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Coevolutionary CMA-ES for Knowledge-Free
Learning of Game Position Evaluation

Abstract—One weakness of coevolutionary algorithms ob-
served in knowledge-free learning of strategies for adversarial
games has been their poor scalability with respect to the
number of parameters to learn. In this paper, we investigate to
what extent this problem can be mitigated by using Covariance
Matrix Adaptation Evolution Strategy, a powerful continuous
optimization algorithm. In particular, we employ this algorithm
in a competitive coevolutionary setup denoting this setting as
Co-CMA-ES. We apply it to learn position evaluation functions
for the game of Othello and find out that, in contrast to plain
(co)evolution strategies, Co-CMA-ES learns faster, finds supe-
rior game-playing strategies and scales better. Its advantages
come out into the open especially for large parameter spaces
of tens of hundreds of dimensions. For Othello, combining Co-
CMA-ES together with an experimentally-tuned derandomized
systematic n-tuple networks significantly improved the current
state of the art. Our best strategy outperforms all the other
Othello 1-ply players published to date by a large margin
regardless of whether the round-robin tournament among
them involves a fixed set of initial positions or the standard
initial position but randomized opponents. These results show
a large potential of CMA-ES-driven coevolution, which could
be, presumably, exploited also in other games.

Index Terms—competitive coevolution, CMA-ES, n-tuple
system, reinforcement learning, large parameter optimization,
continuous optimization, numerical optimization, Reversi

I. INTRODUCTION

A great deal of adversarial game playing computer pro-
grams involve some form of knowledge elaborated by human
experts. For example, Deep Blue, the famous computer
chess program, relied on a position evaluation function that
was fine-tuned by a chess grandmaster [20]. Moreover, the
program took advantage of an opening book consisting
of several thousands of professional games [7]. Also in
Go, another classic game, the knowledge extracted from
the expert games was successfully used to guide the tree
policy of the Monte Carlo Tree Search algorithm [11]. More
recently, the authors of the best Shogi1 player optimized the
parameters of its evaluation function on the basis of a large
game database [19].

Although the successes of such expert-knowledge-based
methods cannot be questioned, they are limited to domains
where the expert knowledge already exists or is affordable
to obtain. In the era of digital entertainment only a small
fraction of enjoyable games can be ascribed to this category.
From a broader perspective, the long-term challenge of arti-
ficial intelligence is to design methods that are knowledge-
free [34] or at least expert-knowledge-free. Such methods are
able to autonomously find game-playing strategies without
(or with very little) knowledge about the game at hand.
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1Also known as Japanese chess or the Generals’ Game

One knowledge-free approach to games consists in learn-
ing strategies (typically in a form of parametrized po-
sition evaluation functions) from self-play, which means
that learning agents gather experience solely from games
played against themselves. Two families of methods that
are capable of such self-learning include temporal difference
learning (TDL, [46], [52]) and coevolutionary learning [1],
[18], [37]. While their relative effectiveness is a subject
of intensive research [29], [27], it is generally believed
that temporal difference learning outperforms coevolutionary
algorithms with respect to the learning speed [33], [32]. On
the other hand, evolutionary-based methods have been found
to achieve higher performance in deterministic tasks [56]
and can surpass temporal difference learning in the long run
when function approximation is employed [32], [29].

One of the main weaknesses of (co)evolutionary algo-
rithms in the context of learning position evaluation for
games is that they scale poorly with the number of parame-
ters of the evaluation function [50]. For instance, in Othello,
it was found that increasing the number of parameters above
a certain threshold inhibits the evolution process, which, in
turn, leads to low performance of the evolved strategies [22].

In this paper, we attempt to mitigate the scalability
problems observed in coevolutionary learning of game-
playing strategies. To this aim, we harness Covariance
Matrix Adaptation Evolution Strategy (CMA-ES), a state of
the art continuous optimization method. We demonstrate the
superiority of coevolutionary CMA-ES (Co-CMA-ES) over
plain (co)evolution strategies and show that the advantages
of the former come out into the open especially for large
parameter spaces of several hundreds of dimensions. To the
best of our knowledge, CMA-ES has never been used before
in coevolutionary learning of such highly dimensional game
position evaluation functions and this is why its benefits have
not yet been revealed in this respect.

In the experiments, we apply Co-CMA-ES to Othello, a
game which has been a popular benchmark recently [33],
[36], [54], [45], [43], [41]. One of the main reasons why
Othello is so interesting is that the game is full of dramatic
reversals caused by the rapid changes in dominance on the
board. Finding a precise evaluation function for such highly
volatile states is definitely a non-trivial task.

As a position evaluation function we adopt n-tuple net-
works [31]. In contrast to their original applications, instead
of assigning board patterns to network’s inputs randomly,
we do it systematically. Extending our earlier results [22],
here we further improve such systematic n-tuple networks to
find out which feature patterns provide the strongest players.
Combining the efficiency of coevolutionary CMA-ES and
experimentally-tuned systematic n-tuple networks, allows us
to produce Othello players that are significantly better at 1-
ply than all the other players published to date.
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Overall, the major contributions of this paper include: i)
experimental evidence that employing CMA-ES to coevolve
position evaluation functions with a large number of pa-
rameters alleviates previously reported scalability problems;
ii) demonstration that, when compared to random input
assignment, placing n-tuple networks systematically results
in more robust learning and higher performance of produced
strategies; iii) investigation into the impact of the size and
shape of n-tuple networks on the performance of produced
game-playing strategies; iv) producing, without explicit use
of expert knowledge, effective Othello position evaluation
functions and thoroughly comparing their performance with
over a dozen recently published players.

II. CMA-ES FOR LEARNING EVALUATION FUNCTION

Learning real-valued parameters of a position evaluation
function can be framed as a black-box continuous opti-
mization problem. Covariance Matrix Adaptation Evolution
Strategy (CMA-ES [15]) is a state-of-the-art algorithm for
solving such problems. In this section, we describe it and
review its past applications to learning strategies in games.

A. CMA-ES

CMA-ES belongs to the class of evolution strategies (ES
[2])—evolutionary algorithms that are particularly suitable
for continuous optimization. Following the principles of
natural evolution, they implement an iterative process of
selection, mutation and recombination within a maintained
population of individuals. An individual represents a can-
didate solution while its fitness reflects the value of the
objective function being optimized. In each iteration of the
algorithm, the fittest individuals undergo recombination and
(usually Gaussian) mutation to give rise to a new generation.

The main distinctive features of ES among evolutionary
algorithms include deterministic truncation selection, unbi-
ased variation operators and self-adaptation, which allows
change of the behavior of variation operators during the
course of an optimization process.

CMA-ES (see Algorithm 1) is a modern powerful repre-
sentative of ES, which has proven successful in a number
of difficult, noisy or non-separable continuous optimization
problems [14]. In contrast to conventional (plain) ES, instead
of an explicit population, CMA-ES maintains a multivariate
Gaussian probability distribution N (m, σ2C), where m and
C are, respectively, its mean and covariance matrix, while
σ is a step-size. In each iteration, the distribution is used to
sample λ new candidate solutions, which are then evaluated.
Afterwards, the three parameters of the distribution are
updated basing on the observed ranking of the candidate
solutions. The new mean m is calculated as a weighted
recombination of the best µ candidate solutions2. The update
procedures of covariance matrix C and step-size σ are more
complex, and their analysis is beyond the scope of this paper,
thus, for their description and analysis the reader is referred
to the original work of Hansen [13].

2There are multiple ways to define the weights used in the weighted
recombination. Here, we use superlinear weights defined as wi =

ln(µ+1)−ln(i+1)∑µ

j=1
(ln(µ+1)−ln(j+1))

. Note that those weights should not be confused

with the weights of the n-tuple network.

Algorithm 1 General outline of the CMA-ES algorithm.

Require: population size λ, initial distribution mean m,
initial step size σ, fitness function f

1: INITIALIZE(µ,w,C = I) .
∑µ
i=1 wi = 1

2: repeat
3: for k = 1 to λ do xk ∼ N (m, σ2C)
4: for k = 1 to λ do EVALUATE(xk, f )
5: m←

∑µ
i=1 wixi:λ . f(xi:λ) > f(xi+1:λ)

6: UPDATE STEP SIZE(σ)
7: UPDATE COVARIANCE MATRIX(C)
8: until TERMINATION CONDITION

The advantages of CMA-ES include its ability to explic-
itly model dependencies between variables (covariance ma-
trix C), invariance against the translation and rotation of the
search space as well as against a monotonic transformation
of the fitness function. Let us also note that for all of the
parameters of the algorithm (e.g., µ) carefully derived default
values have been proposed. The only exception is the sample
(population) size λ, which is problem-specific and thus its
adjustment is left to the user.

B. CMA-ES in Games

Although in recent years CMA-ES has been a popular
choice for tackling various optimization problems, its appli-
cations to adversarial games have been rather occasional.

In the area of board games, the first study of CMA-ES
was carried out by Konen and Bartz-Beielstein [30], who
applied this method to learn strategies for the simple game of
Tic-tac-toe. They used CMA-ES with four different fitness
functions and found out that it can achieve a comparable
performance as temporal difference learning (TDL) only
when the fitness function involves a perfect tic-tac-toe player.

Another application of CMA-ES in the context of learning
against a fixed game-playing opponent is reported by Schaul
and Schmidhuber [44], who considered three Go-inspired
games (Atari-Go, Go-Moku and Pente) and investigated the
scalability of the proposed neural network architecture with
respect to the board size. Remarkably, in their follow-up
study [12], they claim that the CMA-ES algorithm “does not
scale well to larger number of weights” of a neural network.
In particular, other methods, including plain ES, were found
to achieve significantly higher performance.

To the best of our knowledge, the scalability issues of
the CMA-ES algorithm were not further investigated. As a
matter of fact, the vast majority of the reported successes
achieved by this algorithm in evolving game-playing strate-
gies are limited to simple representations involving only
a small number of parameters to learn. For example, the
aforementioned work on Tic-tac-toe [30] employed 19 learn-
ing parameters. Likewise, Boumaza [4] obtained one of the
best Tetris players to date by optimizing only 8 parameters
using CMA-ES. The only exception in this respect is the
recent work of Hausknecht et al. [16] on general Atari game
playing. The authors used a fixed-topology networks with
580–3560 weights, but CMA-ES was outperformed by the
NEAT algorithm.
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C. CMA-ES in Reinforcement Learning Problems

Compared with infrequent applications in games, more re-
search has been conducted on applying CMA-ES to a wider
class of reinforcement learning problems [46]. In particular,
several studies investigated CMA-ES in the context of pole
balancing. In one of them, Igel [21] demonstrated that it
outperforms other evolutionary methods. In later works [17],
CMA-ES was compared also to temporal difference learning
methods and, generally, has been found more robust with
respect to the choice of parameters and less susceptible to
noise, which inherently arises in many control problems.

Besides pole balancing problems, the performance of
CMA-ES was evaluated on grid world tasks, which con-
stitute another popular reinforcement learning benchmark.
Lucas [32] compared CMA-ES to TDL and found out that
the evolutionary approach struggles when using direct table-
based strategy representation. However, when using a func-
tion approximator in the form of a multi-layer perceptron,
CMA-ES got much better results than TDL. In parametrized
grid world tasks [29], CMA-ES is reported to be more
robust than other evolutionary methods, but also significantly
slower than methods based on value functions, such as TDL.

D. Coevolutionary CMA-ES

Most applications of CMA-ES concern problems in which
a well-defined objective function is available and can be
easily employed to evaluate the fitness of candidate solu-
tions (cf. line 4 of Algorithm 1). However, in the case of
learning game-playing strategies, which is an example of a
co-optimization problem [38], designing a computationally
tractable fitness function is challenging. Indeed, evaluating
an absolute performance of a strategy would require playing
against all possible opponent strategies. Due to the huge
number of possible opponents in nontrivial games, a feasible
alternative is to consider only a limited set of opponents, and
thus, lessen the computational burden. In this case, the set
of opponents used for evaluation could be formed by the
predefined expert players or a sample of random opponents.

Instead of using manually or randomly selected oppo-
nents, an appealing idea is to employ round-robin competi-
tive coevolution [1], [38], which has been applied to many
two-player games, including Backgammon [37], Checkers
[10] and Othello [33]. In coevolution, the evolving strategies
are evaluated by playing against each other. Formally, the
fitness of each candidate solution x ∈ x is calculated as:

f(x) =
∑

x′∈x\{x}

g(x, x′), (1)

where g(x, x′) denotes the result of a single game played
between two population members: x and x′.

In this work, we employ the competitive fitness func-
tion (1) in CMA-ES (Algorithm 1), denoting the resulting
algorithm as Co-CMA-ES. Interestingly, only a few previ-
ous studies investigated such a setup. Specifically, in the
aforementioned work on Tic-tac-toe, despite trying different,
albeit small, feature sets, the coevolutionary variant of CMA-
ES resulted in slow learning and “turned out to be a failure”
[30]. In another work, coevolutionary CMA-ES was applied
to Othello [43], but only with a basic strategy representation
of a weighted piece counter containing 64 weights.
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Figure 1: An Othello position, in which the white player
has 6 possible moves (dashed gray circles). Playing b4 will
make the following pieces white: c3, c4, d4, e4, f4.

Collectively, previous studies provide a few important
insights about empirical characteristics of the CMA-ES
method. First of all, it was successfully applied to sev-
eral different reinforcement learning problems (including
games), in which, usually, it outperformed other evolutionary
approaches. However, most of the reported experiments
were conducted in simple tasks with straightforward (even
table-based) representations based on a small number of
features. Consequently, there is an apparent need of further
investigation on CMA-ES and its scalability in non-trivial
tasks with much larger strategy spaces. Moreover, due to
ambiguous results obtained thus far by combining CMA-ES
with coevolution [30], we also attempt to reach better under-
standing of the empirical performance of this combination.

III. POSITION EVALUATION FOR OTHELLO

A. Othello

In recent years, the game of Othello has been frequently
employed for evaluating both evolutionary [33], [36], [54],
[41], [8], [26], [51] and temporal difference learning meth-
ods [45], and for comparing their empirical results [27], [41],
[50]. The game of Othello is a deterministic, sequential,
zero-sum board game played by two players using double-
sided pieces with white and black face, each face assigned to
one player. The players make moves alternately by placing
pieces on the board, with their colors face up. A legal
move consists of placing a piece on an empty square and
flipping certain opponent’s pieces. The location to place a
new piece must: 1) be adjacent to one of the opponent’s
pieces, and 2) form a vertical, horizontal, or diagonal line
with another piece of the player in such a way that at least
one opponent’s piece is surrounded on both sides. All such
surrounded opponent’s pieces are then flipped to the other
color; if multiple lines exist, flipping affects all of them.
Figure 1 shows an example of an Othello position with six
possible moves of the white player. The game ends when
no player has a legal move. The goal of each player is to
maximize the number of its pieces at the end of the game.

Since Othello is asymmetrical, in this study, we conve-
niently consider double games, in which each of the two
players play two games in a row: one game as black and
one game as white.
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B. Position Evaluation using n-Tuple Network

Due to a huge number of possible states in Othello,
position evaluation is typically implemented by a function
approximator. n-tuple networks are effective function ap-
proximators, originally proposed by Bledsoe and Browning
[3] for optical character recognition. In the context of
Othello, they were employed for the first time under the
name of tabular value functions by Buro [5] in his famous
Logistello program. More recently, they were popularized by
Lucas [31] and successfully applied in other games such as
Connect 4 [53],the puzzle game of 2048 [47] and Tetris [28]

1) n-Tuple Network: An n-tuple network consists of m
components, each being a tuple of different board locations.
For a given board state b, the network outputs the sum of
values returned by the individual tuples. The ith tuple, where
i = 1, . . . ,m, includes a predetermined sequence of ni board
locations (locij)j=1,...,ni , and an associated look-up table
LUTi. The table contains weights for each possible board
pattern that can be observed on the considered sequence of
locations. Thus, an n-tuple network implements a position
evaluation function p:

p(b) =

m∑
i=1

pi(b) =

m∑
i=1

LUTi
[
idx

(
bloci1 , . . . ,blocini

)]
idx (v) =

|v|∑
j=1

vjc
j−1,

where blocij is a board value at location locij , v is a
sequence of board values (the observed pattern) such that
0 ≤ vk < c, for k = 1, . . . , |v|, and c is a constant
denoting the number of possible board values. In the case
of Othello, c = 3, and squares occupied by white, empty,
and black squares are encoded as 0, 1, and 2, respectively.
Consequently one look-up table contains 3ni weights—one
weight for each possible configuration of pieces placed on
the given ni locations.

The effectiveness of n-tuple networks can be improved
by using symmetric sampling, which exploits the inherent
symmetries of a game board [31]. In symmetric sampling,
a single tuple is employed eight times, returning one value
for each possible board rotation and reflection (see Fig. 2).

2) Systematic n-Tuple Network: To create an n-tuple
network, board locations must be first assigned to particular
tuples. Since for many board games the spatial neighborhood
of chosen locations is essential, tuples are usually consecu-
tive snake-shaped sequences of locations, albeit this is not
a formal requirement. In most previous studies, the board
locations for such sequences were chosen randomly [31],
[53]. Only recently, Jaśkowski [23] proposed a systematic n-
tuple network. It consists of all possible vertical, horizontal
and diagonal n-tuples of the same length (see Fig. 5a). Its
smallest representative is a network of 1-tuples. Thanks to
symmetric sampling, only 10 of them are required to cover
an 8×8 Othello board, and such 10×1-tuple network, which
we denote as all-1, contains 10× 31 = 30 weights.

3) Evaluation Function Interpretation: Another design
issue concerns the way the position evaluation function is
used by both players to make moves. We employ board
inversion, a method first used for Othello by Manning [35]
and later studied by Runarsson and Lucas [41]. In this
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110 3.07
111 0.10
...
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201 �2.59
210 0.1
211 0.99
...

...
222 0.14

Figure 2: A single straight 3-tuple employed eight times
(symmetric sampling) for the given board position. In this
example, the eight symmetric expansions of the 3-tuple
return 0.19− 1.03 + 2× 0.1− 2.59 + 3× 0.99 = −0.26.

method, the black player selects the move leading to the
most valuable positions. If the white player is to move, it
temporarily flips all the pieces on the board in order to
interpret the board from the black player’s perspective. Then
it selects the best move, flips all the pieces back, and plays
the white piece in the selected location.

IV. EXPERIMENTS AND RESULTS

The objectives of experiments presented in this section are
twofold. Firstly, we attempt to verify how CMA-ES scales
when compared to plain ES. Our second goal is to find out
the best n-tuple system architecture.

A. Experimental Setup

In the following experiments, we evolve individuals (can-
didate solutions), which are real-valued vectors interpreted
as the weights of an n-tuple network. To this aim, we
consider two algorithms: plain (µ, λ) evolutionary strategy
(ES) with µ = λ/2 and CMA-ES (see Section II-A).
Plain ES involves uniform Gaussian mutation with standard
deviation of 1. Similarly, the step-size σ of CMA-ES is
initialized3 to 1. The initial population (or a single point in
the case of CMA-ES) is generated by sampling the weights
uniformly from the range [−0.1, 0.1].

Each run was repeated 5 times. All runs were stopped
after achieving 2000 generations.

1) Coevolutionary Fitness Evaluation: Competitive co-
evolution, which we utilize here, is driven by the relative
fitness of individuals in the population. During the evaluation
phase, each individual plays one double game with each
other in the population (a round robin tournament). The
individual fitness is the sum of scores obtained in these
games, where in a single game the win, loss or draw counts
as 1, 0.5 or 0 points, respectively. In order to prepare the
strategies for different situations, games start from different
opening positions. Specifically, each game starts from a
random opening position chosen from 1 000 unique 6-ply
positions prepared by Runarsson and Lucas [41].

3Standard CMA-ES adapts σ on-line, but we have found out that for this
application constant sigma works equally well.
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Figure 3: Scalability of ES and CMA-ES. Semi-transparent ribbons visualize 95% confidence bands using Student’s t-values.

2) External Objective Performance Measure for Mon-
itoring Progress: Because the fitness of coevolving in-
dividuals is relative, in order to objectively measure the
learning progress, we use an external performance measure.
To this aim, we employ 11 previously published players:
SWH, LR06, SJK09, SJK11, SJK13 CTDL, SJK13 ETDL,
BP11, EM10 Nash70, EM10 TCIAIG2, RL14 iPref1 and
RL14 iPrefN, which are described in Section IV-C3. Every
50 generations we measure the performance of the best-
of-generation individual (chosen according to the fitness)
against those players by taking the average game score over
all 1000 opening positions.

3) Population Size: The suggested population size λ for
CMA-ES is 4 + 3 ln(d), where d denotes dimensionality of
the search space [15]. Since in the following experiments d is
determined by the number of weights in an n-tuple network
and varies in the range from ca. 300 to 3000, the suggested
population size would be in the range of [20, 30]. However,
in the preliminary experiments, we found out that larger
populations make the learning more effective, especially
for larger search spaces. This lead us to use λ = 200,
λ = 300, and λ = 400 for, respectively, d ∈ [0, 500),
d ∈ [500, 1000), d ∈ [1000, 3000). The positive effect of
larger λ values is demonstrated in the right inset of Fig. 3,
which shows learning curves for three systematic n-tuple
networks. Clearly, the baseline λ = 4 + 3 ln(d) performs
poorly on this problem. We have also verified that increasing
the population size beyond λ = 400 provides negligible
benefits.

4) Implementation: All the methods studied in this paper
were implemented4 in Java. As for CMA-ES, we used the
original implementation authored by Nikolaus Hansen5. The
experiments were executed using 6 core (12 threads) AMD
OpteronTM 6234 and lasted 3h to 30h per run depending on
the population size involved and the algorithm used.

4The source code required to run all the experiments along with the
best obtained Othello players is available at https://github.com/wjaskowski/
TCIAIG-2015-Co-CMA-ES

5https://code.google.com/p/cma-es

B. Scalability: CMA-ES vs. ES

In the first experiment we compare the scalability of
CMA-ES and plain ES with respect to the dimensionality of
the search space. For this purpose, we employ three n-tuple
network architectures with different number of weights: all-2
(288 weights), all-3 (648 weights), and all-4 (1701 weights).

The results, shown in Fig. 3, confirm our earlier findings
[50], [22] that, despite exceeding performance of 0.6, plain
ES scales poorly, being unable to take advantage of more
features available in larger networks. Although all-3 achieves
eventually better performance than all-2, the gain is minor
and it is achieved at the cost of slower learning. Enhancing
the architecture to tuples of size 4 provides no further
advantage as, this time, the all-4 curve does not approach
all-3. Moreover, out of the three considered architectures,
only all-2 converged in 2000 generations, but the speed of
learning of the other two decreases over time.

Being aware of the scalability issues exhibited by ES, we
were surprised to see that CMA-ES experiences no such
problems, not only significantly improving the performance
when the number of weights grows, but also trading-off no
learning speed for that.

Fig. 4, which shows data from the same experiment,
compares ES and CMA-ES directly for particular network
architectures. Clearly, CMA-ES is a better learning tech-
nique for this problem. Not only does it achieve significantly
higher performance than ES, but it also learns much faster,
converges faster, and exhibits less variance. The gap between
ES and CMA-ES grows with the architecture size, being the
widest for the largest architecture (all-4).

Finally, let us note that the computational overhead
related to the CMA-ES is negligible for all-2 and all-3
network architectures. Only for the largest networks, CMA-
ES runs take 25% longer than ES runs (ca. 16h vs. 20h),
which is caused by the covariance matrix update overhead.
Nevertheless, the performance gain obtained by CMA-ES
compensates for this negative effect. Therefore, in the rest
of this work, we use only coevolutionary CMA-ES.

https://github.com/wjaskowski/TCIAIG-2015-Co-CMA-ES
https://github.com/wjaskowski/TCIAIG-2015-Co-CMA-ES
https://code.google.com/p/cma-es
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Figure 4: Comparison of ES and CMA-ES for architectures of different weight categories.
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(a) all-3 network consisting of all 24 straight 3-
tuples (648 weights).

a

1

b

2

c

3

d

4

e

5

f

6

g

7

h

8

(b) rand-8× 4 network consisting of 8 randomly
generated snake-shaped 4-tuples (648 weights).

Figure 5: Examples of systematic (all-n) and random (rand-m×n) n-tuple network architectures. “Primary” n-tuples were
drawn with blue, while their symmetric expansions with light gray.

C. Which Features are Most Effective?

1) Systematic vs. Random Snake-Like n-Tuples: The most
popular method of placing n-tuples on the board consists
in randomly generating a small number of long, snake-
shaped sequences [36], [50], [41]. Lucas, who introduced
this method [31], created tuples by starting from a random
location and taking a random walk of 6 steps in any of the
8 orthogonal or diagonal directions. By ignoring repeated
locations the resulting tuples had from 2 to 6 elements.

Only in a recent work, Jaśkowski [22] found out that
learning n-tuple networks can be more effective if it involves
a large number of systematically placed, short, straight n-
tuples (see Fig. 5a). These results were obtained for n-tuple
networks with a moderate number of weights (< 1000)
which were optimized using plain ES. Having found that
coevolutionary CMA-ES is a more scalable learning method,
we employ it to extend the previous results.

To fairly compare systematic networks with the random
ones, we assumed that, regardless of the method of placing
n-tuples on the board, the network should involve the same
(or at least similar) number of weights. To this aim, we
extended the Lucas’s method by repeatedly generating a
random snake-like sequence until it has length n. A network
consisting of m n-tuples generated in this way, denoted as
rand-m×n, has m×3n weights (see Fig. 5b for an example).

We performed the comparison in three categories: 288
weights, 648 weights, and 1701 weights, which correspond
to all-2, all-3 and all-4 architectures, respectively (see Ta-
ble I). For each of them, we chose two types of rand-m×n
networks, with the same number of weights. The first type
of random networks contained n-tuples of equal length as
the corresponding ones in the systematic all-n network. The
second type involved a smaller number of longer tuples. The
only exception is the category of 288 weights, in which we
used only one type of the random network, since systematic
and random generation of 32 2-tuples must produce the same
network. Also, there is no m such that rand-m×3 could have
288 weights, which is why we had to fall back on the closest
possible rand-10×3 architecture with 270 weights.

# architecture weights architecture weights popsize

1 all-2 (32×2) 288 rand-10×3 270 200

2 all-3 (24×3) 648
rand-24×3

648 300
rand-8×4

3 all-4 (21×4) 1701
rand-21×4

1701 400
rand-7×5

Table I: Three pairs of systematic straight (all-n) and random
snake-shaped (rand-m×n) n-tuple network architectures.
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Figure 6: A comparison of systematic (all-n) and random (rand-m×n) networks for three different categories: 288 weights,
648 weights, and 1701 weights. Notice that for the two latter ones, rand-m×n networks differ in m, the number of n-tuples.

The experimental results shown in Fig. 6 confirm our past
observations [22] by clearly demonstrating that systematic
architectures allow achievement higher performance than the
random ones. What is new here, however, is that CMA-ES
amplifies this effect for larger architectures. In particular,
for 288 weights there is no statistical difference between
systematic and random networks, but there is one for 648
and 1701 weights as the confidence intervals do not overlap.
The largest performance gap can be observed between all-4
and rand-7×5.

Moreover, not only can we conclude that systematic
networks are more effective than the random ones, but also
that it is more profitable to employ a large number of short
tuples instead of a small number of larger ones (see rand-
24×3 vs. rand-8×4 and rand-21×4 vs. rand-7×5).

Finally, notice that the systematic networks are also sig-
nificantly more robust than the random ones (compare the
confidence interval ribbons in Fig. 6).

2) Improving Performance with Larger Weight Space:
Encouraged by the success of the systematic networks
learned by the CMA-ES algorithm, in a quest for even
higher performance, we made two attempts to improve our,
currently best, all-4 architecture. First, we simply tried to
lengthen the tuples by trying all-5 network, consisting of
3402 weights. Figure 7 shows that all-5 brings only a slight
improvement over all-4. Noteworthy, the figure illustrates
decreasing performance differences between consecutive all-
n (n = 2, . . . , 5) architectures suggesting that there is very
little to gain by trying n > 5.

What, however, resulted in a major performance gain
was the addition of square-shaped 4-tuples to all-4, which
resulted in a network of 2511 weights denoted as all-4+2×2
(see Fig. 7). Notice also that all-4+2×2 learns significantly
faster than other architectures.

Finally, we also tried all-5+2×2, but, again, we observed
only a minor average performance improvement over all-
4+2×2.
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Figure 7: Comparison of systematic n-tuple networks.

3) Computational Efficiency Considerations: Intuitively,
the efficiency of function evaluations depends on the number
of components they involve. It is also true for n-tuple
networks whose evaluation time depends on the number
of n-tuples (m) and their size (n). Systematic n-tuple
networks can play respectively, ca. 1200, 1100, 1000 and
1000 games per second6 for all-2, all-3, all-4 and all-4+2×2
architectures. rand-∗ architectures: rand-10×3, rand-24×3
and rand-21×4 were able to play 1900, 1800 and 1600
games per second, respectively.

The differences among systematic n-tuple networks are
minor, but rand-∗ networks are 50–60% more efficient than
all-∗ networks, since they consist of fewer n-tuples (m)
making the number of table lookups lower.Comparison with
State of the Art Players

In this section, we compare the performance of our best

6A single game involves usually 30 moves per player.
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SWH [57] WPC neg 64 no hand-crafted
LR06 [33] WPC neg 64 yes (co)evolution strategy
SJK09 [48] WPC neg 64 yes

}
coevolutionary temporal difference learning (CTDL)

SJK11 [49] WPC neg 64 yes
SJK13 CTDL [50] n-tuples neg 4698 yes CTDL with a network topology mutation
SJK13 ETDL [50] n-tuples neg 4698 no evolution against SWH hybridized with temporal difference learning
EM10 TCIAIG1 [36] n-tuples neg 8748 yes

}
coevolution with temporal difference learning and resource-limited Nash memoryEM10 TCIAIG2 [36] n-tuples neg 8748 yes

EM10 GECCO [35] n-tuples inv 8748 yes
EM10 Nash70 [36] n-tuples neg 6561 yes a preliminary version of EM10 TCIAIG1 submitted to Othello League
RL14 iPrefN [41] n-tuples inv 6561 no

}
preference learning on a database of games played by experts

RL14 iPref1 [41] n-tuples inv 192 no
PB11 ETDL [6] n-tuples neg 8748 no combination of evolution against SWH and temporal difference learning
CoCMAES-4+2×2 n-tuples inv 2511 yes Co-CMA-ES with systematic n-tuple network

Table II: A list of 14 state-of-the-art Othello 1-ply players. WPC is a linear representation consisting of 64 weights, one for
each field. To interpret board evaluation players use either output negation (neg) or board inversion (inv, see Section III-B3).
PB11 ETDL and SJK13 ETDL are knowledge-based as they were trained against the hand-crafted SWH player.
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2511 CoCMAES-4+2x2 - 71.3 63.5 80.2 79.5 83.1 79.0 80.5 80.9 79.0 93.1 93.9 93.4 95.4 82.5
8748 EM10 GECCO 28.7 - 45.5 67.6 73.4 70.7 75.5 71.6 77.4 63.6 89.6 89.4 87.5 89.6 71.5
6561 RL14 iPrefN 36.5 54.6 - 57.2 67.8 62.3 64.4 66.6 69.3 59.6 82.8 83.2 83.1 89.7 67.5
4698 SJK13 CTDL 19.8 32.4 42.8 - 55.2 60.6 51.9 56.6 67.1 76.8 91.5 92.4 92.0 90.1 63.8
6561 EM10 Nash70 20.5 26.6 32.2 44.8 - 54.5 49.3 50.8 56.8 79.8 87.1 87.0 87.9 83.6 58.5
8748 PB11 ETDL 17.0 29.3 37.7 39.4 45.5 - 48.3 47.8 58.0 82.3 85.5 88.3 87.9 87.6 58.0
8748 EM10 TCIAIG1 21.0 24.5 35.6 48.1 50.7 51.7 - 52.6 59.0 64.7 85.4 86.6 86.4 82.4 57.6
8748 EM10 TCIAIG2 19.5 28.4 33.4 43.5 49.2 52.3 47.4 - 53.6 73.4 85.4 83.6 86.0 78.3 56.4
4698 SJK13 ETDL 19.1 22.6 30.7 32.9 43.2 42.0 41.0 46.5 - 83.6 76.4 73.9 74.6 77.1 51.0
64 SWH 21.1 36.4 40.4 23.2 20.2 17.8 35.3 26.7 16.5 - 51.2 51.2 50.0 78.0 36.0
64 SJK09 6.9 10.4 17.2 8.5 12.9 14.5 14.6 14.6 23.6 48.8 - 52.4 48.7 62.8 25.8
64 SJK11 6.1 10.7 16.9 7.6 13.0 11.8 13.4 16.5 26.1 48.8 47.6 - 50.9 63.6 25.6
64 LR06 6.6 12.6 16.9 8.0 12.1 12.1 13.6 14.1 25.4 50.0 51.3 49.1 - 60.3 25.5
192 RL14 iPref1 4.6 10.4 10.3 9.9 16.5 12.4 17.6 21.8 23.0 22.0 37.2 36.4 39.7 - 20.1

Table III: Results of the round robin tournament between 14 selected Othello players. Each value denotes the score obtained
in a head to head match between two players expressed in percent points (relative to the maximum possible score in a
match). Each match has been played starting from a fixed set of 1000 game positions (see Section IV-A), thus involving
2000 single games. The whole tournament involved 182 000 games. Best scores in each column are marked in bold.

player, named CoCMAES-4+2×2 obtained in the 2000th
generation of all-4+2×2 experiment, against 13 other Oth-
ello 1-ply strategies published by different researchers over
the past dozen or so years (see Table II7).

4) Round Robin Tournament: The results of the round
robin tournament between the 14 considered players are
shown in Table III. CoCMAES-4+2×2 finished the tour-
nament first with the total score of 82.5%, defeating
the runner-up by a large margin of 11%. Moreover, our

7Note that 11 of the players in the table were used for monitoring the
learning progress (see Section IV-A2). We did not use the other two players
for this purpose (EM10 Nash70, and EM10 TCIAIG1), since we obtained
them from their author only after performing the experiments.

player won all head-to-head matches beating the second-
best EM10 GECCO 71.3% to 28.7% and the third-best
RL14 iPrefN 63.5% to 36.5%.

Notice also that considering results against particular op-
ponents (in each column), CoCMAES-4+2×2 scores better
than any other player. The only exception is SWH against
which CoCMAES-4+2×2 is weaker than SJK13 ETDL,
PB11 ETDL and (slightly) EM10 Nash70. The reason why
SJK13 ETDL and PB11 ETDL perform well against it is
that SWH has been involved in their learning process [50],
[6]. Therefore, they are overfitted to this particular player.

5) Performance Profiles: The results of the round robin
tournament can be conveniently visualized as a series of



WOJCIECH JAŚKOWSKI et al.: COEVOLUTIONARY CMA-ES FOR KNOWLEDGE-FREE LEARNING 9

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●
●

●

●

0

10

20

30

40

50

60

70

80

90

100

CoCMAES−4+2x2
 [8

2.5]

EM10_GECCO [7
1.5]

RL14_iP
re

fN
 [6

7.5]

SJK
13_CTDL [6

3.8]

PB11_ETDL [5
8.0]

SJK
13_ETDL [5

1.0]

SW
H [3

6.0]

LR06 [2
5.5]

RL14_iP
re

f1 [2
0.1]

Opponents ordered by their round−robin performance [%]

H
ea

d 
to

 h
ea

d 
m

at
ch

 s
co

re
 [%

]

●

●

●

●

CoCMAES−4+2x2 [82.5]

EM10_GECCO [71.5]

RL14_iPrefN [67.5]

SJK13_CTDL [63.8]

PB11_ETDL [58.0]

SJK13_ETDL [51.0]

SWH [36.0]

LR06 [25.5]

RL14_iPref1 [20.1]

Figure 8: The round robin results visualized as a set of performance profiles. Each plot represents a performance profile
of a given player. A player’s profile is a vector of points (opponent performance, head to head match score) ordered by
the opponent performance. Here, as player’s performance we use the round robin total score. For clarity of presentation,
only the nine most interesting players have been shown.

performance profiles [26], [25], shown in Fig. 8. Each perfor-
mance profile, represented by a polyline in the figure, shows
scores of a given player against opponents of increasing
strength. Not surprisingly, a (roughly) downward trend is
common to all the profiles, since it is harder to get a higher
score against stronger opponents.

Importantly, a profile can reveal the bias of the learning
method used to produce a particular player. For instance,
we can see the aforementioned overfitting of SJK13 ETDL
and PB11 ETDL to SWH, at which point the two profiles
have locally higher values. Another observation concerns
RL14 iPrefN, which plays well against strong opponents
(e.g., CoCMAES-4+2×2), but relatively badly against the
weak ones (e.g., SWH, LR06). The probable reason for this
behavior is that RL14 iPrefN has been obtained by super-
vised learning on a set of games played by expert (human)
Othello players. This is why RL14 iPrefN might be biased
towards playing against strong players. This hypothesis is
supported by a similar effect in the profile of RL14 iPref1,
which was learned in the same way as RL14 iPrefN, but
represented only by tuples of size 1.

To further investigate this issue, we compared the best
players against the random player, which selects each move
uniformly at random. The average results over 100 000
double games accompanied with 95% confidence intervals
for CoCMAES-4+2×2, RL14 iPrefN and SJK13 CTDL are
99.26±0.04, 98.72±0.05, and, 97.73±0.06, 99.53±0.03,
respectively. The random player is a poor opponent, but
RL14 iPrefN still loses against it in nearly 2.5% of cases.
We suspect that this poor result is because of RL14 iPrefN
has been trained on an expert game database [41]. Thus, it
learned to play well only against strong players, while never
experiencing the weak ones.

Finally, notice that the performance profile of
CoCMAES-4+2×2 dominates all other profiles (when
excluding SWH from the consideration). This stands in
sharp contrast with other strong players (EM10 GECCO,
RL14 iPrefN and SJK13 CTDL), which are mutually
incomparable when interpreting the nine considered
strategies as separate objectives.

6) Half-Random Tournament: Recall that during coevo-
lution the individuals begin the game from a position drawn
from a fixed set of 1000 initial positions. In order to exclude
the possibility that our players specifically evolved to play
on the given set of 1000 positions, we perform a half-random
tournament. This time all games start from the original
Othello initial position. Since the players to be evaluated are
deterministic8, in order, to differentiate the conditions under
which they are tested, their opponents (but only them) are
forced to make a random move with probability ε = 0.1.
The results of the tournament are presented in Table. IV.

We can observe that CoCMAES-4+2×2 is also the
unquestionable winner of this tournament surpassing the
runner-up by nearly 8%. Interestingly, although the runner-
up has not changed compared to the first tournament,
SJK13 CTDL now slightly surpasses RL14 iPrefN. This is
because forcing the opponents to make random moves from
time to time makes them weaker. Thus, the low score of
RL14 iPrefN can be explained by its tendency of relatively
poor performance against weaker players, observed already
in the previous round-robin tournament.

7) Number of Weights vs. Performance: So far we have
compared players only in terms of their relative performance.
However, it is interesting to analyze them also with respect

8Except the rare situation when the network returns the same value for
multiple moves considered.
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2511 CoCMAES-4+2x2 - 87.1 83.0 74.7 91.6 93.4 89.1 78.3 88.7 93.4 97.4 98.0 97.7 96.4 89.9
8748 EM10 GECCO 59.1 - 78.4 64.1 83.6 88.7 85.1 88.9 83.2 77.2 78.3 93.1 93.0 94.7 82.1
4698 SJK13 CTDL 58.1 69.4 - 66.6 81.6 70.4 76.1 80.7 83.5 70.4 95.5 94.5 96.4 93.9 79.8
6561 RL14 iPrefN 69.6 77.6 71.3 - 75.8 83.4 79.7 79.7 73.8 63.6 87.1 91.1 87.9 95.5 79.7
6561 PB11 ETDL 50.5 59.0 63.1 60.1 - 74.9 69.0 68.9 77.7 96.5 92.5 94.3 96.2 94.2 76.7
8748 EM10 Nash70 38.7 55.1 67.3 47.2 67.6 - 71.5 69.1 65.9 87.8 93.7 92.2 92.7 90.8 72.3
8748 EM10 TCIAIG1 47.8 56.1 64.3 56.1 71.4 66.6 - 69.3 69.4 76.9 91.7 87.5 90.8 88.2 72.0
8748 EM10 TCIAIG2 54.9 48.6 54.4 51.4 67.8 72.8 68.6 - 66.2 85.1 85.8 90.9 90.6 86.5 71.1
4698 SJK13 ETDL 46.9 52.6 54.2 58.5 60.8 74.4 66.3 69.4 - 96.8 84.9 81.3 89.7 87.5 71.0
64 SWH 29.8 44.4 44.0 45.9 19.2 31.0 42.9 38.2 17.1 - 62.9 55.2 66.3 87.6 45.0
64 SJK11 19.5 42.4 21.4 25.9 28.4 31.1 26.5 36.4 39.7 59.2 - 67.8 63.3 66.8 40.6
64 LR06 16.9 28.4 21.9 25.2 20.3 30.6 30.2 29.6 42.4 68.1 58.8 - 67.2 68.1 39.0
64 SJK09 19.6 27.3 23.8 25.6 25.1 28.5 25.9 32.4 32.8 55.1 63.2 64.1 - 62.5 37.4
192 RL14 iPref1 18.3 34.8 27.7 22.1 27.6 31.5 31.1 37.3 35.6 23.3 55.0 52.2 57.3 - 34.9

Table IV: The results of a half-random tournament between 14 published Othello players. Each game starts deterministically
from the standard initial Othello board. The “row” player plays according to its strategy, but the “column” player
(ε-opponent) is forced to make random moves with probability ε = 0.1. This is why the scores does not sum to 100%.
Each score is a percent of points obtained in 1000 double games between a player and a ε-opponent.

to the number of weights (parameters) they consist of.
When taking into consideration the top 9 players from
Table III, we can notice that CoCMAES-4+2×2, apart from
outperforming the other strategies, has been obtained by
searching the smallest parameter space. It has only 2511
weights compared to, e.g., 8748 weights of the runner-up
(see Table IV). This implies that the effectiveness of our
methodology is due to the proper feature space, an effective
learning method, or, most probably, a combination of both.

The latter claim can be further supported by analyzing the
players of simpler architectures coevolved by Co-CMA-ES
(see Section 3). To this aim, we conducted a new round-robin
tournament among a set of 17 players including the 14 ones
described in Section IV-C3 and, additionally, CoCMAES-
2, CoCMAES-3 and CoCMAES-4. The latter ones are the
best players obtained in the previous experiments involving
the following architectures, respectively: all-2 (288 weights),
all-3 (768 weights) and all-4 (1711 weights).

Figure 9 compares the players on two criteria: i) relative
performance in the tournament, and ii) the number of pa-
rameters of its architecture (assuming that the smaller the
number of parameters, the better). Observe that the four
players learned by Co-CMA-ES are non-dominated, and,
together with SWH form a Pareto-front.

As a side note, let us observe that, despite several efforts
[33], [48], [49], among the players using the simplest WPC
encoding, the hand-designed SWH is still the best one.

V. DISCUSSION AND CONCLUSIONS

In this paper, we have improved over the state-of-the-
art methodology for knowledge-free learning of position
evaluation functions for the game of Othello. This result has
been achieved by a synergy of two ingredients: i) Co-CMA-
ES, a coupling of competitive coevolution and CMA-ES, and
ii) an experimentally-refined n-tuple network consisting of a
large number of relatively short tuples, systematically placed
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Figure 9: A comparison of 17 Othello players on two
objectives: i) a round robin tournament performance (more
is preferred) and number of weights (less is preferred). Co-
CMA-ES-evolved players lie on the Pareto front.

on the board. In a comprehensive comparison, we demon-
strated that our best player outperforms by a large margin
all Othello 1-ply players published to date. In particular,
the player obtained by Co-CMA-ES achieves the highest
score in a round robin tournament, regardless of whether
the tournament involved a fixed set of initial positions or the
standard initial position but with randomized opponents. It
also wins against all its competitors in head-to-head matches
and dominates them in terms of performance profiles.

Interestingly, the best n-tuple network obtained in this
study is relatively small in terms of the number of weights
(2511) compared to the top previously published players
(4698–8748 weights). What is more, using Co-CMA-ES we
were also able to coevolve even smaller networks (288–1701
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weights), which can still be regarded as remarkably effective
solutions to the considered benchmark problem.

One of the main findings of this study is that Co-CMA-
ES does not suffer from scalability issues reported in the
previous works on coevolutionary game strategy learning
[50]. In contrast to plain (co)evolution strategies, CMA-ES-
driven coevolution benefits from increasing the size of the
parameter search space by consistently improving the final
performance of produced Othello players.

Does it mean that Co-CMA-ES for Othello will profit
from even larger networks than those considered in this
work? In its current form, probably not, because of two
reasons. First, we have not found a way to significantly
enhance the performance of all-4+2×2 architecture. For
example, moving from tuples of size 4 to tuples of size 5
provides only a tiny performance gain at the expense of
doubling the number of weights required to learn (1701 vs.
3402). Second, the covariance matrix and the time CMA-ES
requires to update it grow proportionally to the square of the
number of parameters to optimize. In our implementation,
already for 3402 weights, the time required to update the
covariance matrix starts to exceed the time needed for
the round-robin fitness evaluation of the population of 400
individuals. Although there exists a version of CMA-ES
that achieve linear time and space complexity [39], our
preliminary experiments have shown that the price for the
lower computational cost are much weaker optimization
results than these of the “standard” CMA-ES.

From a broader perspective, it is also important to
note that our experiments showed no visible coevolution-
ary pathologies [9] or hard-to-understand and unexpected
dynamics [55] often observed in coevolutionary learning.
Our learning curves are roughly monotonic (if we ignore
the fluctuations caused by the noisy performance measure).
Notice that Co-CMA-ES achieved this without involving any
techniques explicitly sustaining the learning progress such as
coevolutionary archives [40], [24], [35]. We speculate that
it may be due to employing relatively large populations (we
employed λ = 400) compared to some other coevolutionary
studies, in which small population sizes (λ < 100) dominate
[30], [8], [43]. Employing large population is also the likely
reason why Co-CMA-ES proved successful in contrast to
some of the previously considered combinations of coevo-
lution and CMA-ES (mentioned in Section II-D).

One limitation of our method is that, despite the agent
learned from scratch without any expert player knowledge,
it is also a product of a human-driven experimentation with
sets of features (n-tuples). Thus, a future direction consists in
letting the learning algorithm extract the features by itself.
Some attempts of this kind has been already made in the
context of Othello by Manning [36], Burrow [6] and Szubert
et al. [50], but neither of them involved CMA-ES, because
it is suitable for numerical optimization only. Effectively
hybridizing CMA-ES with algorithms capable of handling
discrete spaces could free the human designer of manually
experimenting with feature extracting methods.

Other interesting future research directions include further
improving the performance of the Co-CMA-ES. Apart from
trying other variants of CMA-ES, one could employ a two-
population coevolution in place of the one-population setup.

This might open the possibility to separate two roles played
by the individuals of the population: i) search space explor-
ers, and ii) fitness evaluators. In the one-population setup and
round-robin fitness evaluation, increasing the population size
λ results in increasing both the exploration capacities, and
precision of the fitness evaluation. Both effects are positive
but the latter one comes at a computational cost of O(λ2).
In a two-population coevolution, the two populations could
have different sizes. Thus, we could separately tune the
search space exploration capabilities, and the precision of
fitness evaluation. In this way, we could improve the learning
speed, or at least maintain it while using less function
evaluations, thus saving computational resources.

Finally, although our best 1-ply player already defeats the
authors of this study (who play Othello at amateur level),
its strength could be further improved by employing game
tree search. The impact of the look-ahead search depth on
the performance of 1-ply-trained Othello players has been
investigated by Runarsson and Jonsson [42], but only for a
simple WPC representation.
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Bäck, and Joost N. Kok, editors, Handbook of Natural Computing,
pages 987–1033. Springer, 2012.

[39] Raymond Ros and Nikolaus Hansen. A simple modification in CMA-
ES achieving linear time and space complexity. In Parallel Problem
Solving from Nature–PPSN X, pages 296–305. Springer, 2008.

[40] Chrisotpher D. Rosin and Richard K. Belew. New methods for
competitive coevolution. Evolutionary Computation, 5(1):1–29, 1997.

[41] Thomas Runarsson and Simon Lucas. Preference Learning for
Move Prediction and Evaluation Function Approximation in Othello.
Computational Intelligence and AI in Games, IEEE Transactions on,
6(3):300–313, 2014.

[42] Thomas Philip Runarsson and Egill O. Jonsson. Effect of look-ahead
search depth in learning position evaluation functions for Othello
using e-greedy exploration. In IEEE Symposium on Computational
Intelligence and Games, CIG 2007, pages 210–215. IEEE, 2007.

[43] Spyridon Samothrakis, S Lucas, TP Runarsson, and David Rob-
les. Coevolving Game-Playing Agents: Measuring Performance and
Intransitivities. IEEE Transactions on Evolutionary Computation,
17(2):213–226, 2013.

[44] Tom Schaul and Jürgen Schmidhuber. Scalable neural networks for
board games. In Proceedings of the 19th International Conference
on Artificial Neural Networks: Part I, ICANN ’09, pages 1005–1014,
Berlin, Heidelberg, 2009. Springer-Verlag.

[45] Ioannis E. Skoulakis and Michail G. Lagoudakis. Efficient Reinforce-
ment Learning in Adversarial Games. In 2012 IEEE 24th International
Conference on Tools with Artificial Intelligence, pages 704–711. IEEE,
November 2012.

[46] Richard S. Sutton and Andrew G. Barto. Introduction to Reinforce-
ment Learning. MIT Press, Cambridge, MA, USA, 1998.

[47] Marcin Szubert and Wojciech Jaśkowski. Temporal difference learning
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