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ABSTRACT

We consider the optimization of complex performance metrics in multi-label
classification under the population utility framework. We mainly focus on metrics
linearly decomposable into a sum of binary classification utilities applied separately
to each label with an additional requirement of exactly £ labels predicted for each
instance. These “macro-at-k” metrics possess desired properties for extreme
classification problems with long tail labels. Unfortunately, the at-k constraint
couples the otherwise independent binary classification tasks, leading to a much
more challenging optimization problem than standard macro-averages. We provide
a statistical framework to study this problem, prove the existence and the form of
the optimal classifier, and propose a statistically consistent and practical learning
algorithm based on the Frank-Wolfe method. Interestingly, our main results concern
even more general metrics being non-linear functions of label-wise confusion
matrices. Empirical results provide evidence for the competitive performance of
the proposed approach.

1 INTRODUCTION

Various real-world applications of machine learning require performance measures of a complex
structure, which, unlike misclassification error, do not decompose into an expectation over instance-
wise quantities. Examples of such performance measures include the area under the ROC curve
(AUC) (Drummond & Holte, 2005), geometric mean (Drummond & Holte, 2005 Wang & Yaol [2012;
Menon et al.,[2013;Cao et al.,[2019), the F-measure (Lewis, |1995) or precision at the top (Lewis,
1995; [Kar et al.||2015). The theoretical analysis of such measures, as well as the design of consistent
and efficient algorithms for them, is a non-trivial task.

In multi-label classification, one can consider a wide spectrum of measures that are usually divided
into three categories based on the averaging scheme, namely instance-wise, micro, and macro
averaging. Instance-wise measures are defined, as the name suggests, on the level of a single instance.
Typical examples are Hamming loss, precision@k, recall@k, and the instance-wise F-measure.
Micro-averages are defined on a confusion matrix that accumulates true positives, false positives,
false negative, and true negatives from all the labels. Macro-averages require a binary metric to be
applied to each label separately and then averaged over the labels. In general, any binary metric
can be applied in any of the above averaging schemes. Not surprisingly, some of the metrics, for
example misclassification error, lead to the same form of the final metric regardless of the scheme
used. One can also consider the wider class of measures that are defined as general aggregation
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functions of label-wise confusion matrices. This includes the measures described above, but also,
e.g., the geometric mean of label-wise metrics or a specific variant of the F'-measure (Opitz & Burst,
2021) being a harmonic mean of macro-precision and macro-recall.

In this paper, we target an important setting of prediction with a budget. Specifically, we require
the predictions to be “budgeted-at-k,” meaning that for each instance, exactly k labels need to be
predicted. The budget of &k predictions requires the prediction algorithm to choose the labels “wisely”,
and is also important in many real-world scenarios. For instance, in recommendation systems or
extreme classification, there is a fixed number of slots (e.g., indicated by a user interface) required to
be filled with related products/searches/ads|Cremonesi et al.[(2010);|Chang et al.|(2021). Furthermore,
having a fixed prediction budget is also interesting from a methodological perspective as various
metrics which would lead to degenerate solutions without a prediction budget, e.g., predict nothing
(macro-precision) or everything (macro-recall), become meaningful when restricted to predict k
labels per instance.

While all our theoretical results and algorithms apply to general class of multi-label measures, we
focus in this paper on macro-averaged metrics. If no additional requirements are imposed on the
classifier, then the linear nature of the macro-averaging means that a binary problem for each label can
be solved independently. The existing techniques (Koyejo et al., 2015} |Kotlowski & Dembczynski,
2017) are sufficient in this case. However, if we require the predictions to be budgeted-at-k, the
problem becomes much more difficult. This instance-level constraint tightly couples the different
binary problems together, requiring more involved techniques to find the optimal classifier. In general,
such problem cannot be solved independently for each label.

The macro-at-k metrics seem to be very attractive in the context of multi-label classification. Macro-
averaging treats all the labels equally important. This prevents ignoring the labels with a small
number of positive examples, the so-called tail labels, which are very common in applications of
multi-label classification, particularly in the extreme setting when the number of all labels is very
large (Schultheis et al.,[2022). Furthermore, as shown in the work of Wei & Li (2019), 50% of tail
labels can be removed from the training set with almost no drop of performance in terms of popular
metrics, such as precision@k and nDCG@F, on extreme multi-label data sets. The macro-at-k
metrics, on the other hand, are sensitive to the lack of tail labels in the training setE]

We aim at delivering consistent algorithms for macro-at-£ metrics, i.e., algorithms that converge
in the limit of infinite training data to the optimal classifier for the metrics. Our main theoretical
results are stated in a very general form, concerning the large class of aggregation functions of
label-wise confusion matrices. Our starting point of the analysis are results obtained in the multi-class
setting (Narasimhan et al., |2015; 2022)), concerning consistent algorithms for complex performance
measures with additional constraints. Nevertheless, they do not consider budgeted-at-k predictions,
which do not apply to multi-class classification, while they play an important role in the multi-
label setting. Furthermore, using arguments from functional analysis, we managed to significantly
simplify the line of arguments in the proofs. We first show that the problem can be transformed
from optimizing over classifiers to optimizing over the set of feasible confusion matrices, and that
the optimal classifier optimizes an unknown linear confusion-matrix metric. In the multi-label
setting, interestingly, such a classifier corresponds to a prediction rule, which has the appealingly
simple form: selecting the &k highest-scoring labels based on an affine transformation of the marginal
label probabilities. Combining this result with the optimization of confusion matrices, we state a
Frank-Wolfe based algorithm that is consistent for finding the optimal classifier also for nonlinear
metrics. Empirical studies provide evidence that the proposed approach can be applied in practical
settings and obtains competitive performance in terms of the macro-at-k metrics.

2 RELATED WORK

The problem of optimizing complex performance metrics is well-known with many articles published
for a variety of metrics and different classification problems. It has been considered for binary
classification (Ye et al.,[2012; Koyejo et al., |2014; |Busa-Fekete et al., 2015;Dembczynski et al., 2017),
multi-class classification (Narasimhan et al., 2015} |2022), and multi-label classification (Waegeman
et al., 2014} [Koyejo et al.,|2015; [Kottowski & Dembczynski, [2017).

'Results and description of such experiment are given in|[Appendix I
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Initially, the main focus was on designing algorithms, without a conscious emphasis on statistical
consequences of choosing models and their asymptotic behavior. The notable examples of such
contribution are the SVMperf algorithm (Joachims| 2005), approaches suited to different types of
the F-measure (Dembczynski et al., 2011} |[Natarajan et al.| 2016} Jasinska et al.| [2016), or precision
at the top (Kar et al., 2015)). Wide use of such complex metrics has caused an increasing interest in
investigating their theoretical properties, which can then serve as a guide to design practical algorithm.

The consistency of learning algorithms is a well-established problem. The seminal work of [Bartlett
et al.| (2006) was studying this problem for binary classification under the misclassification error.
Since then a wide spectrum of learning problems and performance metrics has been analyzed in
terms of consistency. These results concerns ranking (Duchi et al.| 2010; Ravikumar et al., 2011}
Calauzenes et al.,|2012;|Yang & Koyejo, [2020), multi-class (Zhang| 2004; Tewar1 & Bartlett, 2007)
and multi-label classification (Koyejo et al., 2015} [Kottowski & Dembczynskil, 2017)), classification
with abstention (Yuan & Wegkamp, [2010; Ramaswamy et al.,2018)), or constrained classification
problems (Agarwal et al., 2018} Kearns et al.,|2018}; [Narasimhan et al.| 2022). Nevertheless, we are
not aware of any work that concerns consistent algorithms for budgeted-at-k£ macro averages, which
is the main contribution of this paper.

Optimizing non-decomposable metrics can be considered in two distinct frameworks (Dembczynski
et al.Ll 2017): population utility (PU) and expected test utility (ETU). The PU framework focuses on
estimation, in the sense that a consistent PU classifier is one which correctly estimates the population
optimal utility as the size of the training set increases. A consistent ETU classifier is one which
optimizes the expected prediction error over a given test set. The latter might get better results as
the optimization is performed on the test set directly. The former framework, which we focus on in
this paper, has the advantage that prediction can be made for each test example separately, without
knowing the entire test set in advance.

3 PROBLEM STATEMENT

Let x € X denote an input instance, and y € {0,1}™ the vector indicating the relevant labels,
jointly distributed according to (z,y) ~ P. Let h: X — [0,1]™ be a randomized multi-label
classifier which, given instance x, predicts a possibly randomized class label vector y € {0,1}™
such that IEg,[y] = h(x). We assume that the predictions are budgeted at k, that is exactly &
relevant labels are always predicted, which means that ||y|j; = Z;’;l y; = k with probability 1. It
turns out that this is equivalent to assuming ||h(z)||y = Y27, hj(x) = k for all z € X. Indeed,
|h(x)||1 = k is necessary, because k = g [||y|l1] = ||[h(x)||1; but it also suffices as for any
real-valued vector 7w € [0, 1]™ with ||7r||; = k, one can construct a distribution over binary vectors
y € {0,1}™ with ||[y|l1 = k and marginals Eg[y] = r; this can be accomplished using, e.g.,
Madow'’s sampling scheme (see Appendix [A]for the actual efficient algorithm). Thus, using notation
Ak = {v €[0,1]™: ||v|1 = k}, the randomized classifiers budgeted at k are then all (measurable)
functlons of the form h: X — AF . We denote the set of such functions as H.

Forany x € X, let n(x) = E |, [y] denote the vector of conditional label marginals. Given a random-
ized classifier h € H, we define its multilabel confusion tensor C(h) = (C1(hy),...,C™(h,,)) as
a sequence of m binary classification confusion matrices associated with each label j € [m], that is
Ci,(h;) =P(y; = u,y; = v) foru,v € {0,1}. Note that using the marginals and the definition of
the randomized classifier,

iy (Bal(l = (@)1= hy(e)] Bal(1 — n;(x)hy ()]
©(hy) ( Eo [, (2)(1 ~ hy () B [1;(2)h; ()] > M

The set of all possible binary confusion matrices is written as C = {C € [0,1]*** | |C||1.1 = 1}
and is used to deﬁne the set of possible confusmn tensors for predictions at &k through C
{Ce0,]™*?|vje[m]:C7ecC, b O+, =k}

In this work, we are interested in optimizing performance metrics that do not decompose into
individual instances, but are general functions of the confusion tensor of the classifier k. While in
general, given two confusion tensors, we cannot say which one is better than another without knowing
the specific application, it is possible to impose a partial order that any reasonable performance
metric should respect. To that end, define:
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Table 1: Examples of binary confusion matrix measures. For clarity, we used notation tn = Clgg, fp =
Co1,fn = Cro,tp = C11

Metric P(C) Metric ¥(0)
Accuracy tp+tn Recall tptffn
Precision tpt_ffp Balanced accuracy t;p—&{an + ttln_,{?p
(1+8%)tp tp-tn
Fs (ESEE e rewr G-Mean (opF ) (0 1)
tp fp-fn
Jaccard P e AUC (tp+fn)(fp+tn)

Definition 3.1 (Binary Confusion Matrix Measure). Let C = {C € 0,117 ||c 11 = 1} be the

set of all possible binary confusion matrices, and C,C" € C. Then we say that C" is at least as good
as C, C' = C, if there exists constants €1, €5 such that

r_ [Coot+er Cot—e
¢ = (010—62 C11+€2> ’ @

i.e., if C' can be generated from C by turning some false positives to true negatives and false negatives
fo true positives. A function 1: C — [0, 1] is called a binary confusion matrix measure (Singh &
Khim| |2022) if it respects that ordering, i.e., if for C' = C we have ¢(C") > ¢ (C).

Similarly, in the multilabel case we cannot compare arbitrary confusion tensors, where one is better
on some labels than on othersE] but we can recognize if one is better on all labels:

Definition 3.2 (Confusion Tensor Measure). For a given number of labels m € IN, and two confusion
tensors C,C’ € C™, we say that C' is at least as good as C, C’ = C, if for all labels j € [m] it
holds that C?' = C7. A function W : C™ — [0, 1] is called a confusion tensor measure if it respects
this ordering, i.e., if for C' = C we have ¥(C') > ¥(C).

Of particular interest in this paper are functions which linearly decompose over the labels, that is
macro-averaged multi-label metrics (Manning et al., 2008} |Parambath et al., [2014; [Koyejo et al.,
2015} |[Kottowski & Dembczynskil 2017)) of the form:

#(h) = (O(R) = m ™ Y w(C7(hy). @

where 1) is some binary confusion matrix measure. If one takes a binary confusion matrix measure
(e.g., any of those define in[Table ), then the resulting macro-average will be a valid confusion tensor
measure. A more thorough discussion of these conditions can be found in

Macro-averaged metrics find numerous applications in multi-label classification, mainly due to their
balanced emphasis put on all the labels, independent of their frequencies, and thus can potentially
alleviate the “long-tail” issues in problems with many rare labels (Schultheis et al.||2022).

Denote the optimal value of the metric among all classifiers budgeted at k as:

U* = sup ¥(h), )
heH

and let h* € argmax;, ¥(h) be an optimal (Bayes) classifier for which ¥ (h*) = ¥*, if it exists. For
any classifier h, define its W-regret as AW (h) = ¥* — ¥(h) to measure the suboptimality of h with
respect to ¥: from the definition, A¥(h) > 0 for every classifier h, and A¥(h) = 0 if and only if h
is optimal. If the W-regret of a learning algorithm converges to zero with the sample size tending to
infinity, it is called (statistically) consistent. We consider such algorithms in Section[5] Even though
the objective (3) decomposes onto m binary problems, these are still coupled by the budget constraint,
[|R(z)||1 = k for all x € X, and cannot be optimized independently as we show later in the paper.

*This is specifically the trade-off we want to achieve for tail labels!
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4 THE OPTIMAL CLASSIFIER

Finding the form of the optimal classifier for general macro-averaged performance metrics is difficult.
For instance, when 1 (C) is the Fg measure, the objective to be optimized is a sum of linear fractional
functions, which is known to be NP-hard in general (Schaible & Shi, |2003). We are, however, able
to fully determine the optimal classifier for the specific class of linear utilities, which are metrics
depending linearly on the confusion matrix of the classifier. Furthermore, we also show that for a
general class of macro-averaged metrics, under mild assumptions on the data distribution, the optimal
classifier exists and turns out to also be the maximizer of some linear utility, whose coefficients,
however, depend on its (unknown a priori) confusion matrix.

We start with the metric of the fornﬂ ¥(C) = G-C = Y7, G’ - C’ for some vector of gain

matrices G = (G, ..., G™), possibly depending on the data distribution P. We call such a utility
linear as it linearly depends on the confusion matrices of the classifier. Note that we allow the gain
matrix G to be different for each label, making this more general than linear macro-averages. We
need to consider this more general case, because it will appear as a subproblem when finding optimal
predictions for non-linear macro-averages as presented below.

Linear metrics are decomposable over instances and thus the optimal classifier has an appealingly
simple form: It boils down to simply sorting the labels by an affine function of the marginals, and
returning the top k elements.

Theorem 4.1. The optimal classifier h* = argmax,, 4, ¥ (h) for ¥(h) = G - C(h) is given by
h*(z) = top,(a © n(z) + b), Q)
where © denotes the coordinate-wise product of vectors, while vectors a and b are given by:
a; = Gy + G}, — G, — G, b = Gy — Gy, (6)

and topy, (v) returns a k-hot vector extracting the top k largest entries of v (ties broken arbitrarily).

Proof (sketch, full proof in Appendix|B). After simple algebraic manipulations, the objective can be

n

writtenas ¥(h) = E [Z;’:l (a;nj(x) + bj)h; (w)} + R, where a; and b; are as stated in the theorem,
while R does not depend on the classifier. For each « € X, the objective can thus be independently
maximized by the choice of h(z) € A}, which maximizes Y7 (a;n;(x) + b;)h;(z). But this is
achieved by sorting a;7; (x)+b; in descending order, and setting h;(x) = 1 for the top k coordinates,
and h;(x) = 0 for the remaining coordinates (with ties broken arbitrarily). O

Examples of binary metrics for which their macro averages can be written in the linear form include:

* the accuracy 1(C) = Coo+ C11 (which leads to the Hamming utility after macro-averaging)
with a; = 2,b; = —1, and thus for any « € X, the optimal prediction h*(x) returns k
labels with the largest marginals n; (x);

* the same prediction rule is obtained for the TP metric )(C) = Cyo (that leads to
precisionQk) with a; = 1,b; = 0;

« the recall (C) = P(y =1)"'Cy; (macro-averaged to recallQk) has a; = P(y; =

n;(®) .

P(y;=1)"

* the balanced accuracy ¢)(C) = 51— 4 Coo ives a; = L -1 bj =
y 3P(y=1) ' 2P(y=0)> 8V 4 = 3p(y;=1) T 2P(y;=0)’ I

with the optimal prediction sorting labels according to ]P’E’;(Z)l) — 1iTP7(];§z)1)'

1)~1,b; = 0, so that the optimal classifiers returns top & labels sorted according to

1
T 2P(y;=0)°

We now switch to general case, in which the base binary metrics are not necessarily decomposable
over instances, and optimizing their macro averages with budgeted predictors is a challenging task.
We make the following mild assumptions on the data distribution and performance metric.
Assumption 4.2. The label conditional marginal vector n(x) = Iy [y] is absolutely continuous
with respect to the Lebesgue measure on [0,1]™ (i.e., has a density over [0, 1]™).

*Weuse A- B =3, AuyBuo to denote a dot product over matrices, and a concise notation A - B =
>_; A’ - B’ for ‘dot product’ over matrix sequences A = (A',...,A™)and B = (B',...,B™).
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A similar assumption was commonly used in the past works (Koyejo et al.| | 2014; Narasimhan et al.,
2015 Dembczynski et al., 2017).

Assumption 4.3. The performance metric ¥ is differentiable and fulfills for all labels j € [m]

9 . : 1 -1 ”
Sy(onorve(ly 7)oocr)

Assumption [4.3]is essentially a ‘strictly monotonic and differentiable’ version of Definition [3.2] and
is satisfied by all macro-averaged metrics given in Table|T]

>0. @)

e=0

Our first main result concerns the form of the optimal classifier for general confusion tensor measures,
of which macro-averaged binary confusion matrix measures are special cases. To state the result, we
define Cp = {C(h) : h € H}, the set of confusion matrices achievable by randomized k-budgeted
classifiers on distribution P. Clearly, maximizing ¥ (h) over h € H is equivalent to maximizing
¥(C) over C € Cp.

Theorem 4.4. Let the data distribution IP and metric ¥ satisfy|Assumption 4.2|and|Assumption 4.3
respectively. Then, there exists an optimal C* € Cp, that is W (C*) = ¥*. Moreover, any classifier h*
maximizing linear utility G-C(h) over h € Hwith G = (G',...,G™) given by G' = V ;¥ (C*),
also maximizes W(h) over h € H.

Proof (sketch, full proof in Appendix|[C] We first prove that Cp is a compact set by using certain
properties of continuous linear operators in Hilbert space. Due to continuity of ¥ and the compactness
of Cp, there exists a maximizer C* = argmaxc¢c, ¥(C). By the first order optimality and convexity
of Cp, V&(C*) - C* > V¥(C*) - C for all C € Cp, so C* maximizes a linear utility G - C* with
gain matrices given by G = V¥ (C*). A careful analysis under Assumption shows that C*
uniquely maximizes G - C over C € Cp. O

Theorem [.4]reveals that ¥-optimal classifier exists and can be found by maximizing a linear utility,
that is by predicting the top k labels sorted according to an affine function of the label marginals:
h*(x) = top;(a* ©® n(x) + b*) for vectors a* and b* defined for gain matrices G = V¥ (C*) as
in Theorem Unfortunately, since C* is unknown in advance, the coefficients a*, b* are also
unknown, and the optimal classifier is not directly available. However, knowing that h* optimizes a
linear utility induced by the gradient of ¥ leads to a consistent algorithm described in the next section.

Although the optimal solution is expressed by affine functions of label marginals, in general, it
cannot be obtained by solving the problem independently for each label, i.e., values of a; and b; may
depend on other labels than j. Let h*(x) and h’*(x) be optimal solutions for distribution IP and P,
respectively. Let distribution P’ differ from IP only on single label j. If we could solve the problem
independently for each label, then h*(x) and h’*(z) would be the same up to label j, in the sense
that the ordering relation between all other labels would not change. In[Appendix E|we show that this
is not the case, presenting a simple counterexample showing that a different distribution on a single
label changes the solution with respect to the other labels.

5 CONSISTENT ALGORITHMS

As any algorithm we propose has to operate on a finite sample, we need to introduce empirical counter-
parts for our quantities of interest. For example, we use 7j(x) to denote the estimate of n(x) given by
a label probability estimator trained on some set of training data S = {(x1,y1), ..., (Tn,Yyn)}.We
also define the empirical multi-label confusion tensor C(h, S) of a classifier h with respect to some
set S of n instances. In this case, we have:

. 1 <&
Clw(hy, S) = gzﬂ[yz‘j = u, hj(@;) = v]. ®)

i=1

Following Narasimhan et al.[|(2015), we use the Frank-Wolfe algorithm (Frank & Wolfe, |1956) to
perform an implicit optimization over feasible confusion matrices Cp, without having to explicitly
construct Cp. This is possible, because Frank-Wolfe only requires us to be able to solve two sub-
problems: First, given a classifier h, we need to calculate its empirical confusion matrix, which is
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straight-forward. Second, given a classifier and its corresponding confusion matrix, we need to solve
a linearized version of the optimization problem, which is possible due to

Consequently, our algorithm, presented in[Algorithm I| proceeds as follows: In the beginning, we
split the available training data into two subsets. One for estimating label probabilities 77, and one for
tuning the actual classifier. After determining 7), we initialize h to be the standard top-k classifier,
which will get iteratively refined as follows. For the confusion matrix of the current classifier, we
can determine a linear objective based on its gradient. Because we can linearly interpolate stochastic
classifiers, which will lead to linearly interpolated confusion matrices, this gives us a descent direction
over which we can optimize a step-sizeE]p and the confusion matrix at this classifier. Based on this
confusion matrix, we can do the next linearized optimization step, until we reach a fixed limit for the
iteration count. We represent the randomized classifier as a set of deterministic classifiers h?, and
corresponding sampling weights o obtained across all iterations of the algorithm. The Frank-Wolfe
algorithm scales to the larger problems as it only requires O(nm) time per iteration.

Algorithm 1 Multi-label Frank-Wolfe algorithm for complex performance measures

1: Arguments: S := {(z1,y1),..., (€n,yn)} — dataset, t € N — number of iterations
2: Split dataset S into S1 and S»
3: Learn labels marginals model 77 : X — R™ on S
4: Tnitialize h® : X — Vs > Initial deterministic classifier
5: Initialize a «1 > Initial probability of selecting the initial classifier h°
6: C° « C(h°,Ss) > Calculate initial confusion tensor
7: fori e {1,...,t} do > Perform ¢ iterations
8: Gi « V¥ (Ci_l) > Calculate tensor of gradients of C*~* in respect to ¥
9: a < Gil + GBO — G61 — Gio
10: b <— G61 — GBO
11: h'(z) « top,(a © 7(x) + b) > Construct next h
12: C’ + C(h,S2) > Calculate matrix for the new classifier
13: o'+ argmax, ;o ¥((1 —@)C'"' +aC’) > Find the best linear combination of C*~" and C’
14: C'+ (1-aH)C ! +a'C > Calculate a new confusion tensor based on the best o’
15: forj €{0,...,i—1}do > Update all the previous
16: ol —al(1-a) > probabilities of selecting corresponding h
17: return ({R°, ..., h'},{a°,...,a'}) > Return randomized classifier

The introduced algorithm can consistently optimize a confusion tensor measure measure if it fulfills
certain conditions:

Theorem 5.1 (Consistency of Frank-Wolfe). Assume the utility function ¥ : [0, 1] — R>o
is concave over Cp, L-Lipschitz, and [3-smooth w.r.t. the 1-norm. Let S = (S1,S2) be a sample
drawn i.i.d. from P. Further, let 7} be a label probability estimator learned from S1, and hgw be
the classifier obtained after kn iterations. Then, for any 6 € (0, 1], with probability of at least 1 — §
over draws of S,

AV (™) < O(Eelln(x) — n(z)|1]) + @(WQ\/

mX2xX2

m -logm -logn — logé

) ©))
n

The proof of this theorem is given in the supplementary, and broadly follows (Narasimhan et al.,
2015): First, we show that linear metrics can be estimated consistently with a regret growing with
the L, error of the LPE. Then, we prove a uniform convergence result for estimating the multilabel
confusion matrix. As a prerequisite, we derive the VC-dimension of the class of classifiers based on
top-k scoring, i.e., those classifiers that minimize some linear confusion matrix metric as shown in

Theorem 4.1} We derive an upper bound of 6m log(em). With these results, we can apply standard
arguments for convergence of Frank-Wolfe.

Lemma 5.2 (Regret for Linear Macro Measures). Let G be a linear macro-measure, that is,
G(him) = m™" Y By |Gho(1 = 1;(@))(1 — hy(@))
j=1

Gl (1 = ny(@)hy (@) + Glons @) (1~ by (@) + Gy (@)hs(@)] . (10)

*The classical version of FW uses a fixed step-size schedule of H_% instead of an inner optimization, but we

find the latter to give better results empirically. However, for the convergence result, fixed steps are assumed.
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Table 2: Results of different inference strategies on measure calculated at {3, 5, 10} Notation: P—
precision, R—recall, F1—F1-measure. The green color indicates cells in which the strategy matches
the metric. The best results are in bold and the second best are in ifalic. We additionally report basic
statistics of the benchmarks: number of labels and instances in train and test sets, and average number
of positive labels per instance, average number of positive instances per label.

Inference Instance @3 Macro @3 Instance @5 Macro @5 Instance @10 Macro @10
strategy P R P R F1 P R P R F1 P R P R F1

| MEDIAMILL (m = 101, Nain = 30993, niese = 12914, E[||y||1] = 4.36, E[y X nyin) = 1338.8)

Topr-K 66.25 49.55| 896 481 495 |51.96 62.04|12.85 875 7.71 |33.63 76.60 | 11.46 19.68 11.28
Topr-K+w™" |57.36 4251 | 15.31 11.84 10.54|47.68 56.62 | 13.00 1737 12.64|32.18 7298 | 9.64 29.43 13.07
TopP-K+w'™®® |39.72 2732|1443 10.10 9.41 | 3540 39.96 | 11.38 1533 1095|2845 63.36 | 9.86 2625 12.26
TOP-K+0lrocar | 65.87 49.60 | 10.08 4.87 494 |52.08 62.16 | 11.99 893 790 |33.61 76.65|10.76 20.08 11.37
ToP-K+lasyw | 65.88 49.48 | 10.31 4.58 480 |51.55 61.87 | 11.10 850 7.48 |33.54 76.75|10.73 19.55 11.16

MACRO-Prw 794 6.13 | 1933 6.06 287 | 699 896 |17.29 879 3.17 | 6.02 14.14|17.38 1724 523
MACRO-Rprior | 6.37  3.67 | 8.81 19.82 531 | 7.38 7.25 | 891 26.50 6.71 | 831 17.42|10.53 39.24 8.85
MACRO-Ryw 637 3.67 | 881 19.82 531 | 7.38 7.25 | 891 26.50 6.71 | 831 17.42|10.53 39.24 8.85
MACRO-Flpy | 4520 33.05 | 1542 11.17 12.21 | 43.57 51.60 | 15.20 15.05 13.82 | 28.12 64.23 | 13.93 2332 14.81

\ FLICKR (m = 195, nuin = 56359, niest = 24154, B[|ly|l1] = 1.34, E[y X nuain] = 412.6)

Tor-K 23.94 56.96 | 23.04 38.41 26.56 | 16.99 66.01 | 17.12 47.03 23.49 | 10.16 77.35 | 10.72 59.37 17.24
TopP-K+w"™" | 2235 5344 |17.96 4426 24.21|16.10 62.80 | 13.76 5239 20.68 | 9.77 74.54 | 9.08 63.98 15.08
Top-K+w"*® |23.57 56.17 | 19.86 41.36 25.49 | 16.76 65.21 | 15.05 49.75 22.00 | 10.06 76.63 | 9.79 61.80 16.10
TOP-K+lpocar | 23.64 56.27 | 2490 36.67 26.42 | 16.89 65.62 | 18.53 45.67 24.16 | 10.05 76.63 | 11.77 5790 18.14
ToP-K+lasyw | 23.37 55.65|23.09 37.00 26.12 | 16.74 65.04 | 17.39 45.61 23.60 | 10.06 76.63 | 10.91 5836 17.48

MACRO-Pry 465 1149|3934 663 8.06 | 566 2275|4174 9.70 10.57 | 2.83 22.26 | 37.59 10.68 8.50
MACRO-Rprior | 16.14  38.62 | 17.58 45.50 2227 | 12.17 47.48 | 1398 53.83 19.72 | 7.89 60.42 | 9.57 64.66 15.07
MACRO-Ry 16.14 38.62 | 17.58 45.50 22.27 | 12.17 47.48 | 13.98 53.83 19.72 | 7.890 60.42 | 9.57 64.66 15.07
MACRO-Flpy | 17.59 41.60 | 35.28 29.28 29.43 | 12.22 47.31 | 34.13 3270 29.43 | 592 4577 | 34.55 33.08 29.02

\ RCVIX (m = 2456, i = 623847, et = 155962, E[||y[|1] = 4.80, B[y X nuain] = 1218.6)

Topr-K 7299 7532 |13.06 4.67 543 |5230 81.96 | 12.77 7.61 7.64 | 3298 89.70 | 11.35 14.75 10.28
TopP-K+w™ | 65.99 69.11 | 18.58 12.78 13.09 | 48.48 77.18 | 14.69 17.66 13.64|31.43 87.14 | 10.63 26.05 12.82
TopP-K+w™*® | 70.70 7337 | 19.97 8.10 9.80 | 51.18 80.49 | 16.03 11.75 11.29 | 32.66 89.14 | 11.96 19.01 12.06
TOP-K+lrocaL | 71.99 74.38 | 14.06 4.83 576 |51.46 80.94|1249 7.65 7.75 | 3238 88.75|10.59 14.42 10.06
TOP-K+lasym | 71.14 73.60 | 1440 544 646 |50.81 80.13 | 12.27 852 841 |31.88 87.85| 9.64 15.16 10.03

MACRO-Pry 46.36 50.11|27.11 561 584 |2940 49812169 572 531 |1945 6040 |21.66 603 578
MACRO-Rprior | 44.26 46.10 | 14.60 18.24 12.04 | 34.77 56.28 | 13.13 24.59 12.77 | 24.08 70.51 | 10.66 34.34 12.39
MACRO-Rrw | 43.28 4499 | 1456 18.41 11.95|34.15 5524 | 13.15 24.89 12.73 | 23.78 69.71 | 10.76 34.66 12.44
MACRO-Flpy | 5820 6122|2145 1037 12.09 | 4442 71.86 |21.96 1225 13.68 | 27.26 78.88 | 22.10 14.86 15.12

\ AMAZONCAT (m = 13330, Nurain = 1186239, neest = 306782, E|y||1] = 5.04, Ely X unain] = 448.6)

Tor-K 7829 59.29 | 3573 1244 16.52 | 63.63 74.54 | 46.43 32.72 35.06 | 39.16 85.18 | 39.52 51.69 40.39
TopP-K+w"™" | 66.32 49.76 | 50.21 45.79 45.70 | 57.12 67.49 | 44.85 53.78 46.30 | 37.31 82.20 | 30.13 63.53 37.15
Top-K+w"®® | 72.56 54.56 | 50.30 32.06 36.94 | 61.15 71.83 |48.93 42.87 43.05|38.71 84.49|36.84 56.71 40.60

MACRO-Pry 47.00 35.57 | 56.47 23.74 29.62 | 41.04 50.74 | 55.85 27.45 30.23 | 30.66 69.67 | 55.27 29.09 34.51
MACRO-Rprior | 48.58 34.93 | 37.16 59.97 42.02 | 40.67 47.35 | 28.17 66.98 35.75|28.06 6291 | 17.62 73.98 25.04
MACRO-R¢w 48.58 34.93 | 37.15 59.97 42.02 | 40.67 47.35|28.17 66.98 35.75|28.06 6291 | 17.62 73.98 25.04
MACRO-Flyy | 68.59 51.49 | 56.75 34.68 40.90 | 55.73 65.60 | 56.62 36.40 41.92 | 3530 78.34 | 54.67 39.93 43.26

Let h*(x) = argmax;,, G(h;n), and fAL(w) = argmax;, G(h; 7). Then

G(h*;n) — G(h;n) <m™! max G711 Ellln(z) — H()]]- (11
Lemma 5.3 (VC dimension for linear top-k classifiers). Forn: X — [0,1]™, define the hypothesis
class
= |J {h: X —{0,1}: h(z) = 1[j € topy(a ©n +b)]}. (12)
a,beR™

The VC-complexity of this class is VC(H],) < 6mlog(em).

The proofs for these lemmas, and the full convergence proof for the Frank-Wolfe algorithm, are given
in the Appendix.

6 EXPERIMENTS

In this section, we empirically evaluate the proposed Frank-Wolfe algorithm on a variety of multi-
label benchmark tasks that differ substantially in the number of labels and imbalance of the label
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distribution: MEDIAMILL (Snoek et al.| |2006), FLICKR (Tang & Liul [2009), RCV1X (Lewis et al.|
2004), and AMAZONCAT (McAuley & Leskovec, 2013} |Bhatia et al.l 2016)). For the first three
datasets we use a multi-layer neural network for estimating 7)(). For the last and largest dataset we
use a sparse linear model which is a common baseline in extreme multi-label classification (Babbar &
Scholkopfl, 2017; Jasinska-Kobus et al.| [2020). In the Appendix we include all the details regarding
the setup of probability estimators.

We evaluate the following classifiers optimizing the macro-at-k measures:

* MACRO-Pgy, MACRO-Rpy, MACRO-F1y: randomized classifiers found by the Frank-
Wolfe algorithm for optimizing macro precision, recall, and F}, respectively,
based on 7j(x) coming from the model trained with binary cross-entropy loss (BCE).

* MACRO-Rpgior: implements the optimal strategy for macro recall, which selects & labels
with the highest ﬁ;lﬁj; D;s are estimates of label priors obtained on a training set and 7)(x)
are given by the model trained with BCE loss.

As baselines, we use the following algorithms:

» Top-K: selects k labels with the highest 7); coming from the model trained with BCE loss;
the optimal strategy for instance-wise precision at £ (Wydmuch et al.,2018).

* ToP-K+w"¥, ToP-K+w"°%: similarly to TOP-K, selects k labels with the highest w;7);,
where w; are calculated as a function of label priors corresponding to the power-law,

W™ = ﬁ;ﬁ , and log weights, wljog = —log P, with D estimated on the training set. For
power-law weights, we use 5 = 0.5. This kind of weighting aims to put more emphasis on
less frequent labels.

e TOP-K+/lggcaL, TOP-K+{agyy: multi-label focal loss and asymmetric loss (Lin et al.,[2017}
Ridnik et al.,[2021) are variants of BCE loss, commonly used in multi-label classification to
improve classification performance on harder, less frequent labels. Here, we train models
using these losses and select k labels with the highest output scores.

For all baselines and MACRO-Rpgi0r, We always train the label probability estimator on the whole
training set. For MACRO-Pry, MACRO-Rpy, and MACRO-F 1y, we tested different ratios (50/50
or 75/25) of splitting training data into sets used for training the label probability estimators and
estimating confusion matrix C, as well as a variant where we use the whole training set for both steps.
We also investigated two strategies for initialization of classifier h by either using equal weights
(resulting in a TOP-K classifier) or random weights. Finally, we terminate the algorithm if we do not
observe sufficient improvement in the objective. In practice, we found that Frank-Wolfe converges
within 3—10 iterations. Because of the nature of the random classifier, we repeat the inference on the
test set 10 times and report the mean results. In[Table 2| we present the variant achieving the best
results, and report all the results including standard deviations in the Appendix.

The randomized classifiers obtained via the Frank-Wolfe algorithm achieve, in most cases, the best
results for the measure they aim to optimize at the cost of losing on some instance-wise measures.
However, they sometimes fail to obtain the best results on the largest dataset, where the majority
of labels have only a few (less than 10) positive instances in the training set, preventing them from
obtaining accurate estimates of ) and C'. In this case, simple heuristics like TOP-K+w"°" might
work better. Popular Focal loss and Asymmetric loss preserve the performance on instance-wise
metrics, but improvement on the macro measures is usually small. It is also worth noting that, as
expected, MACRO-Rgy recovers the solution of MACRO-Ryg,0r in all cases.

7 CONCLUSIONS

In this paper, we have focused on developing a consistent algorithm for complex macro-at-k metrics
in the framework of population utility (PU). Our main results have been obtained by following the
line of research conducted in the context of multi-class classification with additional constraints.
However, these previous works do not address the specific scenario of budgeted predictions at &, which
commonly arises in multi-label classification problems. For the complex macro-at-k metrics, we have
introduced a consistent Frank-Wolfe algorithm, which is capable of finding an optimal randomized
classifier by transforming the problem of optimizing over classifiers to optimizing over the set of
feasible confusion matrices and using the fact that the optimal classifier optimizes (unknown) linear
confusion-matrix. Our empirical studies show that the introduced approach effectively optimizes
macro-measures and it scales to even larger datasets with thousands of labels.
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A MADOW’S SAMPLING SCHEME

In this section we present a sampling scheme for the following sampling problem: given a real-valued
vector 7w € [0, 1]™ of marginal probabilities with ||7r||; = k, sample binary vectors y € {0,1}™
such that the distribution of y has 7 as the marginals, E[y] =

Theorem A.1. Let m > 1. Given a vector € [0, 1]™ satisfying ||x||1 = k, Algorithm[2|returns a
randomized binary vector y € {0,1}"™ of size k, ||y||1 = k, with marginals given by m, E[g] = .
The algorithm runs in O(m) time.

Algorithm 2 Madow’s sampling scheme

Require: Vector of marginals 7 € [0, 1]™ with ||7|1 = k

Ensure: A random vector y € {0,1}" with ||y||1 = k such that E[y] = =

: Compute IIp =0and II; =1I; 1 +m;forj=1,...,m

: Sample a uniformly distributed random variable U from the interval [0, 1]
cy=0

:forie{0,1,...,k—1} do

Select j such that IT; 1 < U +1¢ <115

Set gjj =1

The algorithm is due to Madow (Madow,, |1949; Mukhopadhyay et al., 2022)), and the considered
sampling problem has been studied in the statistical literature under the name unequal probability
sampling design (Hanif & Brewer, [1980). Below we give a simple proof of correctness of the
algorithm for completeness.

Proof. First note that for any ¢ € {0, 1,...,k — 1}, there exists unique j for whichII,_; < U +1i <
I1;. This is because due to ijzl m; = k, the intervals (IIo, IT4], (II1, o], . . . , (I —1, II,,,] are
disjoint and cover (0, k], whereas U + i € (0, k] with probability one. Furthermore, the algorithm
will select distinct j’s for distinct 7’s. This is because the condition II;_; < U + ¢ < II; is equivalent
to¢ € (II,_; — U,1I; — U], and the interval (IT;_; — U,II; — U] have width 7; < 1 and thus can
contain at most one integer. So the algorithm will return g with exactly & ones.

Since E[y;] = P(y; = 1), we need to show that this probability is equal to 7; for each j. We have

k—1
P =1)=P <U e Jmy -, - z])
=0
k—1
:(071]ﬂU(ijl—LHj—i]:H]‘—ijlz’ﬂ'j. (13)
=0
O

The theorem and the algorithm from its proof can then be used to generate prediction vectors
independently for any instance of interest x by setting = = h(x).

B THE OPTIMAL CLASSIFIER FOR LINEAR METRICS

Theorem 4.1. The optimal classifier h* = argmax,;, 4, ¥ (h) for (h) = G - C(h) is given by

h*(x) = top,(a ® n(x) + b), 5)
where © denotes the coordinate-wise product of vectors, while vectors a and b are given by:
a; = Gy + G, — G, — Gy, bj = Gy — Gy, (6)

and topy, (v) returns a k-hot vector extracting the top k largest entries of v (ties broken arbitrarily).

Proof. The linear metric is decomposable over instances as:
G- C(hy) = G BI(1 — ny(@))(1 — hy(@))] + Gy B(1 - (@) y (@)
+ G Elnj(z)(1 — hj(2))] + G1; Eln;j (z)h; ()]
= E[(a;n;(x) + bj)h;(x)] + 75, (14)
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where a; and b; are as stated in the theorem, while
rj = Glo B[l = nj(@)] + Gy Bl (@) (15)

Thus, we can rewrite the objective as:

W) =G ) = B| S amy (@) + b)hy()| + B (16)

j=1

where R = r1 +. ..+, does not depend on h. For each x € X, the objective can be independently
maximized by the choice of h(z) € AF, which maximizes >oiei(agnj(@) + bj)h; (). But this
is achieved by sorting a;n;(x) + b; in a descending order, and setting h;(x) = 1 for the top k
coordinates, and hj(x) = 0 for the remaining coordinates (with ties broken arbitrarily). O

C THE OPTIMAL CLASSIFIER FOR GENERAL METRICS

In this section, we prove the existence and the form of the optimal classifier. Our results extend past
results on binary classification (Koyejo et al., 2014) and multi-class classification (Narasimhan et al.|
2015). We first show that the set of of confusion matrices achievable by randomized k-budgeted
classifiers is a compact set. Then, the statement of the main theorem follows from the first-order
optimality conditions as well as the absolute continuity of marginal vector n(x). We stress that the
results here are general and applicable to any mutli-label utility satisfying Assumption 4.3 which
need not necessarily be a macro-averaged utility.

We remind that the set of confusion matrices achievable by randomized k-budgeted classifiers on
distribution IP, is denoted as

Cp = {C(h) he 7—[}, (17)
and that optimizing the metric ¥ (h) over h € H is equivalent to optimizing ¥ (C) over C € Cp.

Lemma C.1. Cp is a convex set.

Proof. Take any Cy, Cy € Cp and any A € [0, 1], and we show that Cy = AC; + (1 — \)C; € Cp.
Since Cq, Cy € Cp, there exist k-budgeted randomized classifiers k1 and ho, such that C; = C(hy)
and Cy = C(hy). Take h) defined as hy(x) = Ahy () + (1 — A\)ha(z) forany & € X. Since A¥,
is convex and hi (), ho(x) € Ak forall z € X, it also holds that hy(x) € Ak forall z € X, so
h is also k-budgeted randomized classifier. Since the confusion matrix is linear in predictions, we
have C(hy) = AC(h1) + (1 — A\)C(hz) = C,, which proves that Cy € Cp. O

We now argue that for the analysis of Cp, it suffices to consider classifiers of the form h = f o m, i.e.
h(zx) = f(n(x)) for some function f: [0,1]™ — AF .

Lemma C.2. For any h € H, there exists function f: [0,1]™ — AF such that h and f o m have
the same confusion matrices.

Proof. 1f h is not of the form f o 17, we define function f as:

f(n) = Elh(z)n(z) = nl. (18)

Due to convexity of A% we have f(n) € Ak . Moreover, it is easy to see that C(h) = C(f o n);
for instance,

Oty (hy) = Eln(2)h; (@)] = E[E[;(2)h;() | n(z) = n]

| n(@) = nl] = Eln; f;(n)]
[nj() f5(n(@))] = C11(f; °m), (19)
etc. O
Hence, any confusion matrix achievable by some h is also achievable by some f o m, so that the set

of achievable confusion matrices can be written as Cp = {C(f on): f € F}, where we denote

F = {f:[0,1]™ — AL }. From this moment on, we thus, without loss of generality, consider
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optimizing the metrics over functions f € F of random vector 7, and make the relation h = fon
implicit, writing & ( f) for ¥ (f o ) and using C(f) to denote the confusion matrices C(f o 1), that
is

C(f) = (Cl(fl)w"ﬂcm(fm))a (20)
where
icey— (Eqld=n)(1=f;(n)] E [ (1= fi(m)]
e ( Eq[(1-n) 0] Enlnyd(n) ) ' @
Lemma C.3. Mapping f — C(f) is continuous: for any f, f' € F
IC(F) ~ CUr < \/2Eq [IF () — £ (m)IE]. (22)
where | C(f) = C(f) | == /S, 1€ (£) = CI (1)}

Proof. Fix j € [m]. Using §;(n) = f;(n) — f;'(n), we have from the definition:
j J J

g gy — (Egl=(1=mn;)0;(n)] Eyl-n;d;(n)]
G- = (En[u — 38 (m] Elngd; ()] )

— s (17 )] @)

1_773 n;j

Since the squared Frobenious norm X + || X||% is convex, we can use Jensen’s inequality
IEX]IE < B[ X7] to get

IC(75) = ©1a ) < [y ({2 )]

where we used

—(T=mn;) -n;
1_77] 5

Summing the inequality over j = 1,..., m and taking square root on both sides finishes the
proof. O

=2((L=n;)? +n7) <2 max (1 -2)> +a%) =2 (25
P z€[0,1]

We will now show that the set of achievable confusion matrices Cp is compact. To this end, we first
prove a result from the functional analysis.

Lemma C4. Let £ : H — V be continuous affine operator between a Hilbert space H and a finite
dimensional vector space V. If S C H is closed, bounded, and convex, then L(S) is compact.

Proof. Observe that it suffices to prove this when L is linear since being compact is translation
invariant.

The proof is inspired by an answer to a related question on Mathematics Stack Exchangel It suffices
to prove every L(x,,) sequence in £ has a convergent subsequence whose limit is in £(S).

By the Banach—Alaoglu theorem, balls in Hilbert spaces are weakly compact. For the convenience
of the reader we will sketch this proof. Recall that weak convergence x,, — = in H means that for
all linear functionals ¢ € H* there is convergence ¢(z,,) — ¢(x). Likewise weakly compact means
every sequence has a subsequence that converges weakly. Now onto the proof.

Let x,, be a bounded sequence in H. Let {eq, ea, ... } be a Hilbert basis for H and the dual vectors
{¢1, @2, ...} a Hilbert basis for H* where ¢;(x) = (x, ¢;). Now apply the diagonal proof method of
the as in the Arzela-Ascoli theorem of successively passing to subsequences. Since the sequence is
bounded we know that ¢4 () is bounded in R and hence we can extract a subsequence z,, so that
¢1(xy) — a1 where we may keep x1. Now on this subsequence do the same for ¢o(z,,) — a2 but
keep x1 and xo. Continue this process, where at the m-th step one keeps the first m terms from the
previous subsequence. The resulting diagonal subsequence z,, is such that ¢;(x,) — a; for each
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i=1,2,.... Theelement z = ) .- a;e; is in H (by Bessel’s inequality, the weak convergence
results, and the fact that the original sequence was bounded). It remains to verify that z,, — x weakly,
but for this it suffices to check ¢;(x,,) — ¢;(z) and by design this is the case.

Now, returning to the proof of the lemma since S C H is bounded, it is contained in a ball, and hence
by passing to a subsequence we have x,, — x in the weak topology for some x € H. Furthermore
x € S. If if wasn’t, then since S is closed and convex, by the Hahn—-Banach separation theorem there
is a separating hyperplane ¢ € H so ¢(x) < inf £(S). But this contradicts that the weak convergence
T, — xsince r, €S

So it remains to prove convergence L(z,) — L(x). Since L is continuous we have convergence
L(xy) — L(x) in the weak topology, but this implies normal convergence since V is finite dimen-
sional. O

Lemma C.5. Cp is a compact set.
Proof. To show that Cp is compact, we will invoke Lemma[C.4] To place ourselves in its setting, let

the Hilbert space be H = L?(]0, 1]™,R™, 1) where i is the probability measure on [0, 1]™ associated
with random vector 7(). The inner product for f, g : [0,1]™ — R™ in His

(fg) = / (F (). g(m)) du(n) 26)
0,1

where the inner product inside the integral is the normal dot product in R™.
We have the affine map defined via
L:H — R™2*2 where L(f)=C(fon), (27)
and let the subset S C H be
S={fcH: f([0,1]™) C Ak almost everywhere}. (28)
Since Cp = L(S), it suffices to verify the assumptions in Lemma

The map L is continuous by Lemma The set S is convex since the set of A¥ C R™ is convex.
Likewise for bounded using also that the we are working with a probability measure: If f € S, then
|l £(m)||> < mforall p € [0,1]™ and hence

?= *d dp(n) = m. 2
1P = [ it < [t < 9)

Similarly the closedness of A¥ < R™ translates into the closedness of S as we now prove. Suppose
there is a sequence of f,, € S with f,, — f and f ¢ S. This means the set of points

A={ne(0,1]™: f(n) ¢ A} (30)

that £ maps out of A has positive measure ;1(A4) > 0. In R™ there is a well defined distance
function d(z, AF ) = infycar ||z — v|| and for € > 0 define the set

Ac={n e [0,1)™ :d(f(n),A},) > €} 31)

Note that A = U;’il Ay ,; since A% is closed and hence there is some € > 0 such that p(A.) > 0.
Therefore for all n

£ = £ = [ 5 = f ol Pdut)

)

> / 1£07) = F ()| Pdu(n) > / Cdu(n) = Ep(A) >0 (32)
Ac

€

k almost everywhere. That || f — f,,||? is uniformly
bounded away from O contradicts that f,, — f in H.

where the second inequality uses that f,,(n) € AF

Theorem 4.4. Let the data distribution P and metric ¥ satisfy|Assumption 4.2|and |Assumption 4.3
respectively. Then, there exists an optimal C* € Cp, that is W (C*) = ¥*. Moreover, any classifier h*
maximizing linear utility G-C(h) over h € Hwith G = (G',...,G™) given by G' = V ;¥ (C*),
also maximizes W(h) over h € H.
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Proof. Let C* = argmaxccc, ¥(C), which exists by the compactness of Cp (Lemma [C.3)) and the
continuity of ¥. By the first order optimality and convexity of Cp, for all C € Cp

Vo (C*)-C* > V¥ (C*) - C. (33)
which implies:
C* = argmax G - C (34)
CeCp

for G = V&(C*).

We now show that C* is the unique optimizer of (34). Using Assumption §.3|applied to C*, for all
J € [ml:

a *1 *j 1 _]. *MmM . * 1 _]'
&W<C ooy, C +6<_1 1),~~,C )EZO—VCJLD(C)'(_l 1>

=Gl +Gl -Gl —Gly=a;>0, (35)

with coefficients a;, j € [m] defined in Theorem 4.1

Now, since we just showed that a; # 0 for all j, and 1 has a density, coordinates of a © 77 + b are all
distinct with probability one. This means that, with probability one, top,(a ® n + b) is a singleton,
and thus the optimizers of the linear utility G - C(h) can only differ on a zero measure set, so they
all have the same confusion matrix. Thus, C* uniquely maximizes linear utility G - C over C € Cp.

This means, however, that any classifier h* maximizing G - C(h) over h € H has C(h*) = C*,
and thus maximizes ¥. O

D CONSISTENCY OF FRANK-WOLFE

In this section, we provide the formal proof of consistency for the Frank-Wolfe algorithm. We prove
convergence for a slightly modified version of in which we replace the line-search in
line 13 with a fixed schedule, setting

aiei.
t+1

For the experiments, we used the line-search instead, as we found it to give slightly better results.

(36)

D.0.1 PROOFS OF HELPER LEMMAS

We start by proving the lemmas that were introduced in the main paper:

Lemma 5.2 (Regret for Linear Macro Measures). Let G be a linear macro-measure, that is,

G(him) = m ™ Y B | Gio(1 = n;(@)) (1~ hy(x))
"5 G (1 -y (@)h (@) + Glony (@)1~ hy(@)) + G{mj(w)hj(w)} . (10)
Let h*(x) = argmax;,, G(h;n), and ﬁ(m) = argmax,;, G(h; 7). Then

G(h*;m) = G(him) < m™" max | G711 Bl|n(z) - 7)) (an

Proof. As G(h;n) is an affine function in its second argument, we can simplify differences to
G(hin) — G(h;n) =m 'Y Eqy [—G%o(m‘ — ;)1 = hy) — Goy(n; — ;)
Jj=1 ) .
+ Glo(n; — ) (1 = hy) + G11(nj — ﬂj)ha}
m

= mfl ZE%’ [(nj - 77]) ((GJﬁ - Gfﬁ)hj + (G{O - G%o)(l - hj))} . 37

j=1

18



Accepted as a conference paper at ICLR 2024

We can use this property to bound the regret of h as
G(h*;m) - G(hin) = G(h*;m) — G(h";7) + G(h*;7) — G(hs;m)
< G(h";m) — G(h™;n) + G(h; 1) — G(h;n)

= m ™Y Ea |y — ) (G — G = 1) + (Gl — Gho) (s — 1))
j=1

=m' D (Gl = Ghy — Glo + Glo) B [(n = 75)(h —hy)] (38)
j=1

As h; € [0,1], we can bound (n; — 7;)(h} — ?L]) <|(n; — 7;)|, resulting in

G(h*:n) — G(h;m) < m™' Y (G, — Gl — Gy + Glo) Ealln; — ;1] (39)
Jj=1

Using the notation of [Theorem 4.1} we set a; = G, — G, — G + G, so that we can further
bound

m

G(h*im) ~ G(him) < m™" max|a;| Y Eally; — ;] = m ™" max|a;| Eqllln ~ 1) @0)
j=1
Using 4
max [a;| < max [[G7 |11 (41)
J J
yields the claim. O

m

Lemma 5.3 (VC dimension for linear top-k classifiers). Forn: X — [0,1]", define the hypothesis
class
M= |J {h: X —{0,1}: h(z) = 1[j € topy(a ®n + b)]}. (12)
a,beR™

The VC-complexity of this class is VC(H3,) < 6m log(em).

Proof. For any given a, b, the hypothesis predicts one, h’ (z) = 1, iff exists a set of m — k indices
Z C [m] with |Z] = m — k, j ¢ Z, such that for all i € Z the score a;n; + b; < a;n; + b; is not
greater than the score of label j.

This computation can be realized as a two-layer network. In the first layer z, we calculate an indicator
to determine which labels’ scores are below the threshold, that is z; = 1[(a; — a;)n; + (b; — b;)].
Then, for the output, we threshold the sum of all the intermediate units to determine if j is predicted:

h(z) =0(z) =1 [Z zi > m— k} . (42)
i#j
The resulting network has 2(m — 1) edges and m — 1 computation nodes. If we allow the output
node to be more general—a generic linear threshhold function—, the VC-dimension of this extended
function class A’ can only grow. For this extended class, we can apply (Baum & Haussler, |1988|
Corollary 3), which gives an upper bound for the VC-dimension of

VCO(H) < VC(H') < 2(m — 14 2(m — 1)) log(e(m — 1)) < 6m log(em). (43)

O

Lemma D.1 (Uniform Convergence of Multilabel Confusion Matrices). Forn: X — [0,1]™, let
Hy= |J {h: X —{0,1}": h(z) = top, a © n + b}, (44)

a,becR™

and let S € (X x {0,1}"™)" be an i.i.d. sample. Then for any § € (0, 1], with probability at least
1 -6, we have

sup ||C(h,IP)6(h,8)|w§@<\/m'logm’lognlog5> . 45)
heH, n
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Proof. Instead of showing uniform convergence for the entries of the confusion matrix directly, we
show it for accuracy (0-1-error) acc! = C; + C}, condition positive rate ¢/ = C; + C7; and
predicted positive rate p/ = €, + C4,, first for a fixed j € [m].

To handle accuracy and predicted positives, consider

sup ’accj(h,]P) — afc\cj(h,S)‘ = sup |n! Z]l[Yij = hj(x;)] — Ply; = h;(x)]
heH, heHn Pl

= sup |0t 1Yy = h@i)] - Ply; = h(w)}‘ (46)
heH, i=1

From Lemma we know the VC-dimension of 7 is some finite number d, thus, we can employ a

standard bound for the 0-1 error to get, with probability 1 — 4, that

\/2d log(2en/d) + 2log(4/6)

sup |acc? (h,P) — acc?(h,S)| <
n

heH,

: A7)

As this bound holds for all distributions of targets vy, it holds in particular also for y = 1, in which
case accuracy turns into predicted positive rate.

Finally, we can bound the error on the condition positive rate simply using Hoeffding’s inequality, as
it does not depend on the hypothesis . We get, with probability 1 — ¢

N log(5—1
sup [a(h,P) — G(h,8)] < 1/ 2B

(48)
heH, 2n

Now we can reconstruct the actual entries of the confusion matrix. For example, the true positive rate
as tp = m%. Thus, we can union bound, with probability 1 — ¢

sup |tpj(h’IP)_{f)j(h78)|<\/2d10g(2€n/d)+210g(8/5)+\/10g(3/5). )
heH, n 2n

Similar bounds can be constructed for the other entries. Taking a union bound over all m labels:

2dlog(2en/d) + 21og(8m/9) n \/log(Sm/é)
n 2n

sup [|C(h,P) — C(h,S)||e < \/
heHy,

B \/12mlog(em)1og(en/(3m(log(em))) + 2log(8m/0d) n \/log(Sm/(S) 50

o n 2n

In order to combine the two square-root terms, we can apply the arithmetic-quadratic mean inequality,
to arrive at the claimed bound

sup [|C(h,P)~C(h,S)|o <
heHny

\/48m10g(em) log(en/(3m(log(em))) + 101log(V/3 - 84m/§)
2n
Finally, using 3m(log(em)) > 1, we simplify
log(en/(3m(log(em))) < log(en), (51)

which results in

\/O(m log mlogn) + O(log(m/9))

sup [|C(h,P) ~ C(h.S)| < -

heH,

. (52)

D.0.2 BOUND FOR LINEAR OPTIMIZATION STEP

The preceding results allow to prove a bound on the approximation error for each linear optimization
step that is performed as part of the Frank-Wolfe algorithm:
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Lemma D.2. Let W: C — R>¢ be concave over Cp, (-Lipschitz, and (3-smooth w.r.t. the {1-norm.
Let h € H be some classifier, and denote G := VW (C(h,S)). Let g be the deterministic classifier
that empirically optimizes the linear objective induced by W according to For two
classifiers h' and g’, define

gp(h',g') = C(g',P) - V¥(C(K,P)), (53)

Then for any 6 € (0, 1], with probability at least 1 — § (over draws of S from P™), we have
'QIP(hv/g\) 2 mz}x S]P(hvg/) — €S (54)

g
where
1 ~ 9 ~ m -logm - logn — logé
es = 8m™  Eg[[|ln(x) — n(x)|l1] + 8m Bhsug){(’) - . (55)
e

Proof. Define an empirical counterpart to £p, the population-level utility of a classifier for an
empirically estimated gradient, as

£s(h'.g') = C(g',P)- V¥(C(K,S)), (56)

and the (population-level) optimal classifier g* € argmaxg, Lp(h, g’) for the exact gradient, whose

existence is guaranteed by [Theorem 4.1] Then we can write
= Hg}XQJP(hﬂI) — Lp(h,g) = Lp(h,g") — Lp(h,g)
= Lp(h,g") — £s(h,g9") + Ls(h,g") — £s(h,g) + £s(h,g) — Le(h,g) (57)
Now we turn to bounding each of these terms. For the second, we get
Ls(h,g") — £s(h,g) = C(g",P)- G - C(g,P) - G
< max C(¢g',P)-G-C(g.P)-G<2m™" max 1G7 1.1 Ee[n(x) — Ai(@)I11], (58)

where the last step used that g is the empirical maximizer of the linear measure corresponding to G,
in order to apply [Lemma 5.2} Now, if ¥ is ¢-Lipschitz w.r.t. the ¢;-norm, then

vC': |[VZ(C) - C'| < [T (59)
Let j € [m], and applying (59) to C’ = C for which C* = 0 for all i # j, and C* = 0.25 - 1, we get
0.25G7 1<l & |G| <4L. (60)

As this holds for all j, the upper bound turns into
Ls(h,g*) = Ls(h,§) < 8lm™" Eq[[n(x) — n(x)]1] (61)

To bound the other two terms, we can use Holder’s inequality:
Lp(h,g%) — Ls(h,g") = C(g", P) - V¥(C(h, P)) — C(g", P) - V¥(C(h,S))
= C(g", P) - (V¥(C(h,P)) — V¥(C(h,S)))

< |V¥(C(h,P)) - VW(G(A’%S))HOO [IC(g", P) 1 (Holder)

= m||V¥(C(h,P)) — VIZ(C(h,S))|~ (Normalization of C)

< mpB||C(h,P) — a(h,8)||1 (3-smoothness)

< 4m*B|C(h, P) - C(h,S)|

< 4m?B sup |C(h',P) — C(h',S)]]l (62)
h'eH

The same argument can be employed to bound the third term. Thus, applying we get
with probability at least 1 — §

Lp(h,g*) — Le(h,g) < 8lm™" Eqg[|n(z) — n(x)|] +

8m2g Supc;)(\/m-logm-logn—log&) (63

h'cH n

O
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D.0.3 CONSISTENCY OF FIXED-STEP-SCHEDULE FRANK-WOLFE

Theorem 5.1 (Consistency of Frank-Wolfe). Assume the utility function W : [0,1]™"*** — R
is concave over Cp, L-Lipschitz, and [3-smooth w.r.t. the 1-norm. Let S = (S1,S2) be a sample
drawn i.i.d. from P. Further, let 1) be a label probability estimator learned from Sy, and hgw be
the classifier obtained after kn iterations. Then, for any 6 € (0, 1], with probability of at least 1 — §
over draws of S,

. ~ m - logm - logn — logd
AV(REY) < O(E4 [In@) ~ 7(a)].)) + O(m?y 7108 10gn _logd)
Proof. Define a curvature constant for the loss ¥ as
2
Cy = sup = (#(C'+H(C*-Ch) —¥(C') —y (C*—-C") - V¥(Ch)), (64

C1,C2¢eCp,yel0,1]

and let eg be defined as in Set dapx = (t + 1)es/Cy and ht as in Algorithm 1| Let f’

be the classifier implicitly defined 1in iteration ¢, that is,

fr=> alhi. (65)
j=1

For 1 < i < t, we can apply[Lemma D.2to fi~! and h, which gives

C(i, ) Vi (C(f.P)) > max C(g'. ) - Vio(C(f . P)) ~ cs

— max C- V@A(C(fi*l,IP)) — s = max C- qu(C(fi*l,]P)) “es

CeCp CeCp
N 1 2
= C-VY(C(fi"LP)) — =8apx——
max 1/}( (f )) 5 O o
N 1 2
> C-VY(C(fI"LP)) — =8upx——Cu . 66
= oo ¢( (f )> PRI (66)

As we consider, for the proof, a Frank-Wolfe implementation with fixed step schedule i%, the
confusion matrices are related through

- (1- -2 Y i p + 2o
C(7' ) = (1 727 ) O P) + Ol ). ©7)

With results (66) and (67), we now have the exact same situation as in[Narasimhan et al.| (2013], Proof
of Thm. 16). In particular, an application of Jaggi| (2013} Thm. 1) gives the desired result. O

E LABEL DEPENDENCE AND OPTIMIZATION OF MACRO-AT-k METRICS

The “budgeted-at-k” constraint couples the label-wise binary problems, resulting in their inability to
be independently optimized. To demonstrate this coupling effect, we present a simple example. We
consider the macro Jaccard similarity, defined below, and assume budget k = 2:

Gy
11+ Co1 +C1

Pyseeara(C(R)) = m™ "> - (68)
j=1

Let us consider two simple distributions, both with two different instances a of equal probability and
three labels:

Notice that both distributions only differ on the marginal conditional probability of the third label of
the second instance @2 (n3(x2)). We find the optimal randomized classifiers for both distributions:

We can notice that despite changing only one marginal conditional probability, the optimal solution is
different on the other instance for the two other labels. If it were possible to find the solution for each
label separately, the change in the distribution on one label would not affect the order of other labels,
as it happened in the above example.
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Distribution A: Distribution B:

| P(x) m(x) ma(z) ns(x) | P(x) m(x) ma(z) ns(x)
x1 0.5 0.4 0.2 0.6 x1 0.5 0.4 0.2 0.6
To 0.5 0.8 0.4 To 0.5 0.8 0.4

Optimal k% (x) for distribution A: Optimal h’; () for distribution B:
| mi(x) ma(x) ms(x) | mi(x) ma(x) ms(x)

L1 1.0 L1 1.0

T2 1.0 1.0 0.0 To 1.0 0.0 1.0

U pocard (C (R, A)) ~ 0.453062 U pocard (C(5, B)) ~ 0.471423

F EXPERIMENTAL SETUP

F.1 MODEL TRAINING AND SELECTION

In our experiments, we use two types of models for the estimation of marginal conditional probabilities
of labels n(x):

1. LIBLINEAR model with Lo-regularized logistic loss (Fan et al.| |2008]), for larger models,
we make it sparse by truncating all the weights whose absolute value is above the threshold
of 0.01 as introduced in (Babbar & Scholkopf], 2017)) to reduces model size and inference
time.

2. Multi-layer fully connected neural network (ranging from 1 to 3 layers with hidden layer
size from (128 to 2048) implemented in Pytorch |Paszke et al.| (2019). We perform a search
for the best hyper-parameters (number and size of layers, learning rate, number of epochs)
using a validation set created from the train set for each loss used (binary cross-entropy,
focal and asymmetric loss). Then, the model is retrained on the whole training set. We use
Adam optimizer (Kingma & Bal [2015). For Focal and Asymmetric loss, we use default
parameters suggested by the authors in (Ridnik et al.||[2021).

The code to replicate the results of the experiments will be available publicly after publication.

F.2 HARDWARE

All the experiments were conducted on a workstation with 64 GB of RAM and Nvidia V100 16Gb
GPU.

G EXTENDED RESULTS AND DETAILS

In this section, we include extended results of our empirical experiments. Here we include tables
with standard deviations. In[Table 3] we present the result of the main experiment from [section 6|
with standard deviations. In further subsections, we also present the results for different splits and
initialization strategies for the Frank-Wolfe algorithm.

G.1 IMPACT OF SPLITTING STRATEGY IN THE FRANK-WOLFE ALGORITHM

In this experiment, we test different ratios of splitting training datasets into the sets used for training
the 1 estimator and estimating confusion matrix C' (50/50 or 75/25), as well as a variant where we
use the whole training set for both training the estimator and estimating C' (100/100). The initial
classifier R is initialized with the top-k 7; classifier for all the experiments here. We present the
result of this comparison in[Table 4} The results suggest that more data used for training is beneficial
for the quality of the final randomized classifier.

G.2 ToOP-K VS RANDOM-INITIALIZATION

In this experiment, we investigate the impact of the initialization strategy in the Frank-Wolfe algorithm
on the results. They consider two strategies for the initialization of initial classifier h°; one initialize
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Table 3: Mean results with standard deviation of different inference strategies on measure calculated
at {3, 5,10} Notation: P—precision, R—recall, F1—F1-measure. The green color indicates cells
in which the strategy matches the metric. The best results are in bold and the second best are in italic.

Inference Instance @3 Macro @3 Instance @5 Macro @5 Instance @10 Macro @10
strategy P tste R tste P £ste R tste FI +ste P tste R tste P £ste R tste FI £ste P st R £ste P tsie R ste FI +ste

| MEDIAMILL
Top-K 66.25 £0.00 49.55 £0.00| 8.96 £000 4.81 +£0.00 4.95+0.00]51.96 £0.00 62.04 +0.00|12.85 +0.00 8.75 £0.00 7.71 £0.00|33.63 +0.00 76.60 +0.00| 11.46 +0.00 19.68 £0.00 11.28 +0.00
Top-K+w"™" |57.36 +0.00 42.51 £000{15.3 11.84 +£0.00 10.54 £0.00| 47.68 £0.00 56.62 +0.00 | 13.00 £0.00 17.37 +0.00 12.64 +£0.00|32.18 £0.00 72.98 £0.00| 9.64 £0.00 29.43 +0.00 73.07 £0.00
ToP-K+w"*® 39.72 +0.00 27.32 £0.00{14.43 £0.00 10.10 £000 9.41 £0.00|35.40 £0.00 39.96 +0.00| 11.38 £0.00 15.33 £0.00 10.95 +0.00 | 28.45 +:0.00 63.36 £0.00| 9.86 +0.00 26.25 £0.00 12.26 +0.00

TOP-K+lroca. |65.87 £0.00 49.60 +0.00| 10.08 £0.00 4.87 £0.00  4.94 +£0.00| 52.08 £0.00 62.16 £0.00|11.99 £0.00 8.93 £0.00 7.90 £0.00| 33.61 £0.00 76.65 £0.00 | 10.76 £0.00 20.08 +0.00 11.37 £0.00
ToP-K+lasyw |65.88 £0.00 49.48 +0.00|10.31 £0.00 4.58 000 4.80 +0.00|51.55 £0.00 61.87 £0.00|11.10 £0.00 8.50 £0.00 7.48 +0.00|33.54 +0.00 76.75 +0.00|10.73 £0.00 19.55 +£0.00 11.16 £0.00

MACRO-Ppw 7.94 £009  6.13 £008]19.33 £092 6.06 £032 2.87 +0.13| 6.99 £0.07 8.96 +£0.09|17.29 £1.22 8.79 4020 3.17 £0.11| 6.02 £003 14.14 £0.10|17.38 £1.60 17.24 £049 523 £0.09
MACRO-Rppior | 6.37 £0.00  3.67 +0.00| 8.81 +0.00 19.82 £000 531 £000| 7.38 £0.00 7.25 £000| 8.91 £0.00 26.50 £000 6.71 £0.00| 8.31 +£0.00 17.42 :£0.00|10.53 £0.00 39.24 +£0.00 8.85 :£0.00
MACRO-Rpw 6.37 000 3.67 +£0.00| 8.81 +£0.00 19.82 4000 531 +£000| 7.38 4000 7.25+000| 8.91 £0.00 26.50 £000 6.71 £0.00| 8.31 +£0.00 17.42 +£0.00|10.53 £0.00 39.24 +£0.00 8.85 +0.00
MACRO-Flpy |45.20 £0.12 33.05 +0.11|15.42 £024 11.17 +0.10 12.21 £0.10| 43.57 +£0.03 51.60 £0.05 | /5.20 +0.47 15.05 £0.11 13.82 +£0.14| 28.12 +0.02 64.23 +0.04| /3.93 +0.16 23.32 +0.51 14.81 +£0.09

| FLICKR
Topr-K 23.94 000 56.96 +0.00 38.41 £0.00 26.56 £0.00| 16.99 £0.00 66.01 +0.00|17.12 £0.00 47.03 £0.00 23.49 +0.00|10.16 +0.00 77.35 £0.00|10.72 £0.00 59.37 £0.00 17.24 +0.00
Top-K+w"™" 22.35 +0.00 53.44 000 44.26 £0.00 24.21 +0.00| 16.10 £0.00 62.80 £0.00 | 13.76 +0.00 52.39 +0.00 20.68 £0.00| 9.77 £0.00 74.54 +0.00| 9.08 +0.00 15.08 +0.00

ToP-K+w"*® 23.57 £0.00 56.17 £0.00
TOP-K+lroca |23.64 £0.00 56.27 +0.00
TOP-K+{asyy |23.37 £0.00 55.65 +0.00

MACRO-Ppy 4.65 003 11.49 40.09

41.36 £0.00 25.49 +0.00| 16.76 £0.00 65.21 £0.00| 15.05 +0.00 49.75 +£0.00 22.00 £0.00| 70.06 £0.00 76.63 +0.00| 9.79 +0.00 61.80 +0.00 16.10 +0.00
36.67 +£0.00 26.42 +0.00| /6.89 £0.00 65.62 +0.00| 18.53 +0.00 45.67 £0.00 24.16 £0.00 | 10.05 +0.00 76.63 +0.00 | 11.77 +0.00 18.14 +0.00
37.00 £0.00 26.12 £0.00{ 16.74 £0.00 65.04 £+0.00| 17.39 £0.00 45.61 +0.00 23.60 £0.00| 10.06 +£0.00 76.63 £0.00| 10.91 :£0.00 0.00 17.48 £0.00

6.63 £0.05  8.06 +£0.12| 5.66 +0.02 22.75 +£007|41.74 +148 9.70 +0.11 10.57 £0.13| 2.83 £0.01 22.26 +0.06 | 37.59 +1.21 10.68 +0.06 8.50 £0.09
MACRO-Rerior | 16.14 +0.00 38.62 £0.00 45.50 £0.00 22.27 £0.00 | 12.17 £0.00 47.48 +£0.00 | 13.98 £0.00 53.83 £0.00 19.72 +0.00| 7.89 £0.00 60.42 £0.00| 9.57 £0.00 64.66 +0.00 15.07 £0.00
MACRO-Rpy | 16.14 +0.00 38.62 +0.00 45.50 £0.00 22.27 £0.00| 12.17 £0.00 47.48 +£0.00 | 13.98 £0.00 53.83 £0.00 19.72 +£0.00| 7.89 £0.00 60.42 £0.00| 9.57 £0.00 64.66 +0.00 15.07 £0.00
MACRO-Flpw |17.59 £0.00 41.60 +£0.00 | 35.28 £0.00 29.28 +0.00 29.43 £0.00| 12.22 £0.01 47.31 £0.07|34.13 £0.15 32.70 £0.05 29.43 +£0.04| 5.92 +0.00 45.77 £0.00 | 34.55 £0.00 33.08 £0.00 29.02 +0.00

| RCVIX

Topr-K 72.99 +£000 75.32 +0.00| 13.06 £0.00 4.67 £0.00 5.43 £0.00|52.30 £0.00 81.96 +£0.00|12.77 £000 7.61 £0.00 7.64 +0.00|32.98 +0.00 89.70 £0.00| 11.35 £0.00 14.75 £0.00 10.28 +0.00
ToP-K+w"™" 165.99 £0.00 69.11 £0.00 12.78 £0.00 13.09 +0.00| 48.48 £0.00 77.18 £0.00| 14.69 +£0.00 17.66 +0.00 13.64 +0.00|31.43 +£0.00 87.14 +0.00| 10.63 £0.00 26.05 +0.00 12.82 +0.00
ToP-K+w" |70.70 £0.00 73.37 +0.00 8.10 £0.00  9.80 +0.00 | 51.18 +0.00 80.49 +0.00 | 16.03 £0.00 11.75 £0.00 11.29 £0.00| 32.66 +0.00 89.14 +£0.00| 11.96 +0.00 19.0 0 12.06 +0.00
TOP-K+lrocar | 71.99 £0.00 74.38 +0.00 | 14. 4.83 £0.00 5.76 +£0.00| 51.46 £0.00 80.94 £0.00|12.49 +£0.00 7.65 +0.00 7.75 +0.00|32.38 +£0.00 88.75 +0.00| 10.59 £0.00 14.42 +0.00 10.06 +0.00
TOP-K+lasyy |71.14 £0.00 73.60 +0.00| 14.40 000 5.44 £0.00 6.46 +£0.00|50.81 £0.00 80.13 £0.00|12.27 £0.00 8.52 £000 8.41 £0.00|31.88 £0.00 87.85 :£0.00| 9.64 £0.00 15.16 +£0.00 10.03 :£0.00

MACRO-Pry  [46.36 +0.03 50.11 £0.02|27.11 £032 5.61 £0.07 5.84 +0.07|29.40 +0.02 49.81 £003]271.69 029 5.72 +£005 5.31 £0.05| 19.45 £0.01 60.40 +0.02|21.66 +021 6.03 £0.06 5.78 +0.05
MACRO-Rprior | 44.26 £0.00 46.10 +0.00| 14 0.00 /8.24 000 12.04 £0.00| 34.77 £0.00 56.28 £0.00| 13.13 £0.00 24.59 +0.00 12.77 +0.00| 24.08 £0.00 70.51 +0.00| 10.66 £0.00 34.34 +0.00 12.39 +0.00
MACRO-Rpy  [43.28 +0.00 44.99 +0.00| 14.56 +0.00 18.41 £0.00 11.95 £0.00|34.15 +0.00 55.24 £0.00 | 13.15 £0.00 24.89 £0.00 12.73 +£0.00| 23.78 £0.00 69.71 £0.00|10.76 £0.00 34.66 £0.00 12.44 +0.00
MACRO-Flpy |58.20 £0.03 61.22 +0.03|21.45 +0.14 10.37 £0.09 12.09 £0.05 | 44.42 £0.01 71.86 £001 | 21.96 £0.11 12.25 £0.06 13.68 +0.03|27.26 £0.00 78.88 £0.00|22.10 £0.03 14.86 +0.02 15.12 +£0.01

g
8

g

| AMAZONCAT
Tor-K 78.29 £0.00 59.29 +0.00|35.73 £0.00 12.44 £0.00 16.52 +0.00 63.63 +0.00 74.54 +0.00 |46.43 £0.00 32.72 +0.00 35.06 £0.00|39.16 +0.00 85.18 £0.00|39.52 £0.00 51.69 +0.00 40.39 +0.00

Tor-K+w""
Top-K+w'"*®

66.32 +0.00 49.76 £0.00
72.56 +0.00 54.56 +0.00

50.21 +£0.00 45.79 £0.00 45.70 +0.00|57.12 +£0.00 67.49 +0.00|44.85 +0.00 53.78 +0.00 46.30 £0.00 |37.31 £0.00 82.20 £0.00| 30.13 +0.00 63.53 £0.00 37.15 £0.00
50.30 +£0.00 32.06 £0.00 36.94 +0.00|61.15 +£0.00 71.83 +0.00|{48.93 +0.00 42.87 £0.00 43.05 £0.00 | 38.71 £0.00 84.49 £0.00| 36.84 +0.00 56.71 +£0.00 40.60 +0.00

MACRO-Pry  |47.00 +0.02 35.57 +0.02| 56.47 £0.12 23.74 £0.06 29.62 +0.07|41.04 £0.01 50.74 +0.01|55.85 +0.08 27.45 +0.07 30.23 £0.07|30.66 £0.01 69.67 £0.02|55.27 +0.11 29.09 +£0.06 34.51 £0.05
MACRO-Rpriox | 48.58 £0.00 34.93 £0.00 | 37.16 +£0.00 59.97 £0.00 42.02 +0.00 [40.67 £0.00 47.35 £0.00|28.17 £0.00 66.98 £0.00 35.75 £0.00 | 28.0¢ 62.91 £0.00 | 17.62 +£0.00 73.98 £0.00 25.04 +0.00
MACRO-Rpy [ 48.58 +£0.00 34.93 £0.00| 37.15 £0.00 59.97 £0.00 42.02 £0.00 |40.67 £0.00 47.35 £0.00|28.17 £0.00 66.98 +0.00 35.75 +0.00 | 28.06 £0.00 62.91 +0.00| 17.62 +0.00 73.98 £0.00 25.04 +0.00
MACRO-Flpy |68.59 +0.01 51.49 +0.00|56.75 £0.04 34.68 +£0.03 40.90 +£0.02|55.73 £0.00 65.60 +0.00|56.62 +0.01 36.40 +0.01 41.92 +£001 | 35.30 £0.00 78.34 £0.00| 54.67 +0.01 39.93 £0.01 43.26 +£0.01

2
8

Table 4: Comparison of different splitting strategies for the Frank-Wolfe algorithm on measures
calculated at {3,5,10} Notation: P—precision, R—recall, FI—FI-measure. The green color
indicates cells in which the strategy matches the metric.

Inference Instance @3 Macro @3 Instance @5 Macro @5 Instance @10 Macro @10
strategy P R P R F1 P R P R F1 P R P R Fl1

\ MEDIAMILL

MACRO-Prw 50150 7776 587 1541 6.65 389 | 922 11.35]|13.60 11.27 538 | 3.56 858 | 1522 19.08 544
MACRO-Prw 7505 6.74 503 14.68 648 358 | 9.00 10.70 | 13.79 13.07 5.21 | 454 10.56 | 1447 19.30 6.09
MACRO-Prw 100n00 | 7.94  6.13 1933 606 287 | 699 896 |17.29 879 3.17 | 6.02 14.14 | 17.38 17.24 523
MACRO-R¢w -5050 514 3.05 | 842 1556 458 | 6.04 6.06 | 9.55 2220 593 | 675 14.26| 997 33.82 752
MACRO-R¢w 7505 441 252 | 7.89 1530 430 | 493 475 | 7.02 21.83 540 | 583 12.01 | 940 3491 7.37
MACRO-R¢w -100n00 | 6.37  3.67 | 881 19.82 531 | 738 725 | 891 26.50 6.71 | 831 17.42|10.53 39.24 8.85
MACRO-Flpyw so50 | 45.25 33.24 | 14.19 10.67 10.93 | 41.36 49.55 | 1297 15.24 12.59 | 26.90 62.50 | 12.19 23.43 13.50
MACRO-Flpw 755 | 43.07 31.33 | 13.80 10.65 10.91 | 40.06 47.64 | 12.61 15.06 12.49 | 27.84 64.08 | 11.86 23.77 13.64
MACRO-F1gw 100100 | 46.77 34.21 | 15.61 11.16 12.35 | 43.48 51.65 | /14.93 1498 13.69 | 27.92 64.11 | 12.14 28.42 14.63

\ FLICKR

MACRO-Prw _s0/50 5.66 1332 37.62 12.69 12.84 | 432 17.11|37.80 15.02 1399 | 2.26 17.43|36.93 16.40 12.71
MACRO-Prw 7505 6.73 16.18 39.33 1633 1637 | 3.84 1528|3807 1561 1513 | 2.22 1740 |37.73 1795 14.97
MACRO-Prw 100100 | 4.65 1149 39.34 663 806 | 5.66 2275|4174 9.70 10.57 | 2.83 22.26 | 37.59 10.68 8.50
MACRO-Rsw -5050 1490 35.66 | 18.30 42.72 21.83 | 11.41 44.65 | 1471 51.16 19.80| 7.50 57.46 | 9.97 62.17 1534
MACRO-Ryw 7505 1534 36.81 | 17.65 43.89 21.84 | 11.62 45.44 | 13.78 52.03 19.10| 7.58 58.07 | 9.33 63.70 14.50
MACRO-Rgw -100100 | 16.14 38.62 | 17.58 45.50 2227 | 12.17 4748 | 13.98 53.83 19.72 | 7.89 60.42 | 9.57 64.66 15.07
MACRO-Flgyw so50 | 19.06 45.28 | 31.30 31.55 28.63 | 12.24 47.51 | 31.10 34.24 29.02 | 6.18 47.82 | 31.37 35.89 28.73
MACRO-Flyw 75ps | 17.33 4128 | 31.93 32.64 29.65 | 11.46 44.54 | 31.62 3478 29.74 | 586 45.22 | 30.52 38.03 29.37
MACRO-Flgw 100100 | 18.21 43.06 | 34.89 29.51 2941 | 11.78 4591 | 34.68 30.87 29.45| 7.14 5521 |34.00 33.17 29.11
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Table 5: Comparison of different initialization strategies for the Frank-Wolfe algorithm on measures
calculated at {3,5,10} Notation: P—precision, R—recall, FI—FI1-measure. The green color
indicates cells in which the strategy matches the metric.

Inference Instance @3 Macro @3 Instance @5 Macro @5 Instance @10 Macro @10
strategy P R P R F1 P R P R F1 P R P R F1
\ MEDIAMILL
MACRO-Pry topk 749 535 |16.54 943 354 | 961 11.18|17.10 1130 4.37 | 566 1290 |17.06 1731 5.72
MACRO-Pry ma 794 6.13 | 1933 606 287 | 699 896 |17.29 879 3.17 | 6.02 14.14 | 17.38 17.24 523
MACRO-Rpw sopk | 6.37  3.67 | 881 19.82 531 | 738 7.25 | 891 26.50 6.71 | 831 17.42|10.53 39.24 8.85
MACRO-Rpw -md 6.37 3.67 | 881 19.82 531 | 738 7.25 | 891 26.50 6.71 | 831 17.42|10.53 39.24 8385
MACRO-Flrw opk | 46.77 3421 | 15.61 11.16 12.35 | 43.48 51.65 | 1493 14.98 13.69 | 27.92 64.11 | 12.14 28.42 14.63
MACRO-Flpw ma | 45.20 33.05 | 1542 11.17 12.2]1 | 43.57 51.60 | 1520 15.05 13.82 | 28.12 64.23 | 13.93 23.32 14.81
\ FLICKR
MACRO-Pry opk | 446 10.84 | 4041 7.87 933 | 253 1044|3811 784 8.04 | 1.75 1399|3731 10.69 842
MACRO-Pry ma 4.65 1149|3934 6.63 8.06 | 566 22.75|41.74 9.70 10.57 | 2.83 22.26|37.59 10.68 8.50
MACRO-Rpy sopk | 16.14 38.62 | 17.58 45.50 22.27 | 12.17 47.48 | 1398 53.83 19.72 | 7.89 60.42 | 9.57 64.66 15.07
MACRO-Rpy -ma 16.14 38.62 | 17.58 45.50 22.27 | 12.17 47.48 | 13.98 53.83 19.72| 7.89 6042 | 9.57 64.66 15.07
MACRO-Flpy opk | 18.21 43.06 | 34.89 29.51 29.41 | 11.78 4591 | 34.68 30.87 29.45| 7.14 5521 |34.00 33.17 29.11
MACRO-Flpy .ma | 17.59 41.60 | 35.28 29.28 29.43 | 12.22 47.31 | 34.13 32.70 29.43 | 592 4577 | 34.55 33.08 29.02
\ RCVIX
MACRO-Pry opk | 32.66 34.63|20.70 3.62 3.77 |31.39 5239|2141 580 6.58 | 16.15 49.66 | 21.45 7.84 5.96
MACRO-Pry -md 46.36 50.11 | 21.11 5.61 584 | 2940 49.81|21.69 572 531 |19.45 60.40 |21.66 6.03 5.78
MACRO-Rpw opk | 4328 44.99 | 1456 1841 11.95|34.15 5524 | 13.15 24.89 12.73 | 2378 69.71 | 10.76 34.66 12.44
MACRO-Rry -md 4328 4499 | 1456 1841 11.95|34.15 5524 |13.15 24.89 12.73 | 23.78 69.71 | 10.76 34.66 12.44
MACRO-Flpy -opk | 58.14 61.31 | 21.58 10.36 12.03 | 44.29 71.93 | 22.37 12.26 13.65|27.96 80.26 | 22.53 13.76 15.20
MACRO-Fley .ma | 58.20 61.22 | 21.45 1037 12.09 | 4442 71.86 | 21.96 12.25 13.68 | 27.26 78.88 | 22.10 14.86 15.12

Figure 1: Comparison of the baseline algorithms with the PU inference with mixed objectives for
k € {3,5,10}. The shows the results for different interpolations between two measures.
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the classifier that weights 7); by a random number € [0, 1] (rnd), second strategy initialize h° with the
top-k 7); classifier (top-k). For all the experiments here, we use the same dataset for both training the
7 estimator and estimating confusion tensor C (100/100). We present the result of this comparison in
The results show that the initialization strategy has an impact on the results for MACRO-Pry
variant of the algorithm. However it is not clear from the results which initialization variant is better
and in which circumstances for MACRO-Pgy,.

G.3 RESULTS WITH MIXED UTILITIES

It can be noticed in the presented results that the optimization of macro-measures comes with the
cost of a significant drop in performance on instance-wise measures, which in some cases may
not be acceptable. To achieve the desired trade-off between tail and head label performance, one
can optimize a mixed utility that is a linear combination of instance-wise measures and selected
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macro-measures. As an example, we present the results for such mixed utility that is a combination
of instance-wise precision@k with macro-f1-measure@¥k:

W<C) = (1 - a)wlnslance—P(C) + OApMacro—Fl(C)

= Z(l - a)¢1nstance-l’ (C]) + W Macro-FI (C]) (69)

j=1

In we present the plots with results on two combined measures for different values of
a. Once again, the presented results are the mean values over 10 runs of the inference. The plots
show that the instance-vs-macro curve has a nice concave shape that dominates simple baselines.
In particular, we can initially improve macro-measures significantly with only a minor drop in
instance-measures, and only if we want to optimize even more strongly for macro-measures, we get
larger drops in instance-wise measures. A particularly notable feature of the plug-in approach is that
the curves in the figure are cheap to produce since there is no requirement for expensive re-training of
the entire architecture, so one can easily select an optimal interpolation constant according to some
criteria, such as a maximum decrease of instance-wise performance.

H CONFUSION TENSOR MEASURES

In this section, we will take a closer look at the definitions of confusion tensor metrics, and provide
some structural results. First, let us recall the definitions from the main text:

Definition 3.1 (Binary Confusion Matrix Measure). Let C = {C e [0, 17 |||IC|h1 = 1} be the

set of all possible binary confusion matrices, and C,C’ € C. Then we say that C' is at least as good
as C, C' = C, if there exists constants €1, €3 such that

y (Coo+e Coi—e
¢ = (01062 C11+€2> ’ 2)

i.e., if C' can be generated from C by turning some false positives to true negatives and false negatives
to true positives. A functiony: C — [0, 1] is called a binary confusion matrix measure (Singh &
Khim, |2022)) if it respects that ordering, i.e., if for C' = C we have ¥(C") > (C).

Definition 3.2 (Confusion Tensor Measure). For a given number of labels m € IN, and two confusion
tensors C,C’' € C™, we say that C' is at least as good as C, C’' = C, if for all labels j € [m] it

holds that C?' = C7. A function W : C™ — [0, 1] is called a confusion tensor measure if it respects
this ordering, i.e., if for C' = C we have ¥(C') > ¥ (C).

Our first claim is that these form partial orders.

Lemma H.1 (Partial order of confusion matrices). The relation > introduced in | forms
a partial order on C. Similarly, = from[Definition 3.2|forms a partial order on C™.

Proof. We start with the binary case. We need to show reflexivity, antisymmetry, and transitivity:
Reflexivity: By choosing €; = €5 = 0, we see that C' > C.

Antisymmetry: Let C = C' and C’' = C. This implies €¢; = €3 = 0, meaning C = C". Transitivity:
C = C' with coefficients €1, €3, and C’ = C" with €], €,, then C > C” by choosing € + €],
€a + €.

The multilabel case follows directly, as it is just an m-fold Cartesian product of the binary case. [l

Next, we show a systematic way of turning binary confusion matrix measures into confusion tensor
measures, using either micro- or macro-aggregation.

Definition H.2 (Aggregation function). For n € W, we call a function f: [0,1]" — [0,1] an
aggregation function if it is nondecreasing in each of its arguments.

Theorem H.3 (Macro-Aggregation). Let ©1,...,%,, be a collection of binary confusion matrix
measures, and ¢: [0,1]™ — [0, 1] be an aggregation function. Then the macro-aggregation
¥(C) = ¢(41(C),..., Ym(C™)) (70)

is a confusion tensor measure.
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Proof. Let C' = C. Then, for all labels j, C¥' = C7, which implies ¢; (C?") > ¢;(C7). As ¢ is
nondecreasing in all of its arguments, this implies ¥(C’) > ¥(C), concluding the proof. O

Theorem H.4 (Micro-Averaging). Let v be a binary confusion matrix measures, and ¢ be a linear
aggregation function. Define the averaged confusion matrix by applying aggregation to each entry

separately,
=_ — ((Chos-- - Cip) ¢<051,...,Caﬁ>) 1
C=90): <¢<C%o,..., m) 6(Ch....,om)) 7y

Then the micro-average
¥(C) = 9(4(C)), (72)

is a confusion tensor measure.

(e},€d), ..., (e, em) which transform C into C’. Denote C’ = ¢(C’), and similarly C = ¢(C).
Due to the linearity of ¢, we have
Coo = &(Cop,- -, Cy) = d(Coo + €1, Cig + €") = &(Cop, -, C1) + dlet, ... +ei").-

Similar calculations can be done for the other components. This implies that

Proof. Let C' = C. Then, for all labels j, C¥' > CY, ie., there exists a collection

Tl Coo+ d(ef,...,+€*) Cor — ¢(el, ..., +el) 73)
010+¢(€%,...,+€§n) Cllf¢(€%,...,+€§n) ’
ie., C' = C, and thus ¥(C') > ¥(C). O

If the aggregation function is chosen to be the arithmetic mean, the two cases above reduce to regular
macro- and micro-averaging. This justifies our choice of (3) in the main paper, proving that this
indeed does result in an admissible confusion tensor metric.

Note that for micro-aggregation, we had to be much more strict in what aggregation functions to admit,
essentially limiting to weighted arithmetic mean, because we need to ensure that the component-wise
averaging of confusion matrices results in matrices that are comparable using the partial order.

Finally, we can also provide the following structural result:

Theorem H.5. Let ¥4, ..., ¥, be a collection of confusion tensor losses, and ¢ an aggregation
function. Then

is a confusion tensor loss.
Proof. LetC’ = C, then¥;(C’) > ¥,;(C). Thus, by monotonicity of ¢, we get W (C’) > ¥(C). O

This latter result implies that, e.g., calculating the harmonic mean of macro-precision and macro-recall
is also a confusion tensor loss.

I  SENSITIVITY OF MACRO-AT-kK METRICS TO TAIL LABELS

The experiment described in this section has been motivated by a similar one given in (Wei & Li,
2019). In we compare different metrics for budgeted at k£ predictions. We train a PLT
model (Jasinska-Kobus et al.,|2020) on the full AMAZONCAT dataset (McAuley et al2015) and on
a reduced version with the 1000 most popular labels only. The test is performed for both models on
the full set of labels. The standard metrics are only slightly perturbed by reducing the label space to
the head labels. This holds even for propensity-scored precision (Jain et al.,[2016), which decreases
by just 1%-20% despite discarding over 90% of the label space. In contrast, the macro-at-k measures
decrease between 60% and 90% if tail labels are ignored.
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Table 6: Performance measures (%) on AmazonCat-13k of a classifier trained on the full set of labels
and a classifier trained with only 1k head labels.

Metric full labels head labels
@1 @3 @5 @1 (diff.) @3 (diff.) @5 (diff.)

Precision 93.03 78.51 63.74 | 93.08 ( y  76.42( ) 58.21 ¢ )
nDCG 93.03 87.25 85.35 | 93.08 ( y  85.75¢ ) 80.91 ( )
PS-Precision 4976  62.63 70.35 | 49.07 ( ) 57.71 ( ) 57.41 ( )
Macro-Precision | 13.28 32.65 44.16 4.31 (-67.54%) 5.28 (-83.82%) 4.32 (-90.21%)
Macro-Recall 1.38 11.06 30.57 0.47 (-65.61%) 2.69 (-75.71%) 4.10 (-86.59%)
Macro-F1 226 14.67 32.84 0.74 (-67.37%) 3.10 (-78.88%) 3.77 (-88.51%)
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