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Abstract. In the Directed Feedback Vertex Set problem (DFVS) one
seeks a minimum-size set of vertices whose removal makes a given di-
rected graph acyclic. The problem is known to be NP-complete. It is
therefore natural to address it using heuristic methods and preprocess-
ing techniques. In contrast to many other combinatorial optimization
problems, however, a limited number of data reduction rules are known
for the DFVS. Here we introduce a new concept of partial domination
and develop data reduction rules derived from this notion. Moreover, we
present a linear-time algorithm for identifying cycle-dominators, a prob-
lem of considerable importance in various areas of computational science,
most notably in control-flow graph analysis. We provide a thorough anal-
ysis of the proposed algorithms, along with results from computational
experiments that demonstrate their practical effectiveness.
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1 Introduction

One of the classical NP-complete problems in graph theory is the Directed Feed-
back Vertex Set problem (DFVS). Given a directed graph, the goal is to deter-
mine a minimum-size set of vertices whose removal renders the graph acyclic.
The problem arises in numerous practical applications. It plays an important
role, e.g., in argumentation frameworks [6] and is relevant in the design of very-
large-scale integration (VLSI) circuits [II]. Due to its theoretical and practical
relevance, the DFVS was selected as the focus problem of the 7" Parameter-
ized Algorithms and Computational Experiments Challenge (PACE 2022), an
international algorithm engineering competition organized annually since 2016.

It is well known that the DFVS is NP-hard [7] and fixed-parameter tractable
(FPT) with respect to the solution size. Determining its parameterized tractabil-
ity was posed as an open question in early foundational works on fixed-parameter
algorithms [5], and it took considerable time before an FPT algorithm was fi-
nally discovered. In a breakthrough result [3], an algorithm with running time
O(4Fk!k*n*) was presented, establishing the FPT status of the DFVS. Although
subsequent improvements refined the polynomial factors (e.g., [I5] gives an
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O(4%k!k5(n +m)) algorithm) and an improvement of the algorithm, with a run-
ning time O(k!k°2°(%)(n + m)), has been presented [I8], the dependence on k
remains prohibitive for practical purposes. Despite the close relationship to the
Vertex Cover problem, the two problems differ significantly in practical difficulty.

Data reduction techniques play a crucial role in accelerating solution meth-
ods. Several reduction rules have been known for years [I3/14], and many new
rules have been introduced recently, often as byproducts of submissions to the
PACE 2022 challenge [TI2J4T2T6]. Nevertheless, compared to the extensive body
of kernelization results and reduction techniques for the Vertex Cover, the reper-
toire of preprocessing methods for the DFVS remains relatively limited.

In this work we propose data reduction rules for the DFVS based on a new
concept of partial domination. We also present a surprisingly simple linear-time
algorithm for finding cycle-dominators in directed graphs and incorporate it to
improve performance of designed rules. Although several algorithms for finding
dominators in directed graphs exist (which can be used to find cycle-dominators)
[SITOIT7], the only known linear-time algorithm for the problem is highly com-
plex. In the end, we provide results and analysis of a conducted computational
experiment and evaluate the impact of designed algorithms on preprocessing.

2 Notions and definitions

We begin by introducing terminology and notation used throughout the pa-
per. Let G = (V,A) be a directed graph. An arc (u,v) € A is called a pi-
arc if (v,u) € A, otherwise (u,v) is referred to as a nonpi-arc. Let A, C A
be the set of all pi-arcs. The pi-graph Gp; is the subgraph of G induced by
A, that is, Gpi = G[Api]. Analogously, let A,,; denote the set of all nonpi-
arcs, and define the nonpi-graph Gpp = G[Anp]. A vertex v € V is called a
pi-node if every arc incident to v is a pi-arc. Otherwise, v is called a nonpi-
node. For a vertex v € V, we denote by N*(v) its out-neighborhood and by
N~ (v) its in-neighborhood. We define N**(v) = N~ (v) N N*(v). Furthermore,
we write N, .(v) = Ng, (v) and N:pi(v) = Ngnpi (v) for the in- and out-
neighborhoods of v in the nonpi-graph G,,,;. The closed neighborhood of v is de-
noted by N[v] = N(v)U{v}, and analogously for N=, N*, and N?¢. A chordless
cycle is a cycle C such that the induced graph G[C] is a cycle. The contraction
of a vertex v € V consists of adding all missing arcs from (N~ (v) x NT(v))\ A
to the graph, and subsequently removing the vertex v together with all arcs
incident to it. For a given pair of distinct nodes s,t € V and node u € V, we
say that node v dominates node s with respect to node t if every path from s
to ¢t contains node u. We also say that a vertex u cycle-dominates a vertex v if
u belongs to every directed cycle that contains v.

3 Partial domination concept and new reduction rules

Before we proceed to the description of new data reduction rules, let us mention
the following easy observation, which is a basis for many data reduction rules:
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Lemma 1. A set S C V hits the set of all cycles in a directed graph G if and
only if it hits the set of all chordless cycles in G.

Let us now describe the new concept of domination, we called partial domi-
nation. By partial contraction of node v € V' we mean the procedure of adding
to the graph all arcs from the set (N, ;(v) x N, (v))\ A and removing from the
graph all nonpi-arcs incident to v. By partially contracting a node, it is effectively
removed from any oriented cycle of length greater than two, and this significantly

reduces the graph’s structure and increases chances of applying other rules.

Reduction 1 (partial-domination-1). Let v € V and let U C V be such that
GnpilU] is a path or a cycle that contains v. Denote the path or cycle by P =
(ug,u1,...,up) and let k be such an index that u, = v. If [N, ,;(u;)| =1 for all
0<i<k, [N i(uj)| =1foral k<i<p,and NP'(v) C U,cpy NP*(u), then
node v can be partially contracted.

Theorem 1. Reduction rule[1]is safe. Existence of a partially contractable node
v €V can be checked in total time O(|A]).

Proof. Let S be an optimal solution for G and let S’ be an optimal solution for
G after partially contracting v (G’). From a previous remark if follows that a
solution for G’ is also a solution for G, hence we have |S’| > |S|. We now prove
that |S’] < |S]. If S is a solution for G’, then the condition holds, and we are
done. Assume then that S is not a feedback vertex set of G'. This can only be
the case if v € 9, as otherwise all cycles in G’ are hit by S. If NP¢(v) C S, then
the set S* = S\ {v} U{ug} is a solution for G’ and we have |S’| < |S*| = |5/,
and we are done. Suppose now that there exists w € N?¢(v) such that w ¢ S.
From condition N*(v) C |J, oy N?'(u) it follows that there exists u € U such
that u € S. Hence S is also a feedback vertex set of G, because the in-degree
and out-degree conditions imply that all chordless cycles of length larger than
three in G that contain v are hit by u. A contradiction to the assumption that
S is not a feedback vertex set of G’. This completes the proof of safeness.

To determine the existence of a partially contractable node in linear time,
it is enough to see that all nodes v and corresponding best candidate paths (or
cycles) P can be considered by starting a DFS traversal only from nodes wu; for
which N~ (uy) = {uo} and deg™ (ug) > 1 (or any node in P if it is an isolated
cycle in Gyp;) and counting, by dynamically updating array entries, for each
node w € V the number |NP!(w) N P|. Traversing over P a second time, we
check for each v € P\ {ug,u,} whether |[NP*(w) N P| > 1 for each w € NP(v),
which is equivalent to the condition N?*(v) C [,y NP (u).

The first partial domination rule is particularly useful for graphs for which
Grpi contains long, trivially induced paths, as it significantly simplifies the
graph’s structure by bringing it somewhat “closer” to the vertex cover prob-
lem. Even if the structure of G,,,; does not contain long induced paths, it might
still be possible to apply a similar approach. Instead of considering paths ending
in a node v, we consider a set of all cycle-dominators of node v in G,p;.
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Reduction 2 (partial-domination-2). Let U be a set of all cycle-dominators of a
node v in Gppi. If NP (v) C U, N?*(u), then v can be partially contracted.

Theorem 2. Reduction rule[dis safe. Checking a single node v € V can be done
in time O(|A]).

Proof. The proof of safeness of this reduction rule is analogous to the proof of
rule[I] The difference is that, instead of finding a set U corresponding to a path
P in G,,pi, we need to find a set of all cycle-dominators in G,p;.

Algorithm 1 Finding s-t dominators

1: P+ (s,u1y...,Up—1,t) > any path from s to ¢
2: Create 0-filled bitvector was and vector largest j filled with values —1

3:

4: function DFS(ind, v)
5 was[v] < True

6: for all we N
7.
8

npi (U) do
if w lies on path P then

: j < index of w on path P > u; = w
9: largest _j[v] < maz(largest _j[v],j)
10: else if was[w] then > w was considered earlier
11: largest _j[v] <+ max(largest _j[v],largest _jw])
12: for all we N/ ,(v) do
13: if not was[w] and w does not lie on path P then
14: DFS(ind, w)
15: largest _j[v] <— maz(largest j[v],largest jlw])
16: return > backtrack
17

18: dominators < ()

19: for all 1<i<p do

20: Run search by calling DFS(¢, u;—1)

21: if largest jlu;—1] <i then

22: add u; to dominators

23: largest jlu;] < max(i,largest jlui—1])

24: return dominators

To find a set of cycle-dominators of node v, let us consider a more general
algorithm given by Algorithm [I] which finds, for given s,¢ € V, all nodes that
dominate s with respect to t. By adding to Gyp; two new nodes vy and v_,
where NT(v,) = N:pi(v) and N~ (v-) = N, ,(v), and running the algorithm
for s = vy and t = v_, we find all cycle-dominators of v. At the beginning,
an arbitrary path P < (ug,...,up,) from ug = s to u, = ¢ is found, then we
start iterating over nodes on the path. We want to find for each node u; € P
the largest index j such that u; is reachable from nodes {uo,...,u;} in graph
G[A\ (A U{(ui,uit1)})], where A" = {(z,y) : © € {ujy1,...,up},y € N*(2)}.
The crucial point is to observe that this can be done by running the DFS using
only nodes that were not visited in previous DFS calls. To achieve that, we store
for each node u € V the value largest jlu] (written briefly Ij[u] from now on)
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equal to the largest j as described earlier. When considering node v in the DFS
call, we find the value lj[v] = max(X,Y’), where X is the largest of values [j[w]
among visited earlier neighbors w of node v, and Y is the largest index j such
that u; € N*(v) (or -1 if such index does not exist). It remains to be seen that
each node u; € P for which [j[u;—1] < i dominates node s with respect to ¢, that
is every path from s to t contains u;. If u; would not be a dominator, then there
would exist a path P’ from s to ¢ that did not contain u;. But then, for some
node uy with k < ¢ (as an index k we can take, e.g., the largest integer smaller
than ¢ for which u; € P’) we would have to get Ij[uy] > 4. This is impossible,
as j[u;] > lj[u;] for any j < 4. Since every node in the graph is visited only
once during all calls to DFS for subsequent nodes on path P, and we need to
iterate only once over neighbors of each node, the complexity of the algorithm

is O ey INT(v)]) = O(A))-

Reduction rule [2] is a generalization of rule [T but cannot be checked as
efficiently. The linear-time algorithm for finding all cycle-dominators constitutes
also an improvement of an algorithm proposed in work [4]. Using our approach,
the complexity of the rule “Rule DFVS 2” from that paper can be improved from
O(n?(n +m)) to O(nm), which makes it feasible for much larger graphs.

Rules [1] and [2] required to find a subset or the full set of cycle-dominators
of a given node. Both rules would remain valid if we considered as dominators
of node u not nodes that belong to every cycle containing u, but nodes that
belong to every chordless cycle containing u. Finding chordless cycles, however,
is computationally difficult. We therefore consider the following algorithm:

Reduction 8 (partial-domination-3). Let L be a fixed integer. For a given node
u € V run a depth-first search with backtracking to find the intersection U of
all cycles that do not contain a chord among its first L (at most) nodes. Apply
rule [2 to the set U (in rule [2] set U contains all cycle-dominators for a given
node, here it is a subset of all chordless-cycles-dominators).

We omit the proof of safeness of this reduction, as it is very easy, for the
reduction is conceptually a straightforward realization of the brute-force search
for all chordless cycles containing a given node, restricted to at most L initial
nodes on a cycle. By applying several software-engineering optimizations we
are able to run the rule for L = 12 on most graphs, as for graphs that do not
contain chordless-cycle-dominators, it can be usually quickly determined that the
intersection U is empty, and the search can be terminated. There are graphs,
however, where the search for such a large value of L takes too long and we
terminate the search after a fixed time period.

4 Experiment

In this section we provide results of the conducted computational experiment.
For evaluation we used all 400 graph instances from the PACE 2022 contest [9].
This set contains, among others, real-world instances representing web graphs,
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social networks, and autonomous system graphs, as well as many random graphs
generated according to various models. Used graphs contained up to 5-10° arcs.

We implemented three preprocessing procedures, called Set 1, Set 2, and
Set 3, each based on a different collection of data reduction rules. Set 1 com-
prised only basic reduction rules: loop removal, parallel arc elimination, and the
single-node neighborhood rule. Set 2 additionally incorporated several previously
known reduction rules: core, dome, pie, and in-out-clique, as well as the folding,
twin, desk and domination rule, the last four restricted to subgraphs in which the
required vertices and their neighbors are pi-nodes (see [TJ2I4T2/T3IT4/T6] for more
details). This configuration was used to produce instances suitable for evaluat-
ing the impact of partial-domination-based reductions on already preprocessed
graphs. Since such graphs underwent substantial initial simplification, they are
expected to be considerably less susceptible to further reductions than the un-
processed structures. Set 3 extended Set 2 by including partial-domination-based
reduction rules introduced and described in this paper. It is necessary to mention
that rule [2| was used only when the number of arcs in a graph did not exceed
5-10%, as its complexity O(|V|-|A|) makes it inefficient for larger graphs. To assess
effectiveness of the sets of reduction rules we use the reduction ratio measure,
defined as the value 1 — l“‘/,i'”, where G’ is the graph obtained by preprocessing
G. A summary of obtained results is shown in Table [T

Table 1: Comparison of results obtained by application of three sets of reduction
rules to all 400 used graph instances.

Set 1 Set 2 Set 3
Fully solved instances 2 84 94
Instances improved 356 385 385
Average reduction ratio 0.271 0.589 0.597
Median reduction ratio 0.092 0.700 0.724
Average reduction time 0.18 sec 5.14 sec 66.86 sec
Median reduction time 0.01 sec 0.26 sec 3.41 sec

By applying rules from the three sets, we were able to improve 356, 385, and
385 instances, respectively, out of the 400 test instances used. Among these, 2,
84, and 94 instances were fully solved, meaning that an optimal solution was
obtained using only data reduction rules. Thus, for Set 3 we notice a significant
12% increase in the number of fully solved instances over Set 2. This comes
at a cost of a longer average computational time, 66.86 vs. 5.14 seconds. We
observe, however, that such a large difference is mainly caused by a few outliers,
and the median time remains feasible for both sets, 3.41 and 0.26 seconds. The
average reduction ratio values are almost identical (0.597 vs. 0.589). This might
be, at first glance, misleading. If, e.g., Set 2 reduced a graph with million nodes
to a graph with 1000 nodes, and Set 3 reduced it further to 500 nodes - thus
achieving a huge 50% improvement over Set 2 - the reduction ratios for the two
sets would equal 0.999 and 0.9995, respectively. If the impact of the sets of rules is
measured only for the 316 graphs for which Set 2 did not fully solve the instance
and compared relative to graph sizes obtained for Set 2, we observe that the
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reduction rules proposed in this paper yielded ca. 8.1% increase in the reduction
ratio - a fairly reasonable result, since the improved graphs have already been
subjected to a strong preprocessing.

To measure the sole influence of each rule we preprocessed graphs using
Set 2 extended by a single rule, for which the impact we wanted to measure. For
this comparison we considered only graphs where Set 2 yielded better results
than Set 1. Such a procedure allows for a clearer comparison, as it effectively
removes graphs with highly complex structures, for which one could expect that
no reduction rule would be applicable. The largest improvement was obtained
for rule [2| with the average reduction ratio approximately 0.220, over two times
the value than for the other two rules (0.099 for rule [3[and 0.092 for rule . The
smallest impact on the average computation time can be observed for rule
roughly 92% larger for rule and 2.15 times larger for rule |3} Median values are
roughly 7x smaller than the average times, which indicates that there are outliers
(notably, the two largest average times equalled 1497.02 and 669.28 seconds), for
which application of our rules remains very time-consuming.

Table 2: Comparison of the impact of particular reduction rules on the graph
reduction ratio. Only 255 graphs that were not fully solved by Set 2 were con-
sidered and subjected to further preprocessing. Obtained reduction ratio values
are relative to sizes of the graphs preprocessed using Set 2. Median reduction
ratios are not presented, as they were very small and did not exceed 0.005.

Set 2 + rule Set 2 + rule Set 2 + rule

Instances improved 142 155 145
Average reduction ratio 0.092 0.220 0.099
Average reduction time 78.06 sec 150.40 sec 168.73 sec
Median reduction time 12.40 sec 23.69 sec 22.37 sec

5 Conclusions

In the paper we introduced a new concept related to domination, called par-
tial domination. Based on this concept, we provided data reduction rules for
the Directed Feedback Vertex Set problem, which can significantly simplify a
graph’s structure. They also require less locality to be applicable than typical
domination-based rules. We also provided an efficient linear-time algorithm for
finding, for a given pair of nodes s,t, all dominators of s with respect to t.
This deceptively simple algorithm constitutes an improvement of an algorithm
for finding cycle-dominators, used in other works, reducing the complexity by
an order of magnitude, from O(nm) to O(m). Finally, we provided results of a
computational experiment for evaluating the designed reduction rules on a wide
variety of graph classes, demonstrating their practicality.
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