

In this paper, we have focused on developing a consistent algorithm for complex macro-at-k metrics
in the framework of population utility (PU). Our main results have been obtained by following the
line of research conducted in the context of multi-class classification with additional constraints.
However, these previous works do not address the specific scenario of budgeted predictions at k, which
commonly arises in multi-label classification problems. For the complex macro-at-k metrics, we have
introduced a consistent Frank-Wolfe algorithm, which is capable of finding an optimal randomized
classifier by transforming the problem of optimizing over classifiers to optimizing over the set of
feasible confusion matrices and using the fact that the optimal classifier optimizes (unknown) linear
confusion-matrix. Our empirical studies show that the introduced approach effectively optimizes
macro-measures and it scales to even larger datasets with thousands of labels.
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