
���������
	����������������������������� !��"!�#"!�
�$�%���&���'��(�"!���)

*,+ -/.1032�45076'819;:=<�>?*,+ @�AB6�C�D54EAGF

H$IKJML�N�OQP7L
R�SUTGSWVXSUYQZW[\ZW]_^B`aVcbcd;[M`3eQZUSUfQg$hQic]BYQZW[kj�SWVlVXmXe;`3SW[M`nSUfnmXdQSWVlo�]BiXp5q�rsd;]BeQg7d

mXit^Bbkmt^�YQSUZUSUmvu�]�w�mXdQSWV\hQic]BYQZW[kjxSUfymXd;[zhQit^BbkmXSWb�^�Z{b�^BVc[MV\SWV\bM]Bf;VXSW`Q[kic[M`|^BV�SUmcV
g7ic[�^�ms^B`3T7^�f}mt^�g_[7~Go�[�VXd;]�o,mXd�^�m�SUm{d�^BV�^\d�^�ic`
bM]Bj�YQSUf�^�mc]BiXS�^�ZEbM]Bic[7q{��]Bjz�
hQeQmt^�mXSW]Bf�^�Z&d�^�ic`3f;[MVcV�^�f;`�h5]BZUuGf;]Bj�S�^�ZsmXSUj�[nVc]BZUT7^�YQSUZUSUmvu�]�w�Vc]Bj�[�VXh5[MbkS�^�Z
b�^BVc[MV�^�ic[\VXd;]�o&f�q

�|�Q�������}�{�G�\45:���:�81:��5��C/��0QAG458�>581�M�5C�45�5��:�D5�5>E��03���5���MA}�k:�03DEAG�K��03���5��C� �:��X¡3+

¢ £ �n� ������(�����!�
�

-/:���:�81:��5��C���0QAG4��k�5C�03.t¡¥¤v-z@�¦�§':�8�A�D5C!6¨�5.kAGD5�M��:�D|�k�5C$81�M�5C�45�5��:�D5���k�5C�03.t¡3+'-z@�¦
:�8��581C�4©�k0�.1C��5.1C�81C�DQ�
��03�����5D5:��BA}�k:�03D58�AGD54©��03���5���MA}�k:�03D58z:�D©45:�8t�k.1:��5���kC�4©��03�nª
�5���kC�.�8t¡�8t�kC���8�>{03.z�k.kAGD581�?03.t�MA}�k:�03D©AGD54,�5.10�45�5�!�k:�03D«8t¡�8t�kC���8�+�¬��:�8�AG8181�5��C�4,:�D
-z@�¦�>E�k�EA}�'�k�5C�®103�¯¤=CG+ �5+���03���5���MA}�k:�03D�>5�5.10�45�5�!�k:�03D�§��BAGD|�?C�45:���:�45C�4|:�DQ�k0a�EAG.t�k8
0G°�AG.1�5:��k.kAG.t¡,81:�2�CG+«¦\�5C�81C��EAG.t�k8��BAGD±�?Cy�5.10���C�8181C�4²:�D¥�EAG.kAG����C��l�Q¡¯.1C���0G�kC��5.10}ª
��C�8181:�D5�yC���C���C�DQ�k8n¤=��03���5���kC�.18�>?°vAG�!�k03.1:�C�8�>?C!�k�G+³§�+/¦\�5C���03�����5D5:��BA}�k:�03D�>503.��k.kAGD58cª
�?03.t�MA}�k:�03D�>��k:���Cn���58t�
�?Ca�MAG9GC�D¥:�DQ�k0�AG����03�5DQ�B+�-z@�¦´6�AG8
�5.107�3C�4¥�k0|�?C�A��3C�.cª
8kA}�k:���C\�k0�03�5°=03.���0�45C���:�D5��45:�8t�k.1:��5���kC�4���03���5���MA}�k:�03D58�>�AGDEAG��¡�2�:�D5���GAG.1:�03�58l��03������ª
D5:��BA}�k:�03D,�k03�?03��03�3:�C�8�>&AGD54±:�D¯�?C�.t°=03.1��AGD5��CyC!�GAG���EA}�k:�03D�+©-z@�¦µ�5.1C�45:��!�k:�03D58
�EAB�3C
�?C�C�D��3C�.1:�¶EC�4�AGD54y��03D�¶E.1��C�4�C� ��?C�.1:���C�DQ�MAG����¡3+&·��5.t�3C!¡�8\0G°�-z@�¦¸�BAGD��?C�°=03�5D54�:�D
¹ º >�»�>�¼�>�½;>s¾7¿}ÀÁ+
¬XD«�k�5C�°=�5.t�k�5C�.�45:�81���58181:�03D«6�Cn6':����{�581Ca45:�8t�k.1:��5���kC�4«��03���5���k:�D5�
��C!�MAG�5�503.�:�D$45:���:�81:��5��C&��0QAG4��5.10���C�8181:�D5�5+�¬XD$�k�5C�CBAG.1��:�C�. ��:��kC�.kA}�k�5.1CG>_��03���5���MA}�k:�03DEAG�
�k.kAG�!�MAG�5:���:��X¡$0G°��k�5C'45:���:�81:��5��C���0QAG4n��0�45C���6�AG8l��03D581:�45C�.1C�4�AG8&:��k8&�3.1CBA}��AG4��GAGDQ�MAG�3CG+
¦\�503�5�3�¯:��$:�8
A�®1�58t�k:�¶EC�4¯03�581C�.t�GA}�k:�03D©°=03.$��AGDQ¡,�5.kAG�!�k:��BAG�&�BAG81C�8�>s6�C�6':����l81�5076
�k�EA}�'45:���:�81:��5��Cz��0QAG4�81�M�5C�45�5��:�D5���5.103�5��C���8��EAB�3C$�EAG.14|��03���5:�DEA}�k03.1:ÂAG�?��03.1CG+
ÃÄÆÅ}Ç=ÈÁÉ ÈÁÊ7ÈÁË�Ì�ÍlÎ?Ì!Ï�Ð_Ê7ÈÁÉ Å_Ñ�Ò7ÓcÉ ËtÅ}ÓcË!ÔKÕ5Ì!ÖtÅ}×�Ø�Ù�Å_É Ú!ËtÛÇvÉ È=ÜnÌ�Í&Ý�Ë1ÓÞ_Å_Ì!ß Ì!Ñ!Ü!Ô?Ê_ß�à Õ�É Ì�ÈÁÛÁÌMáKÌ�â!ãlÔ

ä!åMæÆç!ä�è Õ5Ì!ÖtÅ}×�Ø;Ô�Õ5Ì!ß³×�Å}éQàêÝ�Þ_É³ÇaÛÁË1ÇvË1×�ÛÓÞ,á�×!ÇnÐ}×�ÛvÈÁÉ³×�ß ß Ü¥ÇvÊ_Ð_ÐGÌ!ÛvÈÁË1é¯ëBÜ¯×«Ñ!Û×�Å�ÈnÌ�Í�Õ5Ì!ß æ
É³ÇvÞìÒ�È×MÈÁËíÎ?Ì!Ï�Ï�É ÈvÈÁËtË,ÍWÌ!Û|ÈÁÞ_Ë±Ò7ÓcÉ ËtÅ�ÈÁÉ îGÓ¥ï Ë1ÇvË1×�ÛÓÞ;àðÎ?Ì!ÛÁÛÁË1ÇvÐGÌ!Å}é7É Å_Ñí×�Ê7ÈÁÞ_Ì!Û1à�ñ�Ï\×�É ß�ò
ó_ô_õ7ö�÷Bø�ùÆúBû_ü�ýBþ7ü�ÿ����3ö��7õ���ù��
	��Kù�}ü!ý��_ô���ù���

�cÕ5Ì!ÖtÅ}×�Ø�ÒBÊ_ÐGËtÛÓcÌ!Ï�Ð_Ê7ÈÁÉ Å_Ñ�×�Å}é���ËcÈ=áKÌ!Û��BÉ Å_Ñ�Î?ËtÅ�ÈÁËtÛ1Ô�Ê_ß�à ��Ì�Ç��!ÌMá�Ç��BÉ ËtÑ!Ì�� å Ô ä � æ��Mç�� Õ5Ì!ÖtÅ}×�Ø;Ô
Õ5Ì!ß³×�Å}éQà

¾



¬XD«�k�5:�8/6�03.19|6�Cn��03D581:�45C�.�8t�MAG.�:�DQ�kC�.1��03D5D5C��!�k:�03D²¤vA�+ 9�+ A�+
Ay81:�D5�3��C
��C!�3C����k.1C�C7§
0G°z81C!�

P
0G°z�5.10���C�8181:�D5�¥C���C���C�DQ�k8�+ ¬XD²�k�5C|��C�DQ�kC�.�0G°/�k�5C|8t�MAG.�A©��03���5���kC�.

P0�BAG����C�4����������
	��������¤=03.n��AG8t�kC�.�>l81C�.t�3C�.M§n:�8n��0��BA}�kC�4�+��z.1:��3:�DEA}�k03.
45:�8t�k.1:��5���kC�8��k�5C
��0QAG4©�k0��5.10���C�8181:�D5��C���C���C�DQ�k8

P1, . . . , Pm

¤=81�ÂAB�3C�8�>�6�03.19GC�.18�>&����:�C�DQ�k8M§�+�¦\�5C���0QAG4
:�8'81C�DQ�/°=.103� �k�5C$03.1:��3:�DEA}�k03.��k0�A��5.10���C�8181:�D5��C���C���C�DQ�/:�D|03D5��¡�03D5C$��C�818kAG�3CG+���0
0G�k�5C�.���03�����5D5:��BA}�k:�03D58�AG.1Cz�?C�.t°=03.1��C�4�+��¥C�AG8181�5��Cz�k�EA}���k�5C/�k:���C/0G°�.1C!�k�5.1D5:�D5�
�k�5C�.1C�81�5���k8$�BAGD¯�?C�D5C��3��C��!�kC�4�+�¦\�5C�.1CBAG8103D58$°=03.��k�5:�8
AG8181�5�����k:�03D¥AG.1Ca�X6�0G°=03��4�+
��:�.18t�B>36�C/:�DQ�kC�D54��k0$��03D581:�45C�.l�k�5C�81:����5��C�8t�B>Q.1�545:���C�DQ�MAG.t¡n�BAG81C�8�0G° -z@�¦�+5·�C���03D54�>
�k�5:�8'AG8181�5�����k:�03D�:�8\��AG45Cz°=03.��k�5C�81:����5��:���:��X¡a0G°��5.1C�81C�DQ�MA}�k:�03D�+l¬��:�8\D50G�'��:���:��k:�D5�
�k�5C©�3C�D5C�.kAG��:��X¡ 03.��5.kAG�!�k:��BAG��:��X¡ 0G°$�k�5C©��03D581:�45C�.kA}�k:�03D58�+ ¬��6�AG8�81�5076'Dì:�D¸�k�5C
CBAG.1��:�C�.�-z@�¦¸��:��kC�.kA}�k�5.1C ¹ º >�»�>5½�>�¾7¿}À?�k�EA}���k�5C/�5.10���C�818�0G° .1C�81�5������03����C��!�k:�03D��BAGD��?C
:�D5��03.1�?03.kA}�kC�4�:�D��k�5C$-z@�¦ì��0�45C���8�+

� 8181�5��Cl�k�EA}����0QAG4��M�;�5D59$0G°581:�2�C
αi

:�8��5.10���C�8181C�4��Q¡
Pi

>_6'�5C�.1C
αi

:�8�C� ��5.1C�8181C�4
:�D¯��0QAG4±�5D5:��k8�>&CG+ �5+,�Q¡;�kC�8�+¯¦\�5Cy�k:���C�0G°'�k.kAGD58t°=C�.1.1:�D5���k�5:�8���0QAG4¥�k0

Pi

:�8
Si +

αiCi

+
Si

:�8\��03�����5D5:��BA}�k:�03D�8t�MAG.t�k�5���k:���CG>
Ci

:�8'.1C���:��5.10��BAG� 0G°��EAGD54�6':�4��k��+�¦\�5C
��03���5���MA}�k:�03D��k:���C�:�8

pi + αiAi

> 6'�5C�.1C
pi

45C�D50G�kC�8$��03���5���MA}�k:�03D«8t�MAG.t�k�5�©�k:���C
6'�5:��M��C��ÂAG�581C�8s�?C!°=03.1C���03���5���MA}�k:�03D58{8t�MAG.t�B>3AGD54

Ai

:�8��5.10���C�8181:�D5�z.kA}�kC�¤=.1C���:��5.10��BAG�
0G°���03���5���k:�D5��81�?C�C�4�§�+���81:�D5���5.10���C�818103.

Pi

�?CBAG.18���038t�
fi + αili

+&¬°{��C���03.t¡a81:�2�C
:�8���:���:��kC�4a�k0

Bi

��0QAG4y�5D5:��k8�>��k�5C�D���0QAG4y�M�;�5D59y���58t�'D50G�\C� ���C�C�4|:��B>�:Á+ CG+
αi ≤ Bi

+
-/�5C��k0¥�k�5C�C� �:�8t�kC�D5��C�0G°�0G�k�5C�.���03.1C��5.1�3C�DQ�y��03���5���MA}�k:�03D58�>�03.���AG:�DQ�kC�DEAGD5��C
�?C�.1:�0�458�>{�k�5CyAB�GAG:��ÂAG�5:���:��X¡|0G°'�5.10���C�818103.

Pi

��AB¡©�?C�.1C�8t�k.1:��!�kC�4¥�k0�8103��C�:�DQ�kC�.t�GAG�
[ri, di]

+���¡±81�5�M� A©.1C�8t�k.1:��!�k:�03D±6�C|��CBAGDí�k�EA}����03���5���MA}�k:�03D58���AB¡¯�MAG9GC|�5�ÂAG��C
03D5��¡n:�D�:�DQ�kC�.t�GAG�

[ri, di]
+ � ��C�818kAG�3C'6':��k���k�5C���0QAG4���AB¡aAG.1.1:��3CG>�03.�8t�MAG.t��AG.1.1:���:�D5�

�?C!°=03.1C
ri

+��¥C�AG8181�5��C/�k�EA}�\��03���5���MA}�k:�03D58�8t�MAG.t�\:�����C�45:ÂA}�kC���¡aA}°Æ�kC�.��k�5C��ÂA}�kC�.�0G°
�X6�0«C!�3C�DQ�k8��

ri

>s03.$�k�5Cy��0QAG4¯AG.1.1:��GAG�Á+|¦\�5C���03���5���MA}�k:�03D©�k:���C
pi + αiAi

���58t�
¶5���?C!�X6�C�C�D,�k�5Cn�ÂA}�1�kC�.z0G°l�k�5CaAG�?07�3Cn�X6�0�C!�3C�DQ�k8�>sAGD54

di

+n·��M�5C�45�5��:�D5��45:���:�81:��5��C
��0QAG4¯��03���5���MA}�k:�03D58
:�DQ�303���3Cy�k�5.1C�C�45C���:�81:�03D58���81C���C��!�k:�D5�«81�5�581C!�

P ′
0G°'�k�5C��581C�4

�5.10���C�818103.18�°=.103� 81C!�
P
>�81C��;�5C�D5��:�D5�±AG�!�k:��GA}�k:�03Dí0G°z�5.10���C�818103.18�:�D

P ′
>�45:���:�45:�D5�

�k0G�MAG�5��0QAG4
V
:�DQ�k0��M�;�5D59;8

αi

°=03.
Pi ∈ P ′

+s¦\�5C'�30QAG�5:�8s�k0�81�M�5C�45�5��C�45:���:�81:��5��C���0QAG4
��03���5���MA}�k:�03D58�81�5�M�¥�k�EA}�
81�M�5C�45�5��C���C�D5�G�k�

Cmax = maxPi∈P
′{ti}

:�8���:�D5:����5�|>
6'�5C�.1C

ti
:�8��k�5C���03���5��C!�k:�03D��k:���Cn0G°��k�5C���03���5���MA}�k:�03D58�03D

Pi

>�AGD54,�5.10���C�8181:�D5�
��038t�

G =
∑

i∈P ′(fi + αili)
:�8��?03�5D545C�4�+ � D¸AG���kC�.1DEA}�k:��3C�°=03.1���5�ÂA}�k:�03Dí0G°z�k�5C

�5.103�5��C�� :�8a�k0©¶ED54 A,81�M�5C�45�5��C|6':��k�²��:�D5:����5����038t�
G
>�81�5�M� �k�EA}��:��k8a��C�D5�G�k�

Cmax

:�8���:���:��kC�4�+
¬XD©�k�5C�AG�5�?C�D545:W «6�C�81�5����AG.1:�2�C
�k�5C���AG:�D«D50G�MA}�k:�03D«�581C�4¥:�D
�k�5:�8\�EAG�?C�.�+

¦\�5Cn��03���5:�DEA}�k03.1:ÂAG��DEA}�k�5.1Cn0G°�-z@�¦��EAG8z�?C�C�D©8t�k�545:�C�4©�?C!°=03.1CG+$¬XD ¹ ¾�Às:��z�EAG8
�?C�C�D¥81�5076'D,�k�EA}���k�5Ca81C��;�5C�D5��Cy0G°��5.10���C�818103.
AG�!�k:��GA}�k:�03D«:�D,A�8t�MAG.�D5C!�X6�03.19,A}°Âª
°=C��!�k8�81�M�5C�45�5��C
��C�D5�G�k��+�¬��6�AG8��5.107�3C�4�:�D ¹ ¾3> º ÀÁ>?AGD54�:�D545C��?C�D545C�DQ�k��¡�:�D ¹ � ÀÁ>E�k�EA}�

º



6'�5C�D«�k�5C�.1CaAG.1C�D50���03�����5D5:��BA}�k:�03D|8t�MAG.t�k�5�«�k:���C�8n¤
∀Pi

Si = 0
§'�k�5C��5.10���C�818103.18

�EAB�3C/�k0��?C�AG�!�k:��GA}�kC�4yAG����03.145:�D5�
�k0
�k�5Cz03.145C�.�0G°�45C���.1CBAG81:�D5�n�EAGD54�6':�4��k�y0G°���03�nª
���5D5:��BA}�k:�03D¯��:�D59;8�+±¦\�5C��BAG81C�6':��k�íD503D�ªXD5C��3��:��3:��5��C�8t�MAG.t�k�5�í�k:���C�8�¤

∀Pi
Si > 0

§
6�AG8�8t�k�545:�C�4,:�D ¹ � >s¾ º ÀÁ+n¬��6�AG8�45C!�kC�.1��:�D5C�4©:�D ¹ � ÀÁ>{AGD54©:�D545C��?C�D545C�DQ�k��¡«:�D ¹ ¾ º ÀÁ>
�k�EA}�y:�°���03�����5D5:��BA}�k:�03Dí�EAG.kAG��C!�kC�.18�AG.1C�:�45C�DQ�k:��BAG�
¤=:Á+ CG+

Ci = C, Si = S
°=03.

i = 1, . . . , m
§��k�5C�Da°=03.&�k�5C'81�503.t�kC�8t��81�M�5C�45�5��C'�k�5C�03.145C�.l0G°K45C���.1CBAG81:�D5�
�5.10���C�818103.

81�?C�C�4«81�503�5��4��?C$�k�5C
03.145C�.�0G°l�5.10���C�818103.zAG�!�k:��GA}�k:�03D�+�¦\�5:�8/.1C�81�5���/6�AG8/03���MAG:�D5C�4
�5D545C�.'��03D545:��k:�03D��k�EA}��AG���K�5.10���C�818103.18':�D

P
.1C���C�:��3C�D503D�ªX2�C�.10a��0QAG4�AGD54��k�;�58�>E�BAGD

�EAG.t�k:���:��EA}�kCn:�D,�5.10���C�8181:�D5�5+�¬XD ¹ � À�:���6�AG8$45C!�kC�.1��:�D5C�4,�k�EA}�$�k�5C��5.103�5��C�� 0G°\45:Wª
��:�81:��5��C���0QAG4¥81�M�5C�45�5��:�D5��03DíA�8t¡�8t�kC�� 6':��k�¯8t�MAG.t�k�5�¥�k:���C�8�AGD54¯���5���k:��5��Ca�5�581C�8
:�8�����ªX�EAG.14�+a¦\�5C��BAG81C�0G°�D503D�ªXD5C��3��:��3:��5��C
8t�MAG.t�k�5�©�k:���C�8$AGD54,��:���:��kC�4«��C���03.t¡
�5���KC�.18�6�AG8�81�5076'Dy�k0
�?C�����ªX�EAG.14�:�D ¹ � ÀÁ+&¦\�5C/�5.103�5��C��x0G° 03���k:���:�2�:�D5�z�k�5C/��038t�
0G°{A�81�M�5C�45�5��C��EAG8\�?C�C�D�8t�k�545:�C�4�:�D ¹ � >K¾3¾�ÀÁ+
	�C��5.1:�8t�k:��/.1�5��C�8��EAB�3C��?C�C�D��5.103�?0381C�4
:�D ¹ � >�¾3¾!À��k0$81C���C��!���k�5C�81C!��0G°��581C�4��5.10���C�818103.18�>5AGD54�45C!�kC�.1��:�D5C'��0QAG4�AG8181:��3D5��C�DQ�B>
C�����:�C�DQ�k��¡�:�Dy�kC�.1��8'0G°���038t�/AGD54|81�M�5C�45�5��C$��C�D5�G�k��+

¦\�5C�.1C�8t�s0G°5�k�5:�8{�EAG�?C�.{:�8{03.1�QAGD5:�2�C�4
AG8{°=03����076'8�+�¬XDn·�C��!�k:�03D º 6�C�45C���03D58t�k.kA}�kC
�k�EA}�l�k�5C'�5.103�5��C�� 0G°�45:���:�81:��5��C���0QAG4a81�M�5C�45�5��:�D5�
03D�A�8t�MAG.lD5C!�X6�03.19a�BAGD��?C'8103���3C�4
:�Dn�?03��¡�D503��:ÂAG�;�k:���C�°=03.

G
>�AGD54n°=03.

Cmax

��.1:��kC�.1:ÂA�>3�5.107��:�45C�4a�k�EA}�&�k�5C'81C!��0G°K�581C�4
�5.10���C�818103.18nAGD54¥�k�5Cy81C��;�5C�D5��C�0G°\�k�5C�:�.
AG�!�k:��GA}�k:�03D¥AG.1C��3:��3C�D�+�¬XDí·�C��!�k:�03D±»|6�C
81�5076ì�k�EA}�'�GAG.1:�03�58\81�?C���:ÂAG���BAG81C�8�0G°{�k�5C�81C$�5.103�5��C���8\AG.1C�����ªX�EAG.14�+

 � ��y�'�����������'��� ��� �$�����������!�
�ð� ����(��'�����

¦\�5C��5.103�5��C��x6�C���03D581:�45C�.\:�8\A��5:WªX��.1:��kC�.1:ÂAG��03���k:���:�2BA}�k:�03Da�5.103�5��C��|+s¦\�5C���.1:��kC�.1:ÂA
AG.1C�81�M�5C�45�5��C|��C�D5�G�k�

Cmax

>�AGD54 �5.10���C�818103.��58kAG�3C���038t�
G =

∑
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i
∑

k=1

(Sk + αkCk) + pi + αiAi ≤ Cmax i = 1, . . . , m′ ¤c¾_§

i
∑

k=1

(Sk + αkCk) + pi + αiAi ≤ di i = 1, . . . , m′ ¤ º §

ri + pi + αiAi ≤ Cmax i = 1, . . . , m′ ¤v»Q§

ri + pi + αiAi ≤ di i = 1, . . . , m′ ¤ � §
m′

∑

j=1

(fj + αjlj) ≤ G
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∑
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∑
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∑
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xidi
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j=i xj

Si
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Si
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Si = 2ei, Ai = 1

2ei
, di = 2F + ei
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V = 2F 2
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∑
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∑
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∑
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∑
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∑

i=1

x2

i e
2

i − 4
m

∑
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∑
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∑
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∑
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xi = x2
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pi = F − ei > 0
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m = q, T = 1, G = F, V = F, Ai = 1
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