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Pm
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¤��p³�¬iâ ÂRÄ�¾ ¸�ã�ä-µ ¶ ¤�¡rª�²S��£
¬���¢�ª�©��p«�¡�¬�¬ ±  �¯^£ ± ¦i¡�¬P¢C��©lª�®�©3£ ± «�¥�²á®�©
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¤�¡]¬�«6¤�¡�³�¥�²S¡]²S¡� �¯�£
¤#§_¡�«*®�¥�¬�¡
± £
¬�¥�ª�ª¨¡�©5² ±  �¡i©�¡�ª�©�¡�¬�¡�  £
¬Q£
¤�¡�¬3Áp¬3£
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pl���8muplvxw�z|��z~��mH�.�qplr~z|knz~mHw�� e h|� f7� hPª
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Ç�È8É�ÇYÊ�ËRÊ�ÌcÍ�ÎcÍ
ÏYÐ�È1ÌcÇ+ÑÒÊ�Ó'Ð Ô�Õ+Í�É�ÊnÖ+Í
ÌcÎ-Ð Ç5Ð ×�Í�Ï�Í&Ø�Ð(Ê�Ó'Ð Ô�Õ!Ê!Ð Í
ËRÉ�ÊnÖYÍ
Ì
Ù«Ú�Ç�Ð�Ê�ÉFÓ'Ç+Ñ5ÑpÛ�Ï�Ô�ÓnÊ!Ð Ô�Ç+Ï
Ð Ô�Ñ5Í0Ô�Î*Í
ÜvÛ,Ê�É2Ð Ç Si + CαiV (1 + p

∑i−2
j=0(p + 1)i−j−2) = Si + CαiV (p + 1)i−1 ÙwÚU×�Í

Ý ÌcÇ+Þ�É�Í
ÑßÓnÊ�Ï3ÞxÍ�ÎcÇ+É�Õ+Í
Ë3ÞYÖ�Ê�É�Ô�Ï�ÍnÊ�Ì Ý ÌcÇ+à+Ì Ê�Ñ3á
â%ãäâ�â�å;æ
Ñ5Ô�Ï�Ô�Ñ�Ô�ç
Í CmaxÎcÛ�Þ�è�Í
Ó'Ð�Ð Ç�á

αiV A +
h

∑

j=i

(Sj + C(p + 1)j−1αjV ) ≤Cmax i = 0, . . . , h é Æ Ù�ênëvì

α0 + p
h

∑

i=1

(1 + p)i−1αi =1 é Æ Ù�ê�í+ì

B ≥ αiV ≥0 i = 0, . . . , h é Æ Ù�ê£îYì
ï Ï®ðGñ¥ðFðFòóÔ�Ï�Í
ÜvÛ,Ê�É�Ô�Ð Ô�Í
Î é Æ Ù�ênëvìUà+Û,Ê�Ì Ê�ÏYÐ Í
Í�Ð ×,Ê!Ð(Ê�É�É Ý ÌcÇvÓ
Í
ÎcÎcÇ+ÌcÎ;ô,Ï�Ô�Îc×IÓ
Ç+Ñ Ý Û{Ð Ô�Ï�à5ÞxÍ&õ

È1Ç+ÌcÍ0Ð ×�ÍyÍ
Ï�ËKÇ�È-Ð ×�ÍyÎcÓ&×�Í
Ë�Û�É�Í�Ù.ö�ÖTÍ
ÜvÛ,Ê!Ð Ô�Ç+Ï é Æ Ù�ê�í+ì^Ê�É�É%Ð ×�ÍyÉ�ÇYÊ�ËTÔ�Î Ý ÌcÇ�Ó'Í
ÎcÎ Í'ËG÷2Ê�Ï�Ë�ÞYÖ
Ó
Ç+Ï�Î�Ð Ì Ê�Ô�ÏYÐ Î é Æ Ù�ê£îYì-Ê�É�É Ý ÌcÇvÓ
Í
ÎcÎcÇ+ÌcÎ�Ê�ÌcÍ*Ê�Þ�É�Í�Ð ÇyÊ�Ó
Ó
Ç+Ñ5Ñ5Ç�Ë,Ê!Ð Í(Ð ×�Í*Ê�ÎcÎcÔ�à+Ï�Í
ËIÉ�ÇYÊ�Ë©Ù ï Ð;Ñ0ÊnÖ
×,Ê Ý�Ý Í
ÏIÐ ×,Ê!Ð�Ð ×�ÍpÊ�ÎcÎcÛ�Ñ5Í
ËMÏvÛ�Ñ*ÞxÍ
Ì�Ç�È%É�ÊnÖYÍ'Ì Î h Ô�Î�Ð Ç�Ç0Þ�Ô�à)Ê�Ï�ËMÊ0ÌcÍ
Ë�Û�Ó'Ð Ô�Ç+ÏIÇ�È h ÌcÍ
ÎcÛ�É�Ð Î
Ô�ÏKÎc×�Ç+Ì�Ð Í
Ì5ÎcÓ�×�Í
Ë�Û�É�Í�ÙKø�Í'Ðn÷�Ð ×�Í Ý ÌcÇ+Þ�É�Í
ÑùÞxÍ
Ó'Ç+Ñ5Í
Î5Ñ5Ç+ÌcÍ)Ô�ÏvÕ+Ç+É�Õ+Í
ËóÞxÍ
ÓnÊ�Û�ÎcÍ�ú2Í3ÎcÍ
Ï�ËóÐ Ç
Ð ×�Í)É�Ê�Ìcà+Í
Ì^É�ÊnÖ+Í
Ì^ô,ÌcÎ�ÐnÙ.ûüÎcÇ+É�Û{Ð Ô�Ç+ÏTÇ�È�ðFñAðFðFòýÑ0Ê£ÖTÊ�Ó'Ð Ô�Õ!Ê!Ð ÍyÉ�ÊnÖYÍ
ÌcÎ*Ï�Ç+Ï�õþÓ
Ç+ÏYÐ Ô�Ï�Û�Ç+Û�ÎcÉ�Ö+Ù
ÿ Ç+Ñ5Í5É�ÊnÖ+Í
ÌcÎ^Ñ0ÊnÖ®ÌcÍ
Ó
Í
Ô�Õ+ÍyÉ�ÇYÊ�ËwÈ1Ç+Ì Ý ÌcÇ�Ó
Í
ÎcÎcÔ�Ï�à�÷>ú-×�Ô�É�ÍpÐ ×�Í0ÌcÍ
Ñ0Ê�Ô�Ï�Ô�Ï�à�É�ÊnÖYÍ
ÌcÎ�ú2Ç+Û�É�Ë.Î�Ð Ô�É�É
Ó
Ç+ÏYÐ ÌcÔ�Þ�Û{Ð Í�Î�Ð�Ê�Ì�Ð Û Ý Ð Ô�Ñ5Í S Ô�ÏKÔ�Ï�Í
ÜvÛ,Ê�É�Ô�Ð Ô�Í
Î é Æ Ù�ênëvì&÷§Ð ×�Ç+Û�à+×KÐ ×�Í'Ö�ÌcÍ
Ó
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ÌcÎ�ú-Ô�Ð ×T×�Ô�à+×�Í
Ì�Ô�Ï�Ë�Í&Ø é Ô Ù Í�Ù�úUÔ�Ð ×TÑ5Ç+ÌcÍ
Ý ÌcÇ�Ó
Í
ÎcÎcÇ+ÌcÎ�ì2Ê�ÌcÍ�Ê�ÎcÎcÔ�à+Ï�Í
ËyÎcÇ+Ñ5Í�É�ÇYÊ�Ë�ô,ÌcÎ�Ð«Ô�Ï0Ó
Ç+Ï�ÎcÍ
Ó
Û{Ð Ô�Õ+Í(Ñ5Ê�Ï�Ï�Í
Ì é ú-Ô�Ð ×�Ç+Û{Ð2àYÊ Ý Î�ì&Ù8ÚU×�Û�Î
÷
È1Ç+Ì-Ð ×�Í�à+Ô�Õ+Í
Ï h Ô�Ð�Ô�Î Ý Ç+ÎcÎ Ô�Þ�É�Í�Ð Ç0Ó�×�Í
Ó��RðFñ ðFðFòóÇ+Ï�É�Öyú-Ô�Ð ×3Ð ×�Í^É�Ê�Î�Ð�É�ÊnÖYÍ
ÌcÎ h, . . . , h − j Ù
ÚU×�Í�ÞxÍ
Î�Ð«ÏvÛ�Ñ*ÞxÍ
Ì�Ç�ÈGÛ{Ð Ô�É�Ô�ç
Í
Ë5É�ÊnÖYÍ
ÌcÎ�ÓnÊ�Ï0ÞxÍ-È1Ç+Û�Ï�Ë0ÞvÖ�Þ�Ô�Ï,Ê�Ì�Ö�ÎcÍnÊ�ÌcÓ�×yÇ�Õ+Í
Ì�Ð ×�Í�Ì Ê�Ï�à+Í�Ç�È h Ù
ï Ï0Ð ×�Í�ú«Ç+ÌcÎ�Ð«ÓnÊ�ÎcÍ�Ð ×�Ô�Î Ý ÌcÇ�Ó
Í
Ë�Û�ÌcÍ;Ñ*Û�Î�Ð«ÞxÍ�ÌcÍ Ý ÍnÊ!Ð Í
ËyÈ1Ç+Ì%Õ!Ê�ÌcÔ�Ç+Û�Î�Õ�Ê�É�Û�Í
Î2Ç�È h Ù���Í
Ï�Ó
Í�÷�Ð ×�Í
Ð Ç�Ð�Ê�É�ÏvÛ�ÑpÞ�Í
Ì;Ç�È%ÓnÊ�É�É�Î-Ð Ç�ðFñ�ðFðFò Ï�Í
Í
Ë�Í
Ë®Ð Ç0ô,Ï�ËMÇ Ý Ð Ô�Ñ*Û�ÑäË�Ô�Î�Ð ÌcÔ�Þ�Û{Ð Ô�Ç+ÏRÇ�È§Ð ×�Í*É�ÇYÊ�ËRÔ�Î
O(h log h) ÷�ú-×�Í
ÌcÍ h = logp+1 m ÷¢Ê�Ï�Ë m Ô�Î-Ð ×�Í^ÏvÛ�Ñ*ÞxÍ
Ì�Ç�È%ÊnÕ�Ê�Ô�É�Ê�Þ�É�Í Ý ÌcÇ�Ó
Í
ÎcÎcÇ+ÌcÎ
Ù ï Ï3Ð ×�Í
È1Ç+É�É�Ç£ú-Ô�Ï�à5ú2Í Ý ÌcÇ�Õ+Í^Ð ×,Ê!Ð�Ð ×�Ô�Î�ÎcÐ Ì Ê!Ð Í
à�ÖRÉ�ÍnÊ�Ë�Î�Ð ÇyÇ Ý Ð Ô�Ñ0Ê�ÉFÎcÇ+É�Û{Ð Ô�Ç+Ï�Î�ÞxÍ
ÓnÊ�Û�ÎcÍpÔ�Ð�Ô�Î;Ê�É�úUÊnÖ�Î
Ý ÌcÇ�ô�Ð�Ê�Þ�É�Í;Ð Ç5Ê�Ó'Ð Ô�Õ�Ê!Ð Í(É�ÊnÖ+Í
Ì i + 1 é ú-Ô�Ð ×�Ñ5Ç+ÌcÍ Ý ÌcÇ�Ó
Í
ÎcÎcÇ+ÌcÎ�ìUÞ�Í'È1Ç+ÌcÍ�É�Ê£Ö+Í
Ì i Ù
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max =

S + C(p + 1)i−1 V
p(p+1)i−1 + AV

p(p+1)i−1 = S + CV
p

+ AV
p(p+1)i−1

����tKo0q:w�u�w�kmlgqY� � C i+1
max =

S + CV
p

+ AV
p(p+1)i

���
i"tmn"i � C i
max > C i+1

max

y�w��
i > 0

�
2���xjsvmi&o � wH��iFq:i"���So � j � l(�m�gw0�mjJo � q:i{jsw�oCn>j � �0oCjsi{jsvmiFqroH��i"�gl
n"w�tmlgi"n"k�j � ��i"qY�~y��gw���jsvmi

qrop��i"��} � jsvU��w��gi��m�gw�n"i"lglgw��gl�jsw
jsvmi�qrop��i"��} � jsvUq:i"lgl��m�gw�n"i"lglgw��gl(�O} � jsvmw�k�j�u�o0�ml � t � i>jD}�i"i"t�����5i�l�jskm| � i"|�jsvmi��fi"��y�w��g�So0tmn"i�w0yzoUn"w����mk�jsi"��tmi>jD}�w��g��} � jsv�i"� � i"|m|mi>| � � tmw�� � o0qmjs�si>ikmtm|mi"�+h�h� 5l�js�soCjsi"u0����¡Dt�w��g|mi"��jswU�Ktm|�jJvmi�lgvmw���jJi>lgj+�m�gw�n"i"lgl � tmu&j � ��i
wH��i>�\�Co0� � w�kml�w��g|mi"�glw0y(o0n>j � �0oCj � tmuxqroH��i"�glF}�iSkmlgi"|�jsvmiS�gi"lgkmqYjUw0y(h�i"���So . �£¢ � o0tm| � tmn"�gipoClsi>|�jsvmiSt�km� � i"�Fw0yo0n>j � ��i¤qrop��i"�gl�y��gw��¥jsvmi¤qro0l�j-w�tmi&jsw�jsvmi&�K�gl�jp�U�+vmi�lgw�q:k�j � w�t)} � jsv�jsvmi�lg�SoCq:q:i"l�j-lgnJvmi"|mkmq:iq:i"tmu0jsv�}+o0l(lgi"q:i"n>jsi"|8��¡Dt~u�i"tmi"�so0q � jsvmi � i"vKoH� � w��+w0y Cmax

kmtm|mi"�
nJvKo0tmu � tmu V,B,A � l\��i"���l � � � q:o0�
jsw�jsvmi�npo0lgi�w0y\¦�h�  � i"vKop� � w��"��§�nJvmi"|mkmq:i�q:i"tmu0jsvml � t!jsvmi�lsoCjskm�soCjsi"|¨l���l�jsi"�©o0tm|
� t5jsvmi�l���l�jsi"�ª} � jsv�kmtmq � � � jsi"|5��i"��w���� � lU�m�gi"lgi"t�jJi>| � t«  � um� . �£¢��!��q:lgw�vmi"�gixo~jskmtmtmi"q� i>jD}�i"i"t«¬ � t�yg¬�o0tm|5¬>lsoCjd¬�npo0lgi"l(npo0t � i-w � lgi"����i"|8��¡Dt�jsvmi�y�w�q:q:wH} � tmuUq:i"���SoF}�i�} � q:qBlgvmwH}jsvKoCj&y�w�� � � u)��w�q:km��i>l¤o0tm|�n"w����mk�jJoCj � w�t�­ � t�jsi"tml � ��i�o0�m�mq � npoCj � w�tmlFjsvmi��gi"qroCj � ��iS| �Y® i"�gi"tmn"i� i>jD}�i"i"t)jsvmi�¬ � t�yg¬-o0tm|5¬>lsoCjd¬�npo0lgi"l � l\��i"����lg�So0q:q¯�
1�2�3�3545687:°87�±�@ ? <>Q�;�;�²³E>=´Q W =D<µN Z XO@ [ XO@BACR¤X W M =´QJ<J< limV →∞,ρ→0

Cinf
max

Csat
max

= 1 _
aFbdc8cfeg7¶§�nJvmi"|mkmq:i·q:i"tmu0jsv � t�jsvmi·lsoCjskm�soCjsi"|¸npo0lgi � l Csat

max =
∑h

j=1(Sj + V C
m

(p +

1)j−1) + AV
m

= S(h + 1)h/2 + V
m

(C m−1
p

+ A) � }(vmi"�gi m = (p + 1)h � l�jJvmi�jsw0jJo0qBt�km� � i"�w0y��m�gw�n"i"lglgw��gl"���+vmi-y�w��g�¤kmqroFy�w��
C inf

max

vKo0l � i"i"t~u � ��i"t � t¨¹ / ¢Hº¯»

C inf
max =

AV

M
+

Aσp

ρM

h
∑

j=1

cπ(j) − 1

P π
j

(

j
∑

i=1

(h − i + 1)P π
i−1),

}(vmi"�gi0»
M = 1 + p

ρ
(1 − 1

P π
h

) � cπ(j) = 1 + ρ(p + 1)h−j, cπ(0) = 1 � o0tm| P π
j =

∏j
i=0 cπ(i)

�
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0.01
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1E4

1E6

1E8

1E10

1 100 1E4 1E6 1E8 1E10 1E12
V

A=1E-9,sat A=1E-9,inf A=1E-3,sat
A=1E-3,inf A=1,sat A=1,inf

tim
e

1E14

Ñ�Ò:Ó�ÔmÕgÖ Ï�× Ø�Ù�Ú�ÛJÜ Ö"ÝmÔmÞ:Ö�Þ:Ö"ßmÓ0à Ü Ò:ß«á�âmÒ:ßmã�ä�Ò:á0ÞåàsÕgÖ"Ö�ÔmßmÝmÖ"Õ¤æ�æ�Ñèç�àsÕsáCàsÖ"Ó0é¨ê(ÒYà Ü ÔmßmÞ:Ò:ä�ÒëàsÖ"Ý
á0ßmÝ~çsáCàsÔmÕsáCàsÖ"Ý~ä�Ö"ä�ã�Õ�é

ì Ü Ômç
Ò:ß~æ�æ�Ñ«ç�àsÕsáCàsÖ"Ó0é�í

C inf
max

Csat
max

=

AV
M

+ Aσp
ρM

∑h
j=1

cπ(j)−1

P π
j

(
∑j

i=1(h − i + 1)P π
i−1)

S(h + 1)h/2 + V
m

(C m−1
p

+ A)

î Ï�×Yïdð�ñ

ò Ü Ö"ß~à Ü Ö-ó�ã�Þ:Ômä�Ö-ã0ô�Þ:ã�á0ÝxÒ:ç+âmÒ:Ó�á0ßmÝxà Ü ÖFá0õmõmÞ:Ò Û áCàsÒ:ã0ß�Ò:ç Û ã�ä�õmÔ�àJáCàsÒ:ã�ßKá0ÞYÞëéSÒ:ß�àsÖ"ßmçgÒYó�Ö0ímê�Ö
Ü ápó�Ö Ù

lim
V →∞,ρ→0

C inf
max

Csat
max

= lim
V →∞,ρ→0

V A
1+ p

ρ
(1− 1

Pπ
h

)

V A
m

(ρm−1
p

+ 1)
=

lim
ρ→0

m

(1 + p
ρ
(1 − 1

P π
h

))(ρm−1
p

+ 1)
= lim

ρ→0

m

1 + p
ρ
(1 − 1

P π
h

)

H
= 1

çgÒ:ß Û Ö
limρ→0 P π

h = 1
ímê�ÖUá0õmõmÞ:Ò:Ö"Ý�ÝmÖ{Þ¯ö ÷
ø�õmÒYàJá0ÞBÕgÔmÞ:Ö{á0ßmÝxã�â�àJá0Ò:ßmÖ"Ý Ù

limρ→0

p(1− 1
Pπ

h
)

ρ

H
= limρ→0

p(
∑h−1

i=0 (p+1)i+2ρ((p+1)3+···+3ρ2((p+1)6+... )

(P π
h

)2
= m − 1

×
2

ù çgÒ:ä�Ò:Þ:á0Õ Û ã�ß Û Þ:ÔmçgÒ:ã�ß Û á0ß�âfÖ+ÝmÕsápê(ß�á0çåÒ:ß&à Ü Ö+ç�àJá0Õ�Ò:ß�àsÖ"Õ Û ã�ßmßmÖ Û àsÒ:ã�ß�á0ßmÝ�á0ç�ô�ã�Õåá�âmÒ:ßmãCú
ä�Òrá0Þ8àsÕgÖ"ÖUÔmßmÝmÖ"Õ�û�æ�Ñ³ç�àsÕsáCàsÖ"Ó0é ×
ü ß�âmÒ:ßmã�ä�Ò:á0Þ8àsÕgÖ"Ö"ç�çgõKá0ßmßmÖ"Ý!ÒYß Ü ã�ä�ã�Ó�Ö"ßmÖ"ã�Ômç Û ã�ä�õmÔ�àsÖ"Õ
ßmÖ>àDê\ã�Õgý�ç"ímÔmßmÝmÖ"Õ(æ�æ�Ñ5ç�àsÕsáCàsÖ"Ó0é�í�ê Ü Ö"ß�çgÒ:þ"Ö

V
ã0ô�à Ü Ö�õmÕgã�âmÞ:Ö"ä�ÒYç\âmÒ:Ómí�á0ßmÝ�à Ü Ö�õmÕgã�âmÞ:Ö"äÿÒ:ç
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-�.,/1032547684:9;.,<=6?>@>BA19;<C4:D�<3EF9@G,D1H ρ → 0 IKJ 4:L3D�<M4:L3D�NFD�>O684:9@G,D�9;<5P=23D�<3-�D).8Q�4:L3D)>;9;/R9B4:D�ST/1D�/1.,NUA.,<M4:L3DV03NF.�-�D�EFEF9;<3WR4:9;/1D�9;E'<3D�W,>;9;W,9;X3>@D?Y
Z <[.,23N#/1.\S3D�>;9;<3W].8Q_^�^�`�EU4:N:684:D�W?ATabDV.,X3EFD�NUGCD�S$EFDcG,D�N:6?>�9;<C4:D�NFD�EU4:9;<3W]Qd6?-c4:E�e
•
Z 4)af6?E)EFL3.ga#<h9;<�i j\kml�4:L=684n^�^�`�EU4:N:684:D�W?A�9;E).,054:9;/o6?>p9;<q6TEUA�EU4:D�/ra#9@4:Lq23<3>;9;/R9B4:D�S
/1D�/1.,NUA,Y Z <M4:L3D)E:684:23N:684:D�SsEUA�EU4:D�/t9@4f9;E'<3.?4 J XuD�-v6?23EFDn^�^�`wL=6?E'W,NFDv684:D�Nf<�23/!XuD�Nf.?Q-�.,/1/!23<39;-v684:9@.,<[EU476?NU4:2303E�4:L=6?<�x�^�`bYuy'L39;E�-�.,/1/!23<39;-v684:9@.,<[.gG,D�NFL3Dv6?S�9;E�<3.?4�-�.,/]z
0uD�<3E:684:D�SoQ{.,N�X\Ao6nX|Dc4F47DcNfS39@EF4:NF9;X3254:9;.?<1.?Q}4:L3D�>;.C6?So6?<3STEFL3.,NU4:D�N�-�.,/1032547684:9;.,<R4:9;/1D?Y

•
Z <T4:L3D)Dv6?NF>;9;D�N�0323X3>;9;-v684:9;.,<3Eb.,<MS39@G�9;EF9;X3>;D�>;.C6?So4:L3D�.,NUA�i ~,� J jCkgl}EUA�EU4:D�/1E'a#9@4:LM23<3>;9;/!z9@4:D�S�/1D�/1.,NUA)abD�NFDf-�.,<3EF9;S3D�NFD�SsH{9�Y D?Yp-v6?EFD�� 9;<5Q�� I Y
^�9;<3Dv6?N
�_NF.,W,N:6?/1/19@<3W'Q{.,NF/]23>O684F9@.,<3EL=6?Sq/1.,NFD!NFD�EU4:NF9;-c4:D�S�Q{.,NF/�6?<3SqD?Y W3Y�9;<3D��\2=6?>;9@4�AwH * Y@�vj I L=6?S�Q{.,NF/�.?Q�D��\2=684:9;.,<}Yn��E
61NFD�EF23>@4�9;<�^�^�`�EU4:N:684:D�W?A J a#L3D�<$G,.,>;23/1D V 9;E#EF/o6?>;>�6?<3S[4:L3D�6vG?6?9;>O6?X3>@D)/1D�/1.,NUAM9;E
<3.?4�NFD�EU4:NF9;-c4:D�S J .,<3>@A!Q{Dca�>O6vACD�NFE�-v6?<oXuD�6?-c4:9@G8684:D�S�H{DcG,D�<T9@QuabD�L=6vG,D�/o6?<CA]03NF.�-�D�EFEF.,N>O6vA,D�NFE I 4:.VE:684:9;EUQ�A!4:L3D#-�>O6?EFEF9;-v6?>5G,D�NFEF9;.,<1.?Q}^��&^�^�`bYCy'L\23E J EF/o6?>;>59;<3-�NFDv6?EFD#.?Q V /o6vA
XuDnE:684:9;EUQd6?-c4:.,NUAM4:.T6?-c4:9@G8684:Dn/1.,NFDV>O6mA,D�NFE�6?<3S$9;<[4:L39;E'a'6vA[NFD�S323-cD!EF-7L3D�S323>;D�>;D�<3W?4:L}Y
y'L39;En9;EnS3D�/1.,<3EU4:N:684:D�S&9;<q47L3D1DK�36?/103>;D103NFD�EFD�<C4:D�S�X|D�>;.ga)Y$�b.,<3EFD��\23Dv<C4:>@A J a#9@4:L V9;<3-�NFDv6?EF9;<3W C inf

max
/o6vA$S3D�-�NFDv6?EFD?Y]y'L39;E)9;E�DcG�9;S3D�<C4V9;<q`
9;W3Y * Y�k1a#L3D�NFDR>;9;<3D�E�Q{.,N!� 9;<5Q��

-v6?EFDn6?<3S A = 1 � z * J 6?<3S A = 1 6?NFDV<3.?4#EF/1.�.?4:LMQ{.,N'EF/o6?>;> V Y
• y'L3Dn6?Xu.mGCDV9;NFNFD�W,23>O6?NbXuD�L=6vG�9;.,Nfa'6?E#<3.?4#.,X3EFD�NUGCDcS�9;<T4:L3Dn^���x�^�`w/1.�S3D�>�Y
• � Dn.,X3EFD�NUGCD�S�4:L=684�Q{.,N A ≈ C .,<3>@AM4:L3D�>O6?EU4�>O6vACD�N#af6?E�0|.,0323>O684:D�S}Y � L3D�< A � C4:L3DV>O6vA,D�NFE#-�>;.,EFD�Nf4:.R4:L3DV.,NF9;W,9@<=684:.,N�afD�NFDV/1.,NFD).?Q�4:D�<[0|.,0323>O684:D�S}Y
• x�.,<3D�.?Q�x�^�` J ^�^�`hEU4:N:684:D�W,9;D�E�S3.,/19;<=684:D�E�4:L3D�.?4:L3D�N�9;<T6?>;>|-v6?EFD�E�Y���.gabDcG,D�N J Q{.,N�X39;WG,.,>;23/1D�E#6?<3S$^�^�`wEFL3.,NU4:D�N#EF-7L3D�S323>;D�E#afD�NFDV.,X5476?9;<3D�S}Y

�����=���
�{� Yq�b.,<3EF9;S3D�N]6$EUA�EU4:D�/�a#9@4:L h = 2, p = 4, A = 1 � z * J C = 1 � z + J S = � � z * J
V = 20 Y Z <M4:L3D)EUA�EU4:D�/�a#9@4:LM23<3>;9;/19B4:D�ST/1D�/1.,NUA�i j\kgl}D��\2=684:9;.,<3E'S3D�EF-�NF9;X39;<3W]S39;EU4:NF9;X3254:9;.,<
.?Q54:L3D�>;.,6?SnL=6vG,D�0u.,EF9@4:9@G,D�EF.,>;254:9;.,<V.?<3>@A�Q{.,N�.,<3D�>O6vA,D�NbH�k'03NF.�-�D�EFEF.,NFE�6?>@4:.,W?Dc4:L3D�N I Y
��-7L3D�S323>;D>;D�<3W?4:Lq9;<q4:L39;E)-v6?EFD19;E Csat

max ≈ 0.0048 Yo��.mafDcG,D�N J a#L3D�< V = 24 6?>;>�~,kM03NF.�-�DcE:EF.?N:En-v6?<



�������� 
¡�¢�£�¤�¥�¦�¥� 
¡�§�¥�¨�©� 
��¥�©�ª!«#¬�¡�§$¡�§&­'¢�¦�¬�¡)®�¡�¬ ¯C°

±u²1³?´cµ:¶@·?³8µ:²�¸}¹p³?º3¸
Csat

max ≈ 0.003 »T¼�½ ¶;º3¾$¿�ÀÁ¿�¿�Âb¹�³?º3¸hÃ,º3Ä@Å�µ:Æ3²1ÄO³ ½ µVÄO³vÅC²�Ç)Èb²1Ã,±5µ7³?¶;º
Cmax ≈ 0.0029

¶;ºTµ:Æ3²)É=Ç ½ µv¹|³?º3¸ Cmax ≈ 0.0031
¹=¶;ºMµ:Æ3² ½ ²�´�Ã,º3¸$´v³ ½ ² » 2

Ê#Ë�Ì'ËdÊ ÍhÎ�Ï�ÐÒÑ�Ó�Ô�Õ�Î�Ï�Ô
Ö º�µ:Æ3¶ ½�½ ²�´cµ:¶;Ã,º�Èb²R³?º=³?Ä@Å�×�²�¸q¸3¶@·�¶ ½ ¶;±3Ä;²nÄ;ÃC³?¸�¸3¶ ½ µ:ÇF¶;±3Ø5µ:¶;Ã,º�¶;º ½ Å ½ µ:²�Ù ½ È#¶@µ:Æq³ ½ ¶;º3¾,Ä;²�Ä;²c·C²�ÄÃ?Ú)Ä;¶;ÙR¶Bµ:²�¸ÛÙ1²�Ù1Ã,ÇUÅ » Ö ºCµ:²�ÇF´�Ã,º3º3²�´cµ:¶;Ã,ºÜµ:Ã,ÝuÃ,Ä;Ã,¾,¶@² ½ Ã?ÚV³ ½ µ7³?Ç�¹'³?º3¸�±3¶;º3Ã,Ù1¶;³?Äbµ:ÇF²�²$Ø3º3¸3²�Çµ�ÈfÃM¸3¶@ÞÒ²�ÇF²�ºCµV¸3¶ ½ µ:ÇF¶;±3Ø5µ:¶;Ã?º ½ µ:Ç:³8µ:²�¾,¶;² ½ Èb²�ÇF² ½ µ:Ø3¸3¶;²�¸ » Ö µn³?Ý3Ý|²v³?ÇF²�¸�µ:Æ=³8µ)¶;º�Æ3Ã,Ù1Ã,¾,²�º3²�Ã,Ø ½
½ Å ½ µ:²�Ù ½ ³?º3¸ß±3¶;¾�´�Ã,Ù1Ý3Ø5µ7³8µ:¶;Ã,º=³?Ä;ÄBÅ�¶;ºCµ:²�º ½ ¶@·,²�³?Ý3Ý3Ä;¶;´�³8µ:¶;Ã,º ½ Ùo³?¶;º3ÄBÅÜµ:Æ3²hÝ3ÇFÃ\´�² ½F½ Ã,Ç�³?º3¸´�Ã,Ù1Ù!Ø3º3¶;´v³8µ:¶@Ã,º ½ Ý|²�²�¸ ½ Ä;¶;Ù1¶Bµ'Ýu²�ÇUÚ{Ã,ÇFÙo³?º3´�²VÃ?Ú
µ:Æ3² ½ Å ½ µ:²�Ù ½�»fà Æ3¶ ½ ´�Ã,º3´�Ä;Ø ½ ¶;Ã,º[¶ ½#½ ³8µ:¶ ½ É=²�¸³ ½ Ä;Ã,º3¾�³ ½ µ:Æ3²TÄ;ÃC³?¸�É3µ ½ ¶;ºCµ:Ã$µ:Æ3²M³v·?³?¶;ÄO³?±3Ä@²1Ù1²�Ù1Ã,ÇUÅh±3Ø5ÞÒ²�Ç ½ ³?º3¸wÝ3ÇFÃ�´�² ½F½ ¶;º3¾qÇ:³8µ:² ½ ³?ÇF²´�Ã,º ½ µ7³?ºCµ�Ú{Ã,Ç�³?Ä;Ä�³ ½F½ ¶;¾,º3²�¸ ½ ¶;×�² ½ Ã?Úfµ:Æ3²1Ä;ÃC³?¸ » Â=Ã,ÇnÝ3Ç:³?´cµ:¶;´v³?Ä_ÇF²v³ ½ Ã,º ½ µ:Æ3² ½ ²T³ ½F½ Ø3Ù1Ý5µ:¶;Ã,º ½
½ Æ3Ã,Ø3Ä;¸s±u²VÇF²�Ä;²v³ ½ ²�¸ »bá Ø3´7Æ�³]ÇF²�ÄO³gâ3³8µ:¶;Ã,ºM¶ ½ ´�Ã,º ½ ¶;¸3²�ÇF²�¸[¶;ºs´7Æ=³?Ý5µ:²�Ç#ã »Ö ºoÃ,Ø3Ç�¸3¶ ½ ´�Ø ½F½ ¶;Ã,º1Èb²�³ ½F½ Ø3Ù1²�¸1µ:Æ=³8µ�Ã,º3Ä@Å!µ:Æ3² ½ ¶;×�²#Ã?ÚÒµ:Æ3²�ÇF²�´�²�¶@·,²�Ç�Ù1²�Ù1Ã,ÇUÅ]¶ ½ ÇF² ½ µ:ÇF¶;´cµUä¶;º3¾$¸3¶ ½ µ:ÇF¶;±3Ø5µ:¶;Ã?ºhÃ?Ú'µ:Æ3²oÄ;ÃC³?¸ »sà Æ3²o´�Ã,Ù1Ù]Ø3º3¶;´v³8µ:¶@Ã,º ½ Å ½ µ:²�Ùå¶ ½ º3Ã?µ�Ä;¶;ÙR¶@µF¶;º3¾Mµ:Æ3² ½ ¶;×�²oÃ?Úµ:Æ3²)Ù1² ½F½ ³?¾,² »�à Æ3¶ ½ Ùo³vÅoº3Ã?µ#±u²�µ:Æ3²)´v³ ½ ²V¶;ºMÝ3Ç:³?´cµ:¶;´�² »_à Æ3²�ÇF²cÚ{Ã,ÇF²?¹|³ ½ Å ½ µ:²�ÙæÈ#¶Bµ7ÆMÄ;¶;ÙR¶Bµ:²�¸
´�Ã,Ù1Ù!Ø3º3¶;´v³8µ:¶@Ã,º ½ Å ½ µ:²�Ù�´v³?Ý=³8´�¶@µ�Å]È#¶;Ä;Ä|±|²�³ ½ Ø3±�çU²�´cµ'Ã?Ú}µ:Æ3²�Ú{Ø3ÇUµ:Æ3²�Çf³?º=³?Ä@Å ½ ¶ ½ ¶;ºo´7Æ=³?Ý5µ:²�Ç'è »Ö º1µ:Æ3²�º3²Kâ�µ ½ ²�´cµ:¶;Ã,º1Èb² ½ µ:Ø3¸5ÅRµ:Æ3²�´v³ ½ ²�Ã?Ú�³?º3¸T³?ÇF±3¶@µ:Ç:³?ÇUÅ!Ý3ÇFÃ�´�² ½F½ Ã,Çb³?´cµ:¶@·?³8µ:¶;Ã,ºRÃ,ÇF¸3²�Ç »
éoêUé ëtì
ísîKï�ì�ð)ìpñòðnó�ï�îKô)ð)ï�î�õ�öø÷�ù#ú1ûMù#ösóbùüî�öý÷}ïpð)ì
Ö º$µ:Æ3¶ ½�½ ²�´cµ:¶;Ã,º$Èb²]³8¸3¸3Ç:² ½:½ µ:Æ3²�Ý3ÇFÃ,±3Ä;²�ÙþÃ?Ú�É=º3¸3¶;º3¾1µ:Æ3²�Ã,Ý5µ:¶;Ùo³?Ä ½ ²�ÿ\Ø3²�º3´�²]Ã?Ú�³?´cµ:¶@·?³8µ:¶;º3¾Ý3ÇFÃ�´�² ½F½ Ã,Ç ½ ¶;º�³ ½ µ7³?Ç�º3²cµ�ÈbÃ,Ç��[È#Æ3²�ºqÙ1²cÙ1Ã,ÇUÅ[±3Ø5ÞÒ²�Ç ½ Æ=³v·,²]Ä;¶;ÙR¶Bµ:²�¸ ½ ¶;×�² ½ ³?º3¸�´�Ã,Ù1Ù!Ø3º3¶Bä´v³8µ:¶;Ã,ºM¸3²�ÄO³mÅ ½ ¶;º3´�Ä;Ø3¸3² ½ µ7³?ÇUµ:Ø3Ýsµ:¶;Ù1² ½�» Ö ºsµ:Æ3²)Ý3ÇF²�´�²�¸3¶;º3¾1¸3¶ ½ ´�Ø ½F½ ¶;Ã,º[¶@µfÈf³ ½ ³ ½F½ Ø3Ù1²�¸sµ:Æ=³8µµ:Æ3² ½ ²�ÿ\Ø3²�º3´�²�Ã?Ú}³?´cµ:¶@·?³8µ:¶;º3¾)Ý3ÇFÃ�´�² ½F½ Ã,Ç ½ ¶ ½ É5â5²�¸ »�� ²�ÇF²#Èb²�ÇF²�ÄO³gâ]µ:Æ3¶ ½ ÇF² ½ µ:ÇF¶;´cµ:¶;Ã,º1³?º3¸T³?Ä@Ä;ÃgÈÚ{Ã,Ç ½ ²�Ä;²�´cµ:¶;º3¾Tµ:Æ3²]±|² ½ µ ½ ²�ÿ\Ø3²�º3´�²1Ã?Úb³?´cµ:¶@·8³8µ:¶;º3¾TÝ3ÇFÃ�´�² ½F½ Ã,Ç ½�»�à Æ3¶ ½ Ý3ÇFÃ,±3Ä;²�ÙþÈf³ ½ Ç:³?¶ ½ ²�¸�¶;º� è ¯�� »
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3)453)476 8'9%:�;�<>=@?�=BA�C>=B<�DEDF9%:�CF<>?�?�=BA�<�GBH
IKJMLONBPRQSQ�T#UVLOPRW2JMXYT�Z[W2\�]'^B_a`�LOT	LONBT�bB\�W2cB_RT#]dWeZfQ�T#_RT#UVLOPRJBg)LONBT�W2bhLOPR]i^B]jbB\�W�U#T#Q�Q�W2\	`eUVLOPlke`�LOPRW2J
W2\�mBT#\�`eQ)`n]o`�LONBT#]o`�LOPlUp`e_qbB\�W2g2\O`e]r]rPlJBg'bB\�W2cB_RT#]ts
u�TVL�^BQ�mBT#JBWeLOTMcwvx`ncBPRJf`e\7vyk�`e\�Pa`ecB_RT

xij z Z[W2\ i, j = 1, . . . ,m z LONBT{W2\�mBT#\)WeZ	`eUVLOPlke`�LOPRJBgLONBT{bB\�W�U#T#Q�Q�W2\�Q#s
xij = 1

mBT#JBWeLOT#Q)LONf`�L
Pj

PRQ)`eUVLOPlke`�LOT#mtW2J
i | LONxb}W2Q�PlLOPRW2JxPlJxLONBT{Q�T#~�^BT#JBUpTes� LONBT#\7X)PRQ�T

xij = 0
s>�-NBT
bB\�W2cB_RT#]�WeZ�W2bhLOPR]r`e_}`eUVLOPlk�`�LOPRW2JoWeZ�LONBT
bB\�W�U#T#Q�Q�W2\�Q)`eJBmymBPRQ7LO\�PRcB^ |LOPRW2J�WeZ�LONBT/_RWw`emxUp`eJtc�T/Z[W2\�]i^B_a`�LOT#mx`eQ�`i]rP��hT#mxJBW2JB_RPRJBTp`e\�bB\�W2g2\O`e]r]rPlJBgibB\�W2cB_RT#]t�

���t�r�
]rPRJBPR]nPl�#T

CmaxQ�^Bc��7T#UVL�LOWB�

α0A0V ≤ Cmax � 0 sl� 1w�
i

∑

k=1

m
∑

j=1

xkj(αjV Cj + Sj) +
m

∑

j=1

xijαjV Aj ≥ Cmax
Z[W2\

i = 1, . . . ,m � 0 sl��� �
m

∑

i=1

xij ≤ 1
Z[W2\

j = 1, . . . ,m � 0 s��e� �
m

∑

j=1

xij ≤ 1
Z[W2\

i = 1, . . . ,m � 0 s���� �

xij ∈ {0, 1}
Z[W2\

i, j = 1, . . . ,m � 0 s��2� �

α0 +
m

∑

j=1

m
∑

i=1

xijαj = 1 � 0 s�� 0w�

Bj ≥ αjV ≥ 0
Z[W2\

j = 0, . . . ,m � 0 s���� �
�-NBTt`ec�W�k2Tt�*����Z[W2\�]'^B_a`�L�PRWeJ,PRQi`"]rP��hT#m bB\�W2cB_RT#]¡c�T#Up`e^BQ�TxXYT�Nf`pkwT�c}WeLON cBPRJf`e\7v

ke`e\�Pa`ecB_RTVQ
xij z `eJBm¢U#W2JwLOPRJ�^BW2^BQ{ke`e\�Pa`ecB_RT#Q αi, Cmax

s��*���£PRQMJBW2JB_RPlJBTp`e\{c�T#Up`e^BQ�ToPRJ¤U#W2J |Q7LO\O`ePRJwLOQ � 0 sl��� � z � 0 s�� 0w� XYTiNf`pkwT']i^B_lLOPlbB_lPRU#`�LOPRWeJ�W�Z�LONBT¥ke`e\�Pa`ecB_RT#Q#s{¦>~�^f`�LOPRW2JBQ � 0 sl� 1w� `eJBm
� 0 sl��� � mBT#]o`eJBmiLONf`�L�`e_R_�bB\�W�U#TVQOQ�W2\�Q	§fJBPRQ�NnU#W2]rbB^hLOPRJBg
c�TVZ[W2\�T Cmax

s�IKJiPRJBT#~�^f`e_RPlLOPRT#Q � 0 sl��� �LOT#\�] ∑i
k=1

∑m
j=1 xkj(αjV Cj +Sj)

PRQ�LONBTYLOPR]rT�WeZ�QOTVJBmBPRJBg
LONBT-_RWw`emMLOW
LONBT�bB\�W�U#T#Q�Q�W2\�`eUVLOP |ke`�LOT#my`eQ
i| LONrPRJnLONBT�Q�T#~�^BT#JBUpT z `eJBm ∑m

j=1 xijAjαjV
PRQ>LONBT�U#W2]rbB^hL¨`�LOPRW2JiLOPR]rT)WeZqLONBT

i| LON



©	ª�«
¬�­�®�¯�°�±�²�³�²�­�®�´�² µ"¶#­�ª�²�¶%·'¸)¹�®�´*®�´,º-¯�³�¹�®/»	®�¹ ¼2½

¾B¿�À�Á#Â#Ã�Ã�À2¿{ÄRÅ�ÆOÇBÂiÃOÂVÈ�ÉBÂ#ÅfÁ#ÂeÊoËYÀ2ÅBÃ7ÆO¿OÌeÄRÅwÆOÃrÍ ¼ Ê�ÎeÏwÐÒÑVÍ ¼ Ê�Î2Î2Ð)Ó2ÉfÌe¿OÌeÅwÆ¨ÂVÂiÆOÇfÌ�Æ
ÆOÇBÂnÃ�Â#È�ÉBÂ#ÅBÁ#ÂrÀeÔ
ÌeÁVÆOÄlÕeÌ�ÆOÄRÅBÓ
ÆOÇBÂ)¾B¿�À�Á#Â#Ã�Ã�À2¿�ÃYÄRÃ>Á#À2¿�¿�Â#ÁVÆpÖ	ÂpÌeÁ¨Çy×�Ø¢ÄRÃ�ÌeÁVÆOÄlÕ�Ì�ÆOÂ#ÙoÌ�Æ�ÚrÀ2Ã7Æ�À2ÅBÁ#Â�ÛwÜ*Í ¼ Ê�ÎeÏwÐÞÝwÂpÌeÁ¨Ç
¾}À2Ã�ÄlÆOÄRÀ2ÅßÄRÅ"ÆOÇBÂoÌeÁVÆOÄlÕeÌ�ÆOÄRÀ2ÅßÃ�Â#È�ÉBÂ#ÅBÁ#ÂyÄRÃ{À�Á#Á#ÉB¾BÄRÂVÙ,ÛwÜ¤Ì�ÆMÚrÀ2Ã7ÆMÀ2ÅBÂr¾B¿�À�Á#Â#Ã�Ã�À2¿MÛ�ÜàÍ ¼ Ê�Î�á�ÐÞÊ
â ÉBÂtÆOÀßãYÂpÌeä Ô[Àe¿OÚåÀeÔ�ÆOÇBÂtÄRÅBÂ#È�ÉfÌeæRÄlÆOÄlÂ#ÃiÃ�À2ÚrÂt¾B¿�À�Á#Â#Ã�Ã�À2¿�ÃyÚoÌpÜ ¿�Â#ÚoÌeÄRÅ ÄRÙBæRÂeÊàØ>È�ÉfÌ�ÆOÄRÀ2Å
Í ¼ Ê�Î ¼ Ð�Ó2ÉfÌe¿OÌeÅ�ÆOÂ#Â#Ã)¾B¿�À�Á#Â#Ã�Ã�ÄRÅBÓrÀeÔSÆOÇBÂ
ã)ÇBÀ2æRÂ/æRÀwÌeÙ�Ê�ç
ÛBÃ�Â#¿7Õ2Â{ÆOÇfÌ�Æ)Ã�À2ÚrÂ/ÚoÌeÁ¨ÇBÄRÅBÂ#Ã-ÚoÌpÜyÛ�Â
ÚrÄRÃ�Ã�ÄRÅBÓnÄRÅtÆOÇBÂ¥ÌeÁVÆOÄlÕeÌ�ÆOÄRÀ2ÅxÃ�Â#È�ÉBÂ#ÅBÁ#Â2Ý�ÌeÅBÙ xij = 0 Ô[À2¿ i, j = 1, . . . ,m ÄRÃ�ÌnÕ�ÌeæRÄRÙtÃ�À2æRÉhÆOÄRÀ2ÅÔ[À2¿'Á#À2ÅBÃ7ÆO¿OÌeÄRÅwÆOÃxÍ ¼ Ê�ÎeÏwÐÒÑVÍ ¼ Ê�Î2Î2ÐÞÊ*è�ÂVÆpÝ�ÄlÆ¥ãYÀ2ÉBæRÙ ÅBÀeÆiÛ}ÂxÌ*ÕeÌeælÄRÙ,Ã�À2æRÉhÆOÄRÀ2Å¢ÆOÀ"À2ÉB¿'¾B¿�À2ÛBæRÂ#Ú
Û}Â#ÁpÌeÉBÃ�ÂyÌe¾B¾B¿�À2¾B¿�ÄaÌ�ÆOÂiÁ#À2ÚrÚiÉBÅBÄRÁ#Ì�ÆOÄRÀ2Å�ÆOÄRÚrÂ'ã�À2ÉBæRÙ¤ÅBÀeÆ¥Ìe¾B¾}ÂpÌe¿MÄRÅßÂ#È�ÉfÌ�ÆOÄRÀ2ÅBÃyÍ ¼ Êlá ½ ÐÞÊoéKÅ
À2¿�ÙBÂ#¿�ÆOÀi¾B¿�ÂVÕwÂVÅ�Æ�Ã�ÉBÁ¨Ç*ÌiÃ�ÄlÆOÉfÌ�ÆOÄRÀeÅyÆOÂ#¿�Ú ∑m

i=1 xijαj
ÄRÅ�Â#È�ÉfÌ�ÆOÄRÀ2Å¢Í ¼ Ê�Î ¼ Ð�Ó2ÉfÌ�¿¨Ì�Å�ÆOÂ#Â#Ã�ÆOÇfÌ�Æ

À2ÅBælÜxÆOÇBÂ'Á¨Ç�ÉBÅBä�Ã/Ã�Â#Å�Æ
ÆOÀoÆOÇBÂ'¾B¿�À�Á#Â#Ã�Ã�À2¿�ÃrÍ[ÄêÊ ÂeÊ�ã)ÄlÆOÇ xij = 1 Ð�Ìe¿�Â¥Á#À2ÉBÅ�ÆOÂ#ÙßÌeÃ�¿�ÂpÌeæRælÜx¾B¿OÀ�ÑÁ#Â#Ã�Ã�Â#Ù�ÊëØ>È�ÉfÌ�ÆOÄRÀ2ÅBÃ�Í ¼ Ê�Î�ì�ÐÞÝ�Ó2ÉfÌe¿OÌeÅwÆOÂ#ÂxÆOÇfÌ�ÆrÆOÇBÂtæRÀwÌeÙ ÁpÌeÅàÛ}ÂxÔ[ÂpÌeÃ�ÄRÛBælÜ ÌeÃ�Ã�ÄRÓ2ÅBÂ#Ù@ÆOÀ¤ÆOÇBÂ
¾B¿�À�Á#Â#Ã�Ã�À2¿�Ã#ÊYí�ÂVÆ�ÉBÃ�Ìe¾B¾BælÜoÆOÇBÂMÌeÛ}À�Õ2Â/Ô[À2¿�Ú'ÉBæaÌ�ÆOÄlÀ2ÅyÆOÀnÃ�À2ælÕ2ÂMØ�îBÌeÚr¾BæRÂ ¼ Ô[¿�À2Úðï ñ ¼�ò Ê
ó�ô�õfö¢÷�ø[ù Ê�ú¢ÂyÇfÌpÕwÂoÆOÇBÂ�ÃOÌeÚrÂyÙfÌ�Æ¨Ì�ÌeÃ'ÄRÅ,ÆOÇBÂy¾B¿�ÂVÕ�ÄRÀ2ÉBÃ'ÂÞîBÌeÚr¾BæRÂeÖ m = 4, V = 100 Ý
A0 = 1, A1 = 5, A2 = 4, A3 = 3, A4 = 2 Ý B0 = 10, B1 = 20, B2 = 45, B3 = 15, B4 =

30 Ý C1 = 4, C2 = 3, C3 = 2, C4 = 1 Ý Si = 0 ÝhÔ[À2¿ i = 1, . . . , 4 Êû�ü Ø�îhÁ#Â#æ�Õ2Â#¿#Ê�ý�Ê ÏnÚoÌeÅfÌeÓ2Â#Ù�ÆOÀnÀ2ÛhÆ¨ÌeÄRÅ�ÆOÇBÂ/Ô[À2æRælÀ�ã)ÄlÅBÓiÃ�À2æRÉhÆOÄRÀeÅ�ÆOÀ û*þ ×-Ö
¾B¿�À�Á#Â#Ã�Ã�À2¿ Bi αi

Á#À2ÚrÚ'ÉBÅBÄRÁpÌ�ÆOÄlÀ2Å Á#À2Úr¾BÉhÆ¨Ì�ÆOÄRÀ2Å
À2¿�ÙBÂ#¿ Á#À2Úr¾BæRÂVÆOÄRÀ2Å Á#À2Úr¾BæRÂVÆOÄRÀ2Å
P0

á�Ï á�Ï Ï á�Ï
P2

ì�ñ ¼ ñ�Ê�Î ½ ìBá á�Ïwñ�Ê ÿ2ÿwÎ�ì Î�ì�ý�Ê Ïwñeÿ2ÿ
P4

¼ Ï ¼ Ï á ¼ ñ�Ê ÿ2ÿwÎ�ì á ½ ñ�Ê ÿ2ÿwÎ�ì
P1

ÎeÏ á�Î�Ê ¼ ñ2Î ½ á�ÿwñ�Ê�Î ½ ìBá Î�ì�ý�Ê Ïwñeÿ2ÿ
P3

á�ñ á�Î�Ê ¼ ñ2Î ½ Î�á�Ï Î�ì�ý�Ê Ïwñeÿ2ÿ
� ÇBÂ�Ã�Â#È�ÉBÂ#ÅBÁ#Â�ÀeÔhÌeÁVÆOÄlÕeÌ�ÆOÄRÅBÓYÆOÇBÂ>¾B¿�À�Á#Â#Ã�Ã�À2¿�Ã#ÝeÌeÁ#Á#À2¿�ÙBÄRÅBÓ�ÆOÀ-ÆOÇBÂ>Ã�À2ælÕ2Â#¿�ãYÂ�ÉBÃ�Â#Ù�Ý�ÄRÃ P2, P4, P1, P3

Ê
ü Á¨ÇBÂ#ÙBÉBæRÂMæRÂ#ÅBÓeÆOÇxÄRÃ Cmax = 247.0588 ÝfÌeÅBÙtÄlÆ)ÄRÃ-Û�ÂVÆ�ÆOÂ#¿)ÆOÇfÌeÅ�ÆOÇBÂ{À2ÅBÂ/Ô[À2ÉBÅBÙtÄRÅßï ñ ¼�ò Ê � ÇBÂ¿�ÂpÌeÃ�À2ÅBÃ�Ô[À2¿>ÆOÇBÄRÃ�ãYÂ#¿�Â�Ó2Ä�ÕwÂ#ÅrÂpÌe¿�æRÄRÂ#¿#ÖSé�� ü Ã7ÆO¿OÌ�ÆOÂ#ÓeÜn¾B¿�À2¾}À2Ã�Â#ÙoÄRÅ*ï ñ ¼�ò ÄRÃ�ÌMÇBÂ#ÉB¿�ÄRÃ7ÆOÄRÁeÝ�ÅBÀeÆYÌeÅ
À2¾hÆOÄRÚrÄ��pÌ�ÆOÄlÀ2ÅxÌeæRÓ2À2¿�ÄlÆ�ÇBÚtÊ��BÀ2¿-ÆOÇBÂ{ÃOÌeÚrÂ{ÄRÅBÃ7Æ¨ÌeÅBÁ#Â/ã)ÄlÆOÇ V = 50 Í5ÌeæRÃ�ÀnÁ#À2ÅBÃ�ÄRÙBÂ#¿�Â#Ù*ÄRÅ¤ï ñ ¼�ò ÐÆOÇBÂ/Ô[À2æRæRÀ�ã)ÄlÅBÓiÃ�À2æRÉhÆOÄRÀ2Åyã�ÌeÃ)À2ÛhÆ¨ÌeÄRÅBÂ#Ù�Ô[À2¿ û*þ ×-Ö
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24365�7#8#96965:3 Bi αi
7#5:;<;&=4>4?@7BADCE?@5F> 7#5:;<24=GCHADCE?@5:>

5:36I48#3 7#5:;<24J@8KCE?@5:> 7#5:;L24J@8KCE?@5:>
P0 M 0 M 0 0 M 0
P4 N 0 OD/4PQO:R:R OD/4PQO:R:R R:O�P S N O
P3 MUT V PQR M:M / N P W V:V R:O�P S N O
P2

/ T /4P M W1O T WGP M S T R:O�P S N O
P1

OF0 M P S T 0 W N P T SF/ R:O�P S N O
X,Y =49#Z[C Y 8\968#]^=48#>47B8\_`5:=4>4Ia?@9 P4, P3, P2, P1

ZbAF>4I Cmax = 72.832
P
2

X,Y 8�7#5:;<24=GCHADCE?@5:>[AFJ47#5:;<24J@8dcG?�Cfeg5F_hC Y 8�i:8#>48#3EAFJb24=4362j5:968�;<?kcG8#Il>45:>4J@?@>48BAF3m965:J�n:8#369oAF2�p
24J@?@8#IqCE5sr)t�uv?@9 Y ?@i Y P X,Y 8#968&7#5�I48#9
AF368w7BAF2[AFx4J@8y5F_m965:J�n�?@>4i Y AF36I�7#5:;<24=GCHADCE?@5:>[AFJz24365:x�p
J@8#;<9w96=47 Y AF9wCE3EA{n:8#J@?@>4i�9EAFJ@8#96;lAD>|24365:x4J@8#;aZ	]^=[AFI43EADCE?@7sAF9696?@i:>4;<8#>1Cg24365:x4J@8#;aZmAF>4I|8Kn18#>
;<5:368
?@>1n15:J�n:8#Is5:>48#9 P�} C Y AF9,xj8#8#>a9 Y 5{~(>a?@>a��8#7KCE?@5:> N P M C Y ADC,C Y 8.24365:x4J@8#;�5F_�967 Y 8#I4=4J@?@>4iI4?�n�?@96?@x4J@8
J@51AFI49,?@>aAL9�CHAF3(>48KCf~�5:36��~(?�C Y J@?@;L?kCE8#Iq24365^7#8#96965:3�;L8#;<5:3�e�x4=G�h8#369�AF>4Ia7#5:;<;g=�p
>4?@7BADCE?@5:>s9�CHAF3�CE=42qCE?@;<8#9,?@9��a�.p Y AF36I Pm� 7#7#5:36I4?@>4igCE5LC Y 8\7#=436368#>1C�9�CHADCE8\5F_	�^>45{~(J@8#I4i:8<� /10D�
5:>4J�e)AFJ@i:5:36?�C Y ;L9�~(?�C Y 7#5:;<24=GCHADCE?@5:>[AFJ�7#5:;<24J@8dcG?�C�eai:365{~(?@>4i�8dcG2j5:>48#>1CE?�AFJ@J�eq~(?�C Y C Y 8g96?@�#8
5F_�C Y 8.24365:x4J@8#;�AF368.�^>45{~(>q_`5:3�C Y ?@9o�^?@>4Iq5F_�24365:x4J@8#;<9 P X,Y =49#Z4C Y 8.7#5�I48#9,�[>4I4?@>4ig5:2GCE?@;lAFJ
965:J@=GCE?@5:>49�5F_hr�t�u Y A{n:8oC Y 8�~�5:369�C�pf7BAF968,8dcG8#7#=GCE?@5:>gCE?@;<8�i:365{~(?@>4i
8dcG2b5:>48#>^CE?�AFJ@J�eFZ:8 P i P ~(?�C Y
C Y 8o>^=4;gxb8#3	5F_bx4?@>[AF3�eynDAF36?�AFx4J@8#9 xij

P�� 9m8dcG2b5:>48#>^CE?�AFJ�_`=4>47KCE?@5:>49�?@>47#368BAF968,8dcG24J@5F9E?kn18#J�e\~(?�C Y
C Y 8&nDAFJ@=48g5F_�C Y 8LAF36i:=4;<8#>1CBZz8dcG2j5:>48#>1CE?�AFJkp�CE?@;L8&AFJ@i:5:36?kC Y ;<9
AF368&?@>"243EAF7KCE?@7#8&368#9�CE36?@7KCE8#I"CE5
96;lAFJ@Jj?@>49�CHAF>47#8#9(5F_�C Y 8.965:J�n:8#Iq24365:x4J@8#; P X,Y ?@9,J@8BABn:8#9,962[AF7#8._`5:3 Y 8#=436?@9�CE?@7
;<8KC Y 5�I49�~ Y ?@7 Y
�[>4Iai:5�5^Iq965:J@=GCE?@5:>�_�AF9�CBZbAF>4IqC Y ?@9,?@9oC Y 8yAFIGnDAF>^CHAFi:8.5F_ }�� �s9�CE3EADCE8#iFeq24365:2b5:968#Ia?@>�� T N ��P

�(���(��� ���4�����4������ ���¡�¢��� £��¤�¥�¡m�4¦�§G�
¨
© 8KC,=49,>45FCE8�C Y ADCo_`5:3��GcG8#Iq968#]^=48#>[7#8\5F_�24365^7#8#96965:369�AF7KCE?�nFADCE?@5:>sr)t�uª24365:x4J@8#;«368#I4=47#8K9,CE5
© u¬24365:x4J@8#;­I48K�[>48#I"?@>)968#7KCE?@5:> N PQO�P M P X,Y 8#368K_`5:368&?�C�7#AF>�xj8wI48#I4=47#8#I"C Y ADC�C Y 8wI4?�®<7#=4J�Cfe
5F_m5:=43�24365:x4J�8#;¯7#5:>496?@9�CE9�?@>)I48KCE8#36;<?@>4?@>4iLC Y 8w968KC
5F_m24365�7#8#96965:369�CE5lxj8&AF7KCE?�nFAUCH8KI"AF>4I)C Y 8
968#]^=48#>47#8�5F_
C Y 8"AF7KCE?�nDADCE?@5:> Pv� >¬8dc4AF7KCs5:2GCE?@;<?��BADCE?�5:>°AFJ@i:5:36?kC Y ;±7BAF>�xj8)x[AF968#I¬5:>¬AF>
8#>^=4;<8#3EADCE?@5:>q5F_	AFJ@Jh96=47 Y 968KCE9�AF>4Ia968#]^=48#>47#8#9 P
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Ç,È4ÉwÊ<ÉKËEÈ4Ì�Í)ÌFÎmÍ4Ï�Ð�Ï@Í4Ï@Ñ4ÒgËEÈ4ÉyÓ6ÉKË
ÌFÎ�ÔFÕ@Õ�Ö4×6Ì�Ø#É#Ó6Ó6Ì:×
ÔFØKËEÏ�ÐFÔDËEÏ@Ì:ÑqÓ6É#Ù^Ú4É#Ñ4ØBÉ#Ó.Ï@Ñ1ËEÌ<Ó6Ú4Û4Ó6ÉKËEÓ
ËEÈ[ÔDËgÔF×6ÉlÉdÜGÈ[ÔFÚ4Ó�ËEÏ�Ð:É#Õ�ÝÞÓ6ÉBÔF×6ØHÈ4É#ÍªÔFÑ4ÍbßUÌ:×wÉ#Õ@Ï@Ê<Ï�Ñ[ÔDËEÉ#Í�Ø#Ì:Ñ4Ó�ËEÏ�ËEÚGËEÉ#ÓwËEÈ4É"à#á6âFãhäHå�æçã�è<Ó6ØHÈ4É#Ê<É
ÌFÎ�ÔlÛ4×EÔFÑ4ØHÈ�é�ÔFÑ4Í�éfÛjÌ:Ú4Ñ4Í ê�ëoì\ë,í�ÔFÕ@Ò:Ì:×6ÏkËEÈ4Êaî,ïðÛ4×EÔFÑ4ØHÈ�é�ÔFÑ4Í�éfÛbÌ:Ú4Ñ4Í�ÔFÕ@Ò:Ì:×6ÏkËEÈ4Ê�Ï@Ê<Ö4Õ@Ï�Ø#ÏkËEÕkÝ
Û4Ú4Ï@Õ@Í4Ó�Ô
ËE×6É#É(ñ(Ï�ËEÈ<ÔFÕ@Õ4ÖbÌ:Ó6Ó6Ï@Û4Õ@É,Ó6Ì:Õ@ÚGËEÏ@Ì:Ñ4Ó#î�òfÑ<Ì:Ú4×�ëoì\ëªÔFÕ@ÒFÌ:×6Ï�ËEÈ4ÊóÑ4ÌyÍ4É#Ø#Ï@Ó6Ï@Ì:ÑLÏ@Ó	ËHÔFôFÉ#ÑlÏ@Ñ
ËEÈ4É�×6Ì^ÌFË�ÌFÎzËEÈ4É�ËE×6É#ÉFõGÔFÑ4ÍlËEÈ4É�Ó6ÉKËoÌFÎ�Ö4×6Ì�Ø#É#Ó6Ó6Ì:×6Ó�ËEÌwÛbÉ
ÔFØKËEÏ�ÐFÔDËEÉ#ÍlÏ@Ó�É#Ê<ÖGËfÝ:î	Ç,È4É�ö[×6Ó�Ë�Õ@ÉKÐ1É#Õ
ÌFÎ�ËEÈ4É&ËE×6É#ÉLØ#Ì:Ñ4Ó6Ï@Ó�ËEÓ\ÌFÎ�Ó6Ì:Õ@ÚGËEÏ@Ì:Ñ4Ó
ñ(ÏkËHÈ"Ì:Ñ4Õ�Ý�Ì:Ñ4ÉgÖ4×6Ì�Ø#É#Ó6Ó6Ì:×#÷

(P1), (P2), . . . , (Pm)
îgø�ÔFØHÈ

Ö[ÔF×�ËEÏ�ÔFÕGÓ6Ì:Õ@ÚGËEÏ@Ì:Ñ
(Pi)

Ï@Ó�Ô\×6Ì^ÌFË�ÌFÎjËEÈ4É(Ó6Ú4ÛGËE×6É#É�Ø#Ì:Ê<Ö4×6Ï@Ó6Ï@Ñ4Ò
Ó6Ì:Õ@ÚGËEÏ@Ì:Ñ4ÓmÓ�ËHÔF×�ËEÏ@Ñ4Ò
ñ(Ï�ËEÈgËEÈ4É�ÔFØdé
ËEÏ�ÐFÔDËEÏ@Ì:ÑgÌFÎ

Pi
õ1Î`Ì:×

i = 1, . . . ,m
î	Ç,È4É�Ó6Ú4Û4Ó6ÉKËEÓoÌFÎhËEÈ4É�Ó6Ì:Õ@ÚGËEÏ@Ì:Ñ4Ó�×6É#Ö4×6É#Ó6É#Ñ1ËEÉ#ÍsÛ1ÝLËEÈ4É�Ñ4Ì^Í4É#Ó

ÌFÎ�ËEÈ4É�ö[×6Ó6Ë,Õ@ÉKÐ:É#ÕzÔF×6É
Í4Ï�Ð�Ï@Í4É#Í�ê`Û4×EÔFÑ4ØHÈ4É#ÍbíoÔDË,Õ@ÉKÐ:É#ÕjËfñoÌ4õ�ËEÌ&×6É#Ö4×6É#Ó6É#Ñ^Ë(Ó6Ì:Õ@ÚGËEÏ@Ì:Ñ4Ó�Ø#Ì:Ñ4Ó6Ï@Ó�ËEÏ@Ñ4Ò
ÌFÎ	Ë�ñ�Ì�Ö4×6Ì^Ø#É#Ó6Ó6Ì:×6Ó#î.ù�É#Ñ4Ø#ÉFõ

(Pi, Pj)
Î`Ì:×

j ∈ {1, . . . ,m} − {i}
ÔF×6ÉwÓ6Ú4Ø#Ø#É#Ó6ÓEÌ:×6Ó
ÌFÎ

(Pi)
Î`Ì:×

i = 1, . . . ,m
î�ïoË(ËEÈ4É.ËEÈ4Ï@×6ÍqÕ@ÉKÐ:É#Õ

(Pi, Pj, Pk)
Î`Ì:×

k ∈ {1, . . . ,m} − {i, j}
ÔF×6É\Ó6Ú4Ø#Ø#É#Ó6ÓEÌ:×6Ó

ÌFÎ
(Pi, Pj)

î	Ç,È^Ú4Ó#õ[ÔyÕ@ÉdÐ1É#Õ
r
Ó6Ì:Õ@ÚGËEÏ@Ì:Ñ

(Pi, . . . , Pk)
È[ÔFÓ�Ó6Ú4Ø#Ø#É#Ó6Ó6Ì:×6Ó

(Pi, . . . , Pk, Pl)
ÔDË�Õ@ÉKÐ1É#Õ

r + 1
Ì:ÛGËHÔFÏ@Ñ4É#Í+Û^Ý+Ô�Ø#Ì:Ñ4ØBÔDËEÉ#Ñ[ÔDËEÏ@Ì:Ñ+ÌFÎ

(Pi, . . . , Pk)
ñ(Ï�ËEÈ|Ö4×6Ì^Ø#É#Ó6Ó6Ì:×

Pl

ñ(È4Ï@ØHÈ È[ÔFÓ&Ñ4ÌFË
ÛjÉ#É#Ñ�ÔFØKËEÏ�ÐFÔDËEÉ#ÍaÏ@ÑaÓ6É#Ù^Ú4É#Ñ4ØBÉ

(Pi, . . . , Pk)
îoÇ,È4ÉwÍ4ÉKÖGËHÈ)ÌFÎ�ËEÈ4É\ËE×6É#ÉyÏ@Ó�ÔDË�Ê<Ì:Ó�Ë

m
ÛjÉ#ØBÔFÚ4Ó6É

Ñ4Ì�Ê<Ì:×6ÉyËEÈ[ÔFÑ
m
Ö4×6Ì^Ø#É#Ó6Ó6Ì:×6Ó.ØBÔFÑ"ÛjÉ&ÔFØKËEÏ�ÐFÔDËEÉ#Ízî
ú�ÌFËEÉFõhËEÈ[ÔDË
ÛbÌFËEÈ�ËEÈ4ÉwÕ@ÉBÔ{Ð:É#Ó
ÌFÎmËEÈ4ÉyËE×6É#É

ÔFÑ4Í�ËEÈ4É�Ï@Ñ^ËEÉ#×6Ñ[ÔFÕjÑ4Ì^Í4É#Ó(ÔF×6É�ÖjÌFËEÉ#Ñ1ËEÏ�ÔFÕjÓ6Ì:Õ@ÚGËEÏ@Ì:Ñ4Ó#î	Ç,È4É�ËE×6É#É
Ï@Ó�Ó6ÉBÔF×6ØdÈ4ÉKÍaÏ�ÑlËEÈ4É
Í4É#ÖGËEÈ�é�ö[×6Ó�Ë
Ì:×6Í4É#×#î
Ç,È4É.Ó6É#Ø#Ì:Ñ4ÍaÏ@Ê<ÖjÌF×6ËHÔDÑ^Ë�Ø#Ì:Ê<ÖjÌ:Ñ4É#Ñ1Ë,ÌFÎ�ëoì\ë¬ÔFÕ@Ò:Ì:×6ÏkËEÈ4ÊûÏ@Ó\àdüDý�ãjþFæçã�è�ñ(È4Ï@ØHÈqÔFÕ@Õ@Ì{ñ(Ó�Î`ÌF×

Ö4×6Ú4Ñ4Ï@Ñ4ÒLÓ6ÉBÔF×6ØdÈqËE×EÉKÉyÑ4Ì�Í4ÉKÓ�×6É#Ö4×6É#Ó6É#Ñ^ËEÏ@Ñ4Ò<Ó6Ú4Û4Ó6ÉKËEÓ�ÌFÎ�Ó6Ì:Õ@ÚGËEÏ@Ì:Ñ4Ó,Ø#É#×�ËHÔFÏ@Ñ4Õ�Ý�Ñ4ÌFË�ÛbÉKË6ËEÉ#×(ËEÈ[ÔFÑ
Ó6Ì:Ê<É,ô^Ñ4Ì{ñ(Ñ<Ó6Ì:Õ@ÚGËEÏ@Ì:Ñzî�ÿ[Ì:×	ÉBÔFØHÈ<Ñ4Ì^Í4É

a = (Pi, . . . , Pk)
ÌFÎbËEÈ4É(Ó6ÉBÔF×6ØHÈLËE×6É#É(Ô.Õ@Ì{ñ�É#×mÛbÌ:Ú4Ñ4Í

LB(a)
Ì:Ñ<ËEÈ4É(Ó6ØdÈ4É#Í4Ú4Õ@É�Õ@É#Ñ4ÒFËEÈ<ÌDÎ�ÔFÕ@ÕGËEÈ4É

a � Ó�Ó6Ú4Ø#Ø#É#Ó6ÓEÌ:×6Ó�Ï@Ó�ØBÔFÕ@Ø#Ú4Õ�ÔDËEÉ#Ízî�Ç,È4Ï@Ó�Õ@Ì{ñoÉ#×mÛjÌ:Ú4Ñ4ÍÏ@Ó�Ø#Ì:Ê<Ö[ÔF×6É#Í�ñ(Ï�ËEÈlËEÈ4É.Õ@É#Ñ4ÒFËEÈ
C
ÌFÎ�ËEÈ4É
ÛjÉ#Ó�Ë(ô^Ñ4Ì{ñ(ÑqÓ6Ì:Õ@ÚGËEÏ@Ì:Ñzî�ò�Î

C ≤ LB(a)
õ�ËEÈ4É#ÑsËEÈ4É#×6É

Ï@ÓoÑ4ÌgÈ4Ì:ÖjÉ�ËEÈ[ÔDË(ÔFÑ^ÝlÓ6Ú4Ø#Ø#É#Ó6ÓEÌ:×(ÌFÎ�Ñ4Ì^Í4É<ê`Ó6Ì:Õ@ÚGËEÏ@Ì:Ñbí
a
Ï@Ê<Ö4×6Ì{Ð1É#Ó�ËEÈ4É.ÛjÉ#Ó�Ë(ô^Ñ4Ì{ñ(ÑqÓ6Ì:Õ@ÚGËEÏ@Ì:Ñzî

Ç,È4É#×6ÉKÎ`Ì:×6ÉFõ^Ó6Ú4Ø#Ø#É#ÓEÓ6Ì:×6Ó�ÌFÎ
a
ÔF×6É,Ñ4ÌFË�Ø#Ì:Ñ4Ó6Ï@Í4É#×6É#ÍlÔFÑ1ÝgÊ<Ì:×6ÉFî���ÔFÕ@Ú4É

C
Ï@Ó	Ú4ÖjÍ[ÔDËEÉ#Í<ÉBÔFØHÈLËEÏ@Ê<É

Ô�ÛbÉKË6ËEÉ#×gÓ6Ì:Õ@ÚGËEÏ@Ì:ÑÞÏ@ÓwÎ`Ì:Ú4Ñ4Ízî"òfÑ4Ï�ËEÏ�ÔFÕ@ÕkÝ:õ�ËEÈ4É�Õ@ÌUñ�É#×wÛjÌ:Ú4Ñ4Í|Î`Ì:×wÑ4Ì�Í4É
a
ñoÔFÓgØBÔFÕ@Ø#Ú4Õ�ÔDËEÉ#Í|ÔFÓ

ËEÈ4ÉyÌ:ÖGËEÏ@Ê&Ú4Ê
Cmax

Ï@ÑsËHÈ4É\Õ@Ï@Ñ4ÉBÔF×,Ö4×6Ì:Ò:×EÔFÊ ê��Gî Æ í�éKê��Gî Å íoÔFÓ6Ó6Ú4Ê<Ï@Ñ4Ò<Ô<Ö4×6Ì^Ø#É#Ó6Ó6Ì:×
ÔFØKËEÏ�ÐFÔDËEÏ@Ì:Ñ
Ó6É#Ù^Ú4É#Ñ4Ø#É

(Pi, . . . , Pk, P
|Z|
id (Z))

õ:ñ(È4É#×6É
Z = P−{Pi, . . . , Pk}

Ï@Ó�ËEÈ4É,Ó6ÉKË�ÌDÎbËEÈ4É,Ö4×6Ì^Ø#É#Ó6Ó6Ì:×6Ó
Ñ4ÌFË(Ï@Ñ4Ø#Õ�Ú4Í4É#ÍqÏ@Ñ

a
õ[ÔFÑ4ÍqÓ�Ý�Ê&ÛjÌ:Õ

P
|Z|
id (Z)

Ó�ËdÔDÑ4Í4Ó,Î`Ì:×,ÔgÓ6É#Ù^Ú4É#Ñ4Ø#ÉyÌFÎ
|Z|
Ø#Ì:Ö4Ï@É#Ó,ÌFÎ	ÔFÑsÏ@Í4ÉBÔFÕ

Ö4×6Ì�Ø#É#Ó6Ó6Ì:×
Pid(Z)

î
Pid(Z)

È[ÔFÓ�ÔFÕ@Õ,ËEÈ4É)ÛjÉ#Ó�Ë�Ö[ÔF×EÔFÊ<ÉKËEÉ#×6Ó<ÌFÎ
ËHÈ4ÉaÖ4×6Ì�Ø#É#Ó6Ó6Ì:×6Ó�Ï@ÑªËEÈ4É)Ó6ÉKË
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Z 2	3	4"576"498 Pid(Z) :<;9=	>7?A@�6"4"=A=ABC57DE?F;HGFBC@ Aid = minPl∈Z{Al} 8I6"@KJLJ&M757BC6N;HGFBC@95POCBC57QSR(BTGF:
6"@KJLJ&M757BC6N;HGFBT@K5�?F;HGF4 Cid = minPl∈Z{Cl} 8H;957UV=WGX;9?WGFM7>VGFBCJL4 Sid = minPl∈Z{Sl} 8YJL4"JL@K?WZ[ M]\^4"?(=ABC_"4VBC= Bid = maxPl∈Z{Bl} 2` 5]ab@K?WGFM75<;HGF4"OTZK8(GF:74cOC@dRe4"? [ @KM757Uf6N;HOC6"M7Og;HGF4"UhBC5�GF:7BC=ERi;NZh:<;9=EGjRi@�U7BC=F;9U]kH;95lGm;HDK4"="2n BC?A=WGFOTZK8�R(:74"5+6"@KJLJoM757BC6N;HGFBT@K5cU74"Og;dZcBC= [ BCDPBTGpJS;NZc:<;9>7>I4"5qGF:<;HGrGF:74LR(:7@KOC4LkK@KOCM7JL4 V

@9a�GF:74&OC@l;9UP6N;95 [ 4p>7?A@�6"4"=A=A4"Uc@K5�@K57OTZP;Lab4sRt>7?A@�6"4"=A=A@K?A=�BC5)=A:7@K?WGF4"?
GFBCJL4.GF:<;95)GF:74rGFBCJL4
574"4"U74"UuGF@v;H6sGFBTk9;HGF4.;9OCO m >7?A@�6"4"=A=A@K?A="8w;957Ux@KM7?,OC@dRe4"? [ @9M757UuBC=i57@9G,6"@K?A?A4"6sGN2�ye@K57=ABCU74"?(;95
4mz7;9JL>7OC49{ V = 10 8 m = 20 8 Ai = 1, Ci = 0, Si = 1, Bi = 10 8�ab@K? i = 1, . . . ,m 2L|,:74
OC@l;9U)JS;NZ [ 4p>7?A@�6"4"=A=A4"U [ Z)M7=ABC57DE@K57OTZuab@KM7?
>7?A@16"4"=A=A@K?A=.BC5 C∗

max = 5 M7=ABC57DEU7BC=WGF?AB [ M]GFBC@K5
α1 = 4, α2 = 3, α3 = 2, α4 = 1 2&|,:74vGFBCJL4p574"4"U74"U}GF@P;96sGFBTk9;HGF4o;9OCO m = 20 >7?A@�6"4"=A=A@K?A=
BC= 20 > C∗

max 2�~	@9GF4uGF:<;HGLBTa�;9OCO m >7?A@16"4"=A=A@K?A=LRi4s?F4PM7=A4"U�GF:74"5�=A@KJL4u@9a
GF:74"J�Re@KM7OCU
?A4"6"4"BTkK4p57@SOC@l;9U+�bBC5PGF:74r4mz7;9JL>7OC4 αl = 0 8wab@K? l = 5, . . . ,m �m2,|,:�M7="8IGF:74r=A@KOCM]GFBC@K57=(@9a�GF:74
OCBC574N;9?p>7?A@KDK?F;9J����]2T�Y���s���]2 0 �.ab@K?o=A4"�1M74"576"4 (Pi, . . . , Pk, P

|Z|
id (Z)) R(BTGF: αl = 0 8�ab@K?&=A@KJL4

l 8
BC57U7BC6N;HGF4)GF:<;HGxGF:74!=A4"�1M74"576N4}BC=EGF@�@�OC@K57D78
;957UhGF:74!OC@YRe4"? [ @KM757UfBC=xBC5<;96"6sM7?X;YGX4H2��j5
@9GF:74"?vRe@K?AU7="8,=A@KJL4P>7?A@16"4"=A=A@K? Pl BC5lGX?A@1U7M76"4"=E;c6"@KJLJ&M757BC6N;HGFBC@95�U74"Og;dZ�6"@K5lGF?AB [ M]GFBC57D!GF@
GF:74x=A6m:74"U7M7OC4uOC4"57D9GF:�8 [ M]GvU7@�4"=o57@9Gv6"@KJL>7M]GF492+|,:74"?A4sab@K?A498 Pl 6N;95 [ 4u4"OCBCJLBT5<;HGF4"Uqab?A@KJ
GF:74v;96sGFBTk9;HGFBC@K5�=A4"�1M74"576"4vR(BTGF:7@KM]G.BC576"?A4N;9=ABC57DEGF:74o=A6X:74"U7M7OC4vOC4"57D9GF:�2V�q4o6N;95757@9GV?A4"JL@dkl498
:7@dRi4skK4"?"8<GF:74V?A4N;9O�>7?A@�6"4"=A=A@K?A=(ab?A@KJ�=A4"�1M74"5<6"4 a 2�|,:74V=A4"6"@K57U)U7BC=F;9U]k9;95lGX;9DK4V@9a�GF:74r; [ @dkK4
JL4sGF:7@�U�;9>7>I4N;9?A=vR(:74"5�GF:74uBCU74N;9O,>7?A@16"4"=A=A@K?SBC=o=AM7>I4"?ABC@K?oGF@!GF:74P?A4N;9O,>7?A@�6"4"=A=A@K?A=LBC5�GF:74
=A4"�1M74"576"4 a 2p|,:74"5�8�GF:74o?A4N;9O�>7?A@16"4"=A=A@K?A=VJS;dZK8�;9Dl;9BC5�8^?A4"6"4"BTkK4o57@uOC@l;9U�2r�e@9GF:!=ABTGFM<;HGFBC@K57="8
6N;95 [ 4�U74N;9OTGeR(BTGF: [ ZSU74"6"?A4N;9=ABC57D&GF:74�51M7J [ 4"?e@9a�BCU74N;9OI>7?A@�6"4"=A=A@K?A=,M751GFBCOI;9OCOI>7?A@�6"4"=A=A@K?A=,BC5
GF:74�=A4"�1M74"576N4i?A4"6"4"BTkK4e=A@KJL4�OT@l;9U�2 n @K?�GF:74e; [ @dkK4e?A4N;9=A@K57=�GF:74�>7?A@�6"4"U7M7?A4e@9a76N;9OC6"M7Og;HGFBC57D,GF:74
OC@dRi4s? [ @KM757Uv:<;9= [ 4"4"5L4mz�GF4"57U74"U [ ZoBTGF4"?F;HGFBTkK4iU74"6"?A4N;9=ABC57DVGF:74,51M7J [ 4"?�@9a^BCU74N;9O7>7?A@16"4"=A=A@K?A=
M75lGFBCO�;9OCO�>7?A@16"4"=A=A@K?A=
?A4"6"4"BTkK4V=A@KJL4VOC@l;9U�2
�(���(��� �����	�7�$�l�]�$�����$�� ��7���]¡�¢£�

|,:74e>7?A@ [ OC4"Jt@9a7@K>]GFBCJS;9Ol=A6X:74"U7M7OCBC57D
U7BTk�BC=AB [ OC4�OC@l;9UrBC5&;	:74sGF4"?A@KDK4"574"@KM7=�=WGX;9?�R(BTGF:p6"@KJLJoM��
57BC6N;HGFBC@K5E=WGX;9?WGFM7>xGFBCJL4"=,;957UuOCBCJvB¤GF4"UEJL4"JL@K?WZS=ABC_"4"=(BC=i6"@KJL>7M]GX;HGFBC@K5<;9OTO¤ZL:<;9?AU�2�|,:74V4mz7;96sG
@K>]GFBCJLBT_N;HGFBT@K5};9OCDK@K?AB¤GF:7J¥>7?A4"=A4"51GF4"U+BC5cGF:74L>7?A4sk�BC@KM7=r=A4"6sGFBC@K5q:<;H=r4mz]>I@K574"5lGFBg;9O�4mz]4"6"M]GFBC@K5
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»F¼C½L¾&¼C¿l»�»FÀ7¾oÁeÂKÃAÄW»rÅNÆ9ÄA¾9ÇoÈ,À7¾"ÃA¾sÉbÂKÃA¾9Ê�¼T».¼CÄ.ÃA¾NÆ9ÄAÂK¿<Æ9Ë7ÌC¾&»FÂuÅ"ÂK¿7ÄA¼CÍ7¾"Ã.À7¾"Î7ÃA¼CÄW»F¼CÅvÆ9ÌCÏKÂKÃA¼¤»FÀ7½vÄ
Æ9Ä	Æ9ÌT»F¾"ÃA¿<ÆH»F¼TÐK¾.½L¾s»FÀ7Â�Í7Ä(Â9É�Ñ<¿7Í7¼C¿7ÏLÄAÂKÌCÎ]»F¼CÂK¿7Äe»FÂLÂKÎ7Ã(Ò7ÃAÂKË7ÌC¾"½PÇ�Ó	¾"Î7ÃA¼CÄW»F¼CÅ"Ä"ÊwÆ9ÃA¾VÌCÂdÁiÔjÂKÃAÍ7¾"Ã
ÒIÂKÌTÕ�¿7ÂK½L¼CÆ9Ì�»F¼C½L¾&Æ9ÌCÏ9ÂKÃA¼T»FÀ7½vÄ
Ò7ÃAÂdÐ�¼CÍ7¼C¿7ÏSÉb¾NÆ9ÄA¼CË7ÌC¾&ÄAÂKÌCÎ]»F¼CÂK¿7Ä"ÇVÓ	ÂYÁe¾sÐK¾"Ã"Ê�»FÀ7¾oÄAÂKÌCÎ]»F¼CÂK¿7Ä
Í7¾mÔ
ÃA¼TÐK¾"ÍPËlÕE»FÀ7¾"½ÖÆ9ÃA¾V¿7Â9»(ÏKÎ<Æ9ÃFÆ9¿1»F¾"¾"Íu»FÂvËI¾VÂKÒ]»F¼C½SÆHÌ×Ç

È,À7¾vÀ7¾"Î7ÃA¼CÄW»F¼CÅo½L¾s»FÀ7Â�Í7Ä�Ái¾vÄW»FÎ7Í7¼C¾"Í!»FÃWÕ�»FÂEÑ<¿7Íc»FÀ7¾vËI¾"ÄW»rÄA¾"Ø1Î7¾"¿7Å"¾SÂHÉeÒ7ÃAÂ�Å"¾"ÄAÄAÂKÃrÆ9ÅmÔ
»F¼TÐ9ÆH»F¼CÂK¿�Ê�Æ9¿7Íq»FÀ7¾SÄA¾s»oÂ9É,ÁeÂKÃAÙ1¼C¿7Ï)Ò7ÃAÂ�Å"¾"ÄAÄAÂKÃAÄ"Ç!È,À7¾SÑ<ÃAÄW»&ÄA¾s»oÂ9É,À7¾"Î7ÃA¼CÄW»F¼CÅ"Ä&Æ9Ås»F¼TÐ9ÆH»F¾"Ä&Æ9ÌCÌ
ÆNÐ9Æ9¼CÌgÆ9Ë7ÌT¾(Ò7ÃAÂ�Å"¾"ÄAÄAÂKÃAÄ,Æ9Å"Å"ÂKÃAÍ7¼C¿7Ïr»FÂ&ÆrÄA¼C¿7ÏKÌC¾(Ò7ÃAÂ�Å"¾"ÄAÄAÂKÃiÒ<Æ9ÃFÆ9½L¾s»F¾"Ã"Ç�È,À7¾"¿E»FÀ7¾
Í7¼CÄW»FÃA¼CË7Î]»F¼CÂK¿
Â9É]»FÀ7¾�ÌCÂlÆ9ÍEÚb¼×Ç ¾9Ç

αi Û ÄXÜ�¼CÄ�ÉbÂKÎ7¿7ÍpÎ7ÄA¼C¿7Ï(ÉbÂKÃA½&Î7ÌgÆH»F¼TÂK¿SÚ º ÇTÝYÜ�ÔsÚ º Ç ¹ ÜmÇ�È,À1Î7Ä"Ê9Áe¾�ÄW»XÎ7Í7¼T¾"ÍpÀ7¾"Î7ÃA¼CÄW»F¼CÅÞ Á(À7¼CÅmÀPÂKÃAÍ7¾"ÃA¾"ÍPÒ7ÃAÂ�Å"¾"ÄAÄAÂKÃAÄ�Æ9Å"Å"ÂKÃAÍ7¼C¿7Ïo»FÂv»FÀ7¾V¿7ÂK¿7Í7¾"Å"ÃA¾NÆ9ÄA¼C¿7ÏLÐHÆ9ÌCÎ7¾VÂ9É�Ò7ÃAÂ�Å"¾"ÄAÄA¼C¿7ÏSÃFÆH»F¾"Ä
Úb¼×Ç ¾9Ç

Ai Û ÄXÜmÇ�ß
¿<Æ9ÌCÂKÏKÂKÎ7ÄAÌTÕKÊ1À7¾"Î7ÃA¼CÄW»F¼CÅ"Äpà�Ê]Æ9¿7ÍPá&Ái¾"ÃA¾�Æ9¿<Æ9ÌTÕ�â"¾"Í�Ç�Ó	¾"Î7ÃA¼CÄW»F¼CÅ9Ê7ã�ÂKÃAÍ7¾"ÃA¾"ÍxÒ7ÃAÂHÔÅ"¾"ÄAÄAÂKÃAÄ�Æ9Å"Å"ÂKÃAÍ7¼C¿7Ï
»FÂ�¿7ÂK¿7¼C¿7Å"ÃA¾NÆ9ÄA¼C¿7Ï
ÐHÆ9ÌCÎ7¾iÂ9ÉwË7Î]ä^¾sÃ�ÄA¼Câ"¾"Ä
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²9¤Y±kº;£A¾�¥%¤~¶=¡7¿%¥ ¼ ­J¸ ½ °I´;¥�¬n²9¯7£;¹k¥�²J³À°I´;¥�¯7²n­ ½ §
«�¯7¯r¤=¥%¶=£;¯�°I¶�­J¤=¥�²9ºA°d­J¡7¸;¥ ½ ³i²9¤ ½ ­c°d­J¶=¥e°�¨9§
«�¶
¡�°+·p­J¸sº^¥�¶=¥%¥%¸,¡7¸s �¡7¢;§ ¦A§�¨zÁv°I´;¥%¤=¥�¡7¶/¸;²kº;¡7¢ ½ ¡�¾�¥%¤=¥%¸;·%¥�¡7¸q°I´;¥�»^¥%¤Y³i²9¤=¹u­J¸;·%¥�²J³`°I´;¥�´;¥%£;¤=¡7¶ µ
°I¡7·%¶~Â+´;¥%¸

A
¡7¶�·d´M­J¸;¢9¡7¸;¢;§�Ã�¸;¯�±k³i²9¤�¶=¹u­J¯7¯

A
·p­J¸h­J¸n± ½ ¡�¾�¥%¤=¥%¸;·%¥1º^¥1²9º;¶=¥%¤Y¬9¥ ½ §~ M²9¤~º;¡7¢

A
·%²9¹k»;£A°d­c°I¡7²9¸q°I¡7¹k¥ ½ ²9¹k¡7¸M­c°I¥%¶+¡7¸h°I´;¥�¶=·�´;¥ ½ £;¯7¥v¯7¥%¸;¢J°I´À§+Ä~´M­J¸;¢9¥%¶�¡7¸h°I´;¥v·e²9¹k¹U£;¸;¡7·p­c°I¡�²9¸
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Ø�ã%Ü�â%Þ�Ú�×�Ü�Ý�Ý�Ù�Ö%à[Ø�Ù�á6ÜRß¬ä�æ
â%Ù�Ü�×�Ü£è!î4Ù�Ý�Ü�ç�Ù�Ö%Ü§æ�Þ�×�Ú�Ö¬ð¬Ü��'Ô®Õ%Ö%×�Ø�Ù�Ú�Ö�Ú�Ô¨Ø�ã%Ü4ç�Ú¬æ�Û�Ý�Ù�í�Ü4Ú�Õ%Þ
á6Ü�Ø�ã%Ú�Û'×§æ�Ö6ß¨Ü4Õ%Ý�Ü�Û'Ø�Ú(Þ�Ü�â%Þ�Ü�Ý�Ü�Ö¬Ø
á6Ú�Þ�Ü@×�Ú�á6â%ç�Ü���� ú ì æ�â%â%ç�Ù�×§æ1Ø�Ù²Ú�Ö%Ý�ë

� Ü
î4Ù�ç�ç¨Ô®Ú�Þ�á�Õ%ç�æ1Ø�ÜmØ�ã%Ü@â%Þ�Ú�ß%ç�Ü�á Ú�ÔB×�Ú�Ö%Ý�Ø�Þ�Õ%×�Ø�Ù�Ö%à'Ú�â�Ø�Ù�á�Õ%á Û%Ù�Ý�Ø�Þ�Ù�ß%Õ�Ø�Ù�Ú�Ö[Ú�Ô.Ø�ã%Ü@Û%Ù²ð�Ù�Ýeè
Ù�ß%ç�Ü'ç�Ú¬æ�Û°×�Ú�á6â%Õ�Ø�æ1Ø�Ù�Ú�Ö%ÝRæ�Ý�æOç�Ù�Ö%Ü§æ1Þ(â%Þ�Ú�à�Þ�æ�áOë ú Ù�Ö%Ü§æ�Þ(â%Þ�Ú�à�Þ�æ�á6á6Ù²Ö%à%å.Ù�ÝRæOÝ�â¨Ü�×�Ù�æ�çs×§æ�Ý�Ü
Ú�ÔBá#æ1Ø�ã%Ü�á#æ1Ø�Ù�×§æ�çTâ%Þ�Ú�à�Þ�æ�á6á6Ù²Ö%à%ë��SØ�Ù�ÝHÕ%Ý�Ü�ÛXÔ®Ú�ÞHá6Ú�Û%Ü�ç�Ù²Ö%à�â%Þ�Ú�ß%ç�Ü�á6ÝHÙ�Ö:Ý�×�Ù�Ü�Ö%×�Ü(æ�Ö%ÛXÜ�Ö%à�Ù,è
Ö%Ü�Ü�Þ�Ù�Ö%à	� 
�Ò��_ë ú Ü�Ø´Õ%Ý|Û%Ü�Ö%Ú�Ø�Ü�ß¬ä

αi

Ø�ã%Ü�æ�á6Ú�Õ%Ö¬Ø|Ú�ÔUç�Ú¬æ�Û#æ�Ý�Ý�Ù�à�Ö%Ü�Û6Ø�Ú5â%Þ�Ú�×�Ü�Ý�Ý�Ú�Þ
Pi

å�æ�Ö%Û#ß¬ä
Cmax

Ø�ã%ÜR×�Ú�á6â%ç�Ü�Ø�Ù�Ú�Ö:Ø�Ù�á6Ü(Ú�Ô�â%Þ�Ú�×�Ü�Ý�Ý�Ù�Ö%à%ë�

Õ%Þmâ%Þ�Ú�ß%ç�Ü�áP×§æ�Ö�ßTÜRÔ®Ú�Þ�á�Õ%ç�æ1Ø�Ü�Û�æ�Ý�æ6ç�Ù�Ö%Ü�æ�Þ
â%Þ�Ú�à�Þ�æ�á��
���������
á6Ù�Ö%Ù�á'Ù²í�Ü

CmaxÝ�Õ%ß���Ü�×�ØmØ�Ú��
i

∑

j=1

(Sj + αjCjV ) + ti ≤ Cmax i = 1, . . . ,m ��� ë! �"

Al
i1 + αiA

l
i2V ≤ ti i = 1, . . . ,m ��� ë$#%"

Ah
i1 + αiA

h
i2V ≤ ti i = 1, . . . ,m ��� ë &'"

m
∑

i=1

αi = 1 ��� ë � "
αi ≥ 0 i = 1, . . . ,m

ì�ã%Ü4æ�ß¨Ú\ð�ÜHÔ®Ú�Þ�á�Õ%ç�æ1Ø�Ù²Ú�Ö5ã$æ�Ý
2m+1

ð�æ�Þ�Ù�æ�ß%ç�Ü�Ý�å�æ�Ö%Û
4m+1

×�Ú�Ö%Ý�Ø�Þ�æ�Ù�Ö¬Ø�Ý�ë�

Ö�Ø�ã%Ü�ç�Ü�Ô�Ø�èSã$æ�Ö%Û
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MONQP�RTSVU�NQW�R@XZY\[V]QN!^_N!R@MT`�a�b K�cCd S%efegY�W�N d [h^_N!S%W�^_NQefR ∑i
j=1(Sj + αjCjV ) Y�W'^_NQ]�[ d ^_N!iV[h^_NQW�j PiNQMk[VP�P�R@P6^_Sml�nOS d R@MOMONQW�jm^_NQefR ti

S%W Pi
bpo,R@W d RVqCNQW�R@XZY\[V]QN!^_N!R@M;`�a�b K�c j%Y\[Vn_[VW'^_R@R�^_r\[h^s[V]Q]

l�nOS d R@MOMOS%nOMgMt^_S%l d S%efl�YL^_NQW�j;uvREU�S%nORk^_r�R	R@W�P=SVUI^_r�R	M d r�R@P�Y�]QRhbxwyW�R@XZY\[V]QN!^_NQR@Ms`�a�b$z c q,`�a�b { c
^_S%j%RE^_r�R@n�efS�P�R@]|[=l�NQR d R�}�~CNQMOR�]QNQW�R�[Vnsl�nOS d R@MOMONQW�j�^_NQe�R;U�Y�W d ^_NQS%W�SVU�^_r�Rm[VMOMONQj%W�R@P�]QS'[VP�b
� u�MOR@nti%Rf^_r\[h^s`�a�b$z c q�`�a�b { c nOR@Mt^_nON d ^�l�nOS d R@MOMONQW�j�^_NQefR ti

U�nOS%e�u�R@]QS�~|q�u�YL^�P�S�W�SV^�u�NQW�PxN!^
U�nOS%eA[VuvS�i%RVb���YL� d NQR@W dE� SVU\^_r�R@MOR�^y~�S d S%W�Mt^_n_[VNQW'^_M�NQM�j%Y\[Vn_[VW'^_R@R@Pgu � ^_r�R�U�R�[h^_Y�nOR@M*SVU�]QNQW�R@[Vn
l�nOS%j%n_[VefefN!W�j�� � Jh� b*��M�^_r�RC]QNQW�R�[Vn�l�nOS%j%n_[Ve d S%W�Mt^_n_[VNQW'^_M�U�S%nOeTY�]�[h^_RC[ 2m+1 }yP�NQefR@W�MONQS%W\[V]d S%W'i'R���l�S%] � r�R@P�nOS%W�q�[VW�P=^_r�R�S%u��tR d ^_N!i%RsU�Y�W d ^_NQS%W=NQM�[?]QNQW�R�[Vn�U�Y�W d ^_NQS%W=SVU,^_r�Rsl�nOS%j%n_[Ve
iV[VnON�[Vu�]QREM?` Cmax

c qI^_r�R;S%lL^_NQeTY�e�MOS%]QYL^_NQSVW6NQM	[mlvS%NQW'^	NQW�[ 2m + 1}yP�NQefR@W�MONQS%W\[V]CMOl\[ d R
]QS d [h^_R@P;NQW?[VW?R���^_nOR@efR d S%nOW�R@nDSVU�^_r�RTlvS%] � r�R@P�nOS%W�b|�Ir�R d S%W�Mt^_n�[hNQWZ^_M.NQW'^_R@nOMOR d ^_NQW�j	NQW;^_r�R
S%lL^_NQeTY�e d S%nOW�R@n�SVU�^_r�Rkl�S%] � r�R@P�nOS%WH[VnORf]QNQefN�^_N!W�js^_r�RfS%lL^_NQegY�e�ih[V]QY�RfSVU�^_r�RfS%u��tR d ^_N!i'R
U�Y�W d ^_NQS%W�qL[VW�P	[VnOR d [h]Q]QR@P	[ d ^_N!i%RVb*w�U8S%W�R�ShU�^_r�R d S%W�Mt^_n_[VNQWZ^_M.`�a�b$z c q�`�a�b { c NQM�[ d ^_N!i%RCU�S%n:MOS%efR
i ^_r�R@W�N!^.NQM.M_[h^_NQMt�\R@P?~CN!^_r?R@XZY\[V]QN!^ � q�[VW�P ti

NQM.R���[ d ^_] � R@XZY\[h]*^_S	^_r�Rgl�NQR d R�}�~CNQMOR�U�Y�W d ^_NQS%W
R��Ll�nOR@MOMONQW�j�^_r�Rsl�nOS d R@MOMONQW�j?^_NQefRVb�w�U�W�S%W�RsSVUC^_r�R d S%W�Mt^_n_[VNQW'^_M�` aLb$z c q�`�a�b { c NQMg[ d ^_N!i%R	U�SVn
MOS%efR i q\[VW�PsuvSV^_r�[VnOR.M_[h^_NQMt�\R@Ps~CN!^_rsNQW�R@XZY\[V]!N!^ � qZ^_r�R@W�N!^�efR�[VW�M�^_r\[h^Il�nOS d R@MOMOS%n Pi

NQM�NQP�]QR
U�S%n.MOS%efR�^_NQefRg[hU¡^_R@n d S%efl�]QRE^_NQW�j d SVefl�YL^�[h^_NQS%W;l�r\[VMORVbg¢ � NQW�R@XZY\[V]QN!^ � `�a�b a c [V]Q]8^_r�Rg]QS'[VP
NQMIl�nOS d R@MOMOR@P�b

£ SV^_R,^_r\[h^�U�S%nOeTY�]�[h^_N!S%W;`�a�b K�c }E`�a�b a c�d [VW	u�RD[VY�j%efR@W'^_R@P	u � [VP�P�NQW�jT[ d S%W�Mt^_n_[VNQW'^�SVU�^_r�R
U�S%nOe αiV ≤ Bi

qv^_S	]QNQefN�^C^_r�R�^_SV^�[V]�efR@efS%n � Y�M_[Vj%RTS%W?MOS%efR�l�nOS d R@MOMOS%n Pi
b�¤�S%W�Mt^_n_[VNQW'^_M

[VW\[V]QS%j%S%Y�M¥^_S�`�a�b$z c qL`�a�b { c¥d [VW�uvR:[VP�P�R@P|^_SCnOR@l�nOR@MOR@W'^�[hP�P�N!^_NQS%W\[V]VefR@efS%n � r�NQR@n_[Vn d r � ]QREi%R@]QM@b
¦ S%n�^_r�RgU�R�[VMONQu�NQ]QN�^ � SVU:^_r�NQMDefR�^�r�SZP�N!^DNQMDW�R d R@MOM_[Vn � q�^_r\[h^D^_r�RgP�R@lvR@W�P�R@W d RkSVU�l�nOS d R@MOMONQW�j
^_NQefRDS%W�^_r�R|i%S%]QY�efR|SVU*]QS'[VP�uvR�[�l�NQR d R�}�~CNQMOR|]QNQW�R�[Vn d S%W'i'R���U�Y�W d ^_NQS%W�b:�Ir�R�MOr\[Vl�R�SVU�^_r�R
d S%W'i'R��xlvS%] � r�R@P�nOS%WH[VW�P�^_r�Rf]QS d [�^�N!S%W�SVU�^_r�RfS%lL^_NQeTY�e�R���^_nOR@efR d S%nOW�R@n�P�R@l�R@W�PHS%Wx^_r�R
WZY�efR@nON d [V]�ih[V]QY�R@M�SVU�^_r�R d SZRE� d NQR@WZ^_M�NQW d S%W�Mt^_n_[VNQW'^_M	`�a�b K�c }E`�a�b a c bs�Ir�R@nOREU�S%nORVq*W�S d ]QS%MOR@P�}
U�S%nOe�R��Ll�nOR@MOMONQS%W�SVU αi

MOR@R@efMDl�S%MOMONQu�]QRVb�¤�S%W�MOR@XZY�R@WZ^_] � q�j%R@W�R@n_[V]*[VW\[V] � ^_N d [V]8MOS%]QYL^_NQS%W�M.[VnOR
r\[VnOP�^_S�u�R|R��LlvR d ^_R@P�b

§ RE^	Y�M	Y�MOR;[VW6R���[Vefl�]QR�^_S d S%efl\[VnOR�^_r�R;[VuvS�i%R�efS�P�R@]I~CN!^_r¨^_r�R�R�[VnO]QNQR@nf© § ��[Vl�}
l�nOS'[ d r�b�¤�S%W�MONQP�R@n�[�r�S%efSVj%R@W�R@S%Y�M�M � Mt^_R@eª~CN!^_rx^y~�S�l�nOS d R@MOMOS%nOM@q�[VW�P d S%efl�YL^_NQW�js^_NQefR
U�Y�W d ^_NQS%W«P�R@M d nONQuvR@P¬u � ^_r�RHl\[Vn_[VefRE^_R@nOM@­ Al

11 = Al
21 = 1, Al

12 = Al
22 = 1, Ah

11 =
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communication

communication

42.25 5.75

4 5.9052.095

42.67 5.33 10.33

computing on P1

computing on P1

computing on P1

computing on P2

computing on P2

computing on P2

communication

P1

P1

a)

b)

c) P1

P2

P2

P2

À�ÁQÂ%Ã�ÄOÅ�Æ�Ç ÈLÉ*Ê�Ë�Ì�Å@Í�Ã�Î!Å@Ï�Ð�Ñ%Ä*ÎQÑ'ÒVÍTÍ�ÁQÏtÓ_ÄOÁQÔ�ÃLÓ_ÁQÑ%Õ�Ï�Ë�ÒVÎQË@Ã�Î�ÒhÓ_Å@ÍgÒVÏOÏOÃ�ÖfÁQÕ�Â|Ò'×�Ì�ÁQÅ@Ä_ÒVÄOË�Ì�ÁQË�ÒVÎLÖfÑZÍ�Å@Î
ÑVÐvÓ_Ì�ÅCÖfÅ@ÖfÑ%ÄtØVÙ'Ô�×�Ë@Ñ%ÖfÚ�ÃLÓ_ÁQÕ�ÂDÁQÕgÓ_Ì�ÅCË@Ñ%ÄOÅCÖ�Å@ÖfÑ%ÄtØTÑ%Õ�Î!Ø%Ù'Ë�×�Ë@Ñ%ÖfÚ�ÃLÓ_ÁQÕ�ÂDÑ%ÃLÓtÛyÑVÐ�ÛyË@Ñ%ÄOÅIÑVÕ�Î!Ø%Ç

Ah
21 = −9, Ah

12 = Ah
22 = 10

ÇÝÜ,Å@Õ�Ë@ÅVÙ�Ó�Ì�ÅHÏtÞ�ÒVÚ¬ÚvÑ%ÁQÕ'Ó_Ï?ÒVÄOÅßÒhÓ;ÎQÑ'ÒVÍ«ÏOÁQà@Å 10
9

ÙTÒVÕ�Í
Ë@Ñ%ÄOÅ;ÖfÅ@ÖfÑ%ÄtØ=ÁQÏsÒVÚ�Ú�ÄOÑ�áLÁQÖkÒhÓ_Å@Î!ØßÓ_Å@Õ6Ó_ÁQÖfÅ@Ï�Ð ÒVÏtÓ_Å@ÄkÓ_Ì\ÒVÕ6Ó_Ì�Å;Å�á�Ó_Å@ÄOÕ\ÒVÎ�ÏtÓ_Ñ%Ä_ÒVÂ%Å;Ô�Å@Ë�ÒVÃ�ÏOÅ
Ah

12

Al
12

=
Ah

22

Al
22

= 10
ÇHâIÌ�Å�Ë@Ñ%ÖfÖgÃ�Õ�ÁQË�ÒhÓ_Á!Ñ%ÕmÓ_Ä_ÒVÕ�ÏtÐ�Å@Ä�Ä_ÒhÓ_ÅsÁQÏ

C = 1
Ù�ÒVÕ�Í�ÏtÓ�ÒVÄtÓ_Ã�ÚßÓ_ÁQÖfÅ	ÁQÏ

S = 1
Ç	â�Ì�ÅkÎQÑ'ÒVÍ�ã%Ñ%ÎQÃ�ÖfÅ�ÁQÏ

V = 2
Çsä:Ø�ÏOÑ%Î!ã�ÁQÕ�Â�Ð�Ñ%ÄOÖTÃ�Î�ÒhÓ_Á!Ñ%Õ�å ÆLÇ!æ�×�ÛEå ÆLÇ ÆZ×�Þ�ÅfÑ%ÔLÓ�ÒVÁQÕmÒ

ÏOÑ%ÎQÃLÓ_ÁQÑ%Õ
α1V = 1.25, α2V = 0.75, Cmax = 5.75

ÒVÕ�Í?Ó_Ì�ÅgÏOË�Ì�Å@Í�Ã�ÎQÅgÏOÌ�Ñ�ÞCÕ�ÁQÕ?À�ÁQÂ�ÇvÆ�Ç È%ÒLÇ
ç�Ð*Ò�ÏtÓ�ÒVÕ�Í\ÒVÄOÍ�è.é�â«ÖfÅEÓ_Ì�ÑZÍ�Ñ%ÎQÑ%ÂVØfÞ�Å@ÄOÅ|Ã�ÏOÅ@Í�Þ�ÅDÞ�Ñ%Ã�ÎQÍ�Ì\Ò�ã%ÅDÓ_ÑkÒVÏOÏOÃ�ÖfÅ.Ó_Ì\ÒhÓ,Ú�ÄOÑZË@Å@ÏOÏOÁQÕ�Â
Ó_ÁQÖfÅfÁQÏTÒ�ÏtÓ_ÄOÁQËEÓ_Î!ØxÎQÁQÕ�Å�ÒVÄ|Ð�Ã�Õ�ËEÓ_ÁQÑ%ÕHÑVÐIÓ_Ì�Å	ÎQÑ'ÒVÍ�Ç�âIÌZÃ�Ï@Ù�Ë@Ñ%ÖfÚ�ÃLÓ_ÁQÕ�Â

x
Ã�Õ�Á!Ó_Ï�ÑVÐIÓ_Ì�Å	ÎQÑ'ÒVÍ

Þ�Ñ%Ã�ÎQÍ;Ó�ÒVêVÅTÅ@Á!Ó_Ì�Å@Ä
xAl

12

å�Á!Ð�Þ�ÅgÒVÏOÏOÃ�ÖfÅTÑ%ÚLÓ_ÁQÖfÁQÏtÓ_Á!Ë�ÒVÎ!Î�Ø�Ó_Ì\ÒhÓ.Ñ%Õ�Î!Ø�Ë@Ñ%ÄOÅTÖfÅ@ÖfÑ%ÄtØ�ÁQÏ�Ã�ÏOÅ@Í�×
Ñ%Ä

xAh
12

å�Á!Ð�Ë@Ñ%ÖfÚ�ÃLÓ_ÁQÕ�ÂkÓ�ÒVêVÅ@ÏDÚ�Î�ÒVË@ÅTÑ%ÃLÓtÛyÑVÐ�ÛyË@Ñ%ÄOÅ�Ñ%Õ�Î!Ø�×�Ç|çyÕ;Ó_Ì�ÅTë\ÄOÏtÓ|Ë�ÒVÏOÅgÏtÓ�ÒVÕ�Í\ÒVÄOÍ�è.é�â
Ó_Ì�Å@Ñ%ÄtØíì�æ ¾ Ù�æ�îLÙ�È'ï�ðIÂ%Á!ã%Å@Ï�ÏOÑ%ÎQÃLÓ_ÁQÑ%Õ

α1V = 5
3
, α2V = 1

3
, Cmax ≈ 4.333

Ç=ä�ÃLÓ�Ó_Ì�Å�ÄOÅ�ÒVÎ
ÏOË�Ì�Å@Í�Ã�ÎQÅ�ÎQÅ@Õ�ÂVÓ_ÌsÐ�Ñ%ÄIÓ_Ì�ÁQÏIÎQÑ'ÒVÍ�Í�ÁQÏtÓ_ÄOÁQÔ�ÃLÓ_ÁQÑ%Õ	Þ�Ñ%Ã�ÎQÍ�ÔvÅ�ÒVÚ�Ú�ÄOÑ�áLÁQÖkÒhÓ_Å@Î�Ø;æ�ñLÇ È%È%ÈLÙ�Í�Ã�ÅDÓ_Ñ�Ó_Ì�Å
Ì�ÁQÅ@Ä_ÒVÄOË�Ì�ÁQË�ÒVÎ�ÏtÓ_ÄOÃ�ËEÓ_Ã�ÄOÅ.ÑVÐ�Ó_Ì�Å�ÖfÅ@ÖfÑ%ÄtØ�å�ÏOÅ@ÅDÀ�ÁQÂ�ÇZÆ�Ç ÈVÔ�×�Ç*çyÕ	Ó_Ì�Å�ÏOÅ@Ë@Ñ%Õ�ÍsË�ÒVÏOÅ�Ó_Ì�Å.ÏtÓ�ÒVÕ�Í\ÒVÄOÍ
è.é�âòÏOÑ%ÎQÃLÓ_ÁQÑ%ÕxÁQÏ

α1V ≈ 1.095, α2V ≈ 0.905, Cmax ≈ 13.048
Çsó:ÅEÓ�Ù�Ó_Ì�Å	ÄOÅ�ÒVÎ�ÏOË�Ì�Å@Í�Ã�ÎQÅ

ÎQÅ@Õ�ÂVÓ_Ì�Ð�Ñ%ÄCÓ_Ì�ÁQÏ,ÎQÑ'ÒVÍ�Í�ÁQÏtÓ_ÄOÁQÔ�ÃLÓ_ÁQÑ%Õ�ÁQÏ.ÒVÚ�Ú�ÄOÑ�áLÁQÖkÒhÓ_Å@Î!Ø�ï�Ç î%ñ'ï�å�ÏOÅ@ÅTÀ�ÁQÂ�Ç\Æ�Ç ÈVË�×�Ç,ô�Ï�Á!Ó�Ë�ÒVÕ;Ô�Å
ÏOÅ@Å@ÕkÁQÕ�À�ÁQÂ�ÇVÆ�Ç ÈDÕ�Å@Â%ÎQÅ@ËEÓ_ÁQÕ�ÂDÖfÅ@ÖfÑ%ÄtØ�Ì�ÁQÅ@Ä_ÒVÄOË�ÌZØTÄOÅ@ÏOÃ�Î!Ó_Ï�ÁQÕTÓ_Ì�ÅCÏOÁQÂ%Õ�Á!ë\Ë�ÒVÕ'Ó�ÎQÑ'ÒhÍ�ÁQÖTÔ\ÒVÎQÒVÕ�Ë@ÅVÇ
âIÌ�ÅfÍ�Å@Ë@ÁQÏOÁQÑ%Õ�Ï�ÖkÒVÍ�Å�ÑVÕxÓ_Ì�ÅfÔ\ÒVÏOÁQÏ|ÑVÐ�Ó_Ì�ÅkÒ�ã%Å@Ä_ÒVÂ%ÅfÚ�ÄOÑ�Ë@Å@ÏOÏOÁQÕ�Â�Ä_ÒhÓ_Å@Ï|Ë�ÒVÕmÔvÅfÅEã%Å@ÕmÞ�Ñ%ÄOÏOÅ
ÁQÕ�Ì�ÅEÓ_Å@ÄOÑ%Â%Å@Õ�Å@Ñ%Ã�ÏkÏtØ�ÏtÓ_Å@ÖfÏ@Ç�é�ÅEÓkÃ�ÏfË@Ñ%Õ�ÏOÁQÍ�Å@ÄkÒ�ÓyÞ�ÑmÚ�ÄOÑ�Ë@Å@ÏOÏOÑ%ÄkÏtØ�ÏtÓ_Å@Ö�ÞCÁ!Ó_Ì�Ú�ÄOÑ�Ë@Å@ÏOÏOÑ%Ä
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� %$0+1 � !$2 � % ��� # � !�1 .$�
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n�p W"l e q ^�U n g n S e k�c { S n�p S	k n�p W n S	q W e&d g&l n S�a&g n S	k�T�g&`�`�S n S e k�g u ^�V e l�W�c�c e V�c�Y�� p W�g&`�`�S n S e k�g u^�V e l�W�c�c e V�cOV�W�l�W�S�a�W5k ewu	e g&`zg&k�` e k u�� U�k�k�WKl�W�c�c�g&V � l e q q�U�k�S	lmg n S e k l e c n S	c]S	k�`�U�l�W�`�Yv� p Wlmg&c�W e&dou	e g&`�c�S	s�W V = 1 � ��S	cvc�S�q S u ghV {Jp W�k n�p WJk.U�q t W�V e&d ^�V e l�W�c�c e V�c m

W���l�W�W�`�c
14
Y1R e V

m ≤ 14
c�^jW�W�`�U�^�S	c"T�V e|{ S	k�T {Jp S	l p S	k�`�S	lmg n W�c"c e q Ww^�V e&��n5d V e q�^�g&V�g u	u W u S�c�qbY�R e V e&n�p W�V
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1E+05

1E-02

1E-01

1E+00

1E+01

1E+02

1E+03

1E+04

1E+01 1E+03 1E+07 1E+09 1E+11 1E+13 1E+15

V

Sp
ee

du
p

m=2 m=4
m=16 m=64
m=256 m=1024

²�³	´�µ�¶�·5¸�¹ º�»]¼�½_·�·�¾�µ�½b¿�À
V ÁfÂ ¶$¿hÃ&¶�³ Â µ�À m

¹

½�¶ Â�Ä�Å ·�ÆÇÀ�³	È�·�À V
À�½j·�·�¾�µ�½É³	À�´�¶ Â�Ê ³	Ë�´�¹)Ì Â&Í�Î�ÊJÎ ·�Ë Å	Â Ã&¾�À�³	È�·r³	À�À�ÆrÃ Å	Å ·�¶ Í�Î Ã&Ë Í�Î ·rÏ Â ¶�·Æ ·�Æ Â ¶�Ð V ≤ swp Ñ Ã&Ë�¾ ÊJÎ ·�Ë Í�Î ·�½�¶ Â�Ä�Å ·�ÆÒÀ�³	È�· Ä ÐC¿�·�¶�ÐGÆ�µ�Ï Î ·�Ó�Ï�·�·�¾�À Í�Î · Í�Â&Í Ã Å Ï Â ¶�·Æ ·�Æ Â ¶�Ð�À�³	È�· V � m×swp Ñ&Í�Î ·$À�½_·�·�¾�µ�½ ³	À�À�³	Æ ³ Å Ã&¶�Ã&Ë�¾�Ï Å�Â À�· Í�Â�Å ³	Ë�·mÃ&¶�¹?Ô Î ·�¶�· ÁfÂ ¶�· ÑÕÅ ³	Ë�·�À

ÁfÂ ¶ V = 1 Ö ¸ Ñ V = 1 Ö�×�Ñ V = 1 ÖOØ ¸ Â ¿�·�¶ Å Ã&½�¹�Ù Î ·�Ë V ≈ m × swp = Ø|Ö º�À�µ�½j·K¶ Å ³	Ë�·mÃ&¶À�½j·�·�¾�µ�½CÏmÃ&Ë Ä · Â�Ä À�·�¶�¿Õ·�¾ ÑjÄ ·�ÏmÃ&µ�À�·�µ�À�³	Ë�´ m
½�¶ Â ÏK·�À�À Â ¶�À5Ã Å	Å�Â�Ê À ÁfÂ ¶ Î�Â�Å ¾�³	Ë�´�Æ Â À ÍJÂ&Á�Í�Î ·

Å	Â Ã&¾�³	Ë Í�Î ·MÏ Â ¶�·MÆ ·�Æ Â ¶�Ð Ñ]ÊJÎ ³ Å ·bÏ Â Æ�½�µ Í ³�Ë�´ Â Ë Â Ë�·M½�¶ Â Ï�·�À�À Â ¶z¶�·�Ú.µ�³	¶�·�Àrµ�À�³	Ë�´�À Å	Â�Ê ·�¶·�Ó Í ·�¶�Ë�Ã Å Æ ·�Æ Â ¶�Ð�¹v²�³	´�¹.¸�¹ × À Î�Â|Ê ÀOÀ�½j·�·�¾�µ�½ Â�Ä�Í Ã&³	Ë�·�¾zµ�Ë�¾�·�¶OÃ&À�À�µ�Æ ½ Í ³ Â Ë Í�Î Ã Í ·�Ó�Ã&Ï Í�Å Ð m½�¶ Â Ï�·�À�À Â ¶�À�Ã&¶�·�Ã&Ï Í ³�¿&Ã Í ·K¾ Ä ÐGÃ&ËÛÃ&½�½�¶ Â ½�¶�³ÜÃ Í ·�Æ ·�À�À�Ã&´�·�·K¿�·�ËÛ³ Á À Â Æ · Â&Á�Í�Î ·�Æ�¶�·�Ï�·�³�¿�·�Ë Â
Å	Â Ã&¾ Í�Â ½�¶ Â Ï�·�À�À�¹1Ý Í1Î Ã&À Ä ·�·�Ë Â�Ä À�·�¶�¿�·�¾ Í�Î Ã Í�Í�Î ·]Ë.µ�Æ Ä ·�¶ Â&Á ½�¶ Â Ï�·�À�À Â ¶�À ÁfÂ ¶ ÊJÎ ³	Ï Î À�½j·�·�¾�µ�½Ã&Ï Î ³	·K¿�·�¾�³ Í À�ÆrÃ�Ó�³	Æwµ�Æ Ñ Ã Å À Â Ï Â ¶�¶�·�À�½ Â Ë�¾�À Í�Â)Í�Î · ÆrÃ�Ó�³	Æwµ�ÆÒË�µ�Æ Ä ·K¶ Â&Á ½�¶ Â Ï�·�À�À Â ¶�À ÁfÂ ¶
ÊJÎ ³	Ï Î Ã Å	Å ½�¶ Â Ï�·�À�À Â ¶�À]¶�·�Ï�·�³�¿Õ·3À Â Æ · Å	Â Ã&¾�¹vÞ Â ¶�·3³	Ë�À�³	´ ÎÕÍ ³�Ë Í�Â�Í�Î · Ä · Î Ãm¿�³ Â ¶ Â&ÁoÍßÎ ·JÀ�½j·�·�¾�µ�½³	Àr´�³�¿�·�Ë Ä Ðà²�³	´�¹�¸�¹ º�½�¶�·�À�·�Ë Í ³	Ë�´ÉÀ�½j·�·�¾�µ�½á¿�À V ÁfÂ ¶ ¿hÃ&¶�³ Â µ�À m

¹âÝ Í ÏmÃ&Ë Ä ·MÀ�·�·�Ë Í�Î Ã ÍÀ�µ�½j·�¶ Å ³	Ë�·mÃ&¶"À�½j·�·�¾�µ�½�³	À�Ã&Ï Î ³	·K¿�·�¾ ÁfÂ ¶ Í�Î ·w½�¶ Â�Ä�Å ·�Æ�À�³	È�·�À V
³	Ë Í�Î ·w¶�Ã&Ë�´�·�Ã&½�½�¶ Â Ó�³	ÆrÃ Í · Å Ð

(swp,m × swp]
¹5Ù Î ·�Ë Í�Î ·wË.µ�Æ Ä ·�¶ Â&Á ½�¶ Â Ï�·�À�À Â ¶�À�³	À Í�Â�ÂzÄ ³	´ Ñ À�½_·�·�¾�µ�½�¾�·�Ï�¶�·mÃ&À�·�À Ê ³ Í�Î¾�·�Ï�¶�·mÃ&À�³	Ë�´ Å	Â Ã&¾ V
¹
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1E-02

1E+00

1E+02

1E+04

C m
ax

1E+06

1E+08

1E+10

1E+12

1E+041E+02 1E+06 1E+08 1E+10 1E+12 1E+14

V

out-of-core
multi-installments =1E4δ
multi-installment =5δ

õ�ö	÷�ø�ù�ú�û�ü ô|ý�þ�ÿ ù�����ú�����ö���÷	��ö�
 ú�����ü
V 
 ��ù�
�ø�����ö���ö�������������
 ú�������������ø������ 
 �����&ù�ú�����
 ��ø����!���ö�������ü
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N��$��O�ö��P��ú��H��ö����BQ]ú�����
 �1�&ù�úR��Q2�S
 ����ú��P� 
 ��ù�����ú�����ö���÷S��ö���ö���ö�T��	úR��������� þ ��ø������ 
 ������ù�úR����
����ø����U��ö�������QFO�ö���O�ø���úrú>V���ú�ù��1���W
 ú�
 ��ù�XY�&÷��&ö������I
wø�����öZ� ö�������������
�ú�������ù�����ú�����ö���÷[� 
 ��
K�������ö	ú���ú��\� 
 �]O�ú^�������K���K�]O�ú^_�ù����P�	úH��ú��L� 
 
 ú�
 ��ù�XSO�ö	ú�ù]�&ù��>O�X�`�T�ø��P�U�2�]O�úR�������\� 
 ������ö���ö����1�������
 
wø���ö��D�U��ö�������ü
a�ú$��������ö���ú�ù�ú��b�[O���
 ��÷�ú���ú���ø��c��X�����ú�
dQJö��]O

m = 10
��ù��e��ú�������ù���`W����
 
wø���ö��D�U��ö����

ù]�U��ú
C = 9.99 f ��g�`1����
 
wø���ö��D�U��ö����$�����&ù���ø��B��ö�
 ú S = 1 f �ih�`1�����	����
 ��ø���ö���÷���ö�
 ú 
 ø����>���ö��������.úHj ��ö	ú��e�]�

Al
1 = 0, Al

2 = 1 f �ih�` Ah
1 = −9.9 flk ` Ah

2 =
ô f � ônm O�ú�����ú swp = 1 flo�p üa�ú ø���ú���ú�q.ø1�U��ö���� m û�ürg p �]�	�D������ø��s�U��úc�]O�ú �������Y��O�ø���tn��ö�u�ú δ = 1 f û�üKvPO�ú ��ú��jú�����ú����mú� 
 ��ù��e��ú�����ö���÷w��ö�
 ú m Cmax p �����]O�ú*��ù���T��	ú�
x��ö�u�ú V

ö��I��O��/QF�Éö��Éõ�ö	÷�ü?û�ü ô|ý üwyz����ú �]O1�U�
TL���]O	�!V�ú��^�hù�ú{����÷��&ù�öZ�]O�
 ö���`������	����
K�����|���������������z��ö�}oú�ù�ú�����ú�ö��$�]O�ö��\_�÷�ø�ù�ú��D���BTjú���T�ö	÷
��ö�}oú�ù�ú�����úJö����]O�úF��T������	ø���ú\��ú�ù�
 ��ü~vPO�úP�]O�ù�ú�úF�	ö���ú��vö���õ�ö	÷�ü&û�ü ô|ý ��ú���ö��H�l��ù�����ú�����ö���÷���ö�
 ú$ö��
�]O�ú���ø������ 
 ������ù�úc
 ����ú�`�
wø�����öZ� ö�������������
�ú�����ø���ö���÷ δ = 1 f û�`@�����Y
wø�����öZ� ö�������������
�ú��e�5ø���ö���÷
δ = 5

ü�õ���ù
V < 1 f û	
wø�����öZ� ö�������������
�ú����RQJö��]O δ = 1 f û)ö��R�]O�ú�Q2��ù�����TjúH�D�&ø���ú ������Xw����ú



�~�z�R�^�5�l�������@�l���5�W�w���n���5���z�i�l�F�R�{�~�z�H�5�R���[�W���P�z� ���

�����������U�P�]�� K¡���¢�£�¤�¥�¥� ��e��¢���£�����¡�¦Y���� K§�¨����H �¥�¥]��¨I©\��¨��e¥�ª5©F��¤�¡� S�]�� K���]�� �¨I§�¨��e�� �¥�¥���¨�¥
¨� �«K¢�¤��	¤�£�¡� �¬P­1��¨ V ∈ [1 ®°¯ ,m × swp] §�¨��e�� �¥�¥�¤���±K�]¤�«  �¤�����¨� D¢�¥� �¥^¥�¡��/©F¡�¦�ª²¤��	�]�� I�D¢�¥� I���«c��¡��]¤Z³´¤���¥���¢�¡�¡�«S ����]¥5©F¤��]� δ = 1 ®°¯ ª�µL ��D¢���¥� F« ��¨� 2�]�1¢��S���� P¡���¢�£c�>�e�����c«c��¥��lµL P¥� ����2¢���£¢�£�£�¤��]¤����1¢�¡,§�¨����� �¥�¥���¨�¥R¢�¨� I¢��H�]¤�¶�¢U�] �£,¬P­1��¨F¡���¢�£	��������� δ = 5 «c��¡��]¤Z³�¤���¥���¢�¡�¡�«S ��e�F§�¨����� �¥�¥i³¤���±K�]¤�«  �¤�¥R¥�����¨��] �¨^�]�1¢��w©F¤��]� δ = 1 ®°¯ �·��¨^¡���¢�£�¥ V ¥�«K¢�¡�¡� �¨F�]�1¢��Y¢�§�§�¨��/¸�¤�«K¢U�] �¡Z¦�¹ ®Wº ¬» �{¤�¥R¢�¡�¥��*µL >�]�] �¨^�]�1¢��w�]�� c������³����s³�����¨� �����« §�����¢U�]¤����	©F�� ��n�]�� c¥� �������£Y¡� H¶� �¡5���l«  �« ��¨�¦
����«  �¥z¤����]� ��¥� �¬z¼	��¡��]¤Z³�¤���¥���¢�¡�¡�«S ����F©F¤��]� δ = 5 ¤�¥P©2��¨�¥� ��]�1¢��[£�¤�¥��]¨�¤�µ����]¤���±c���� �¡���¢�£	¢��>³����¨�£�¤���±��]�{�]�� z¡�¤��� D¢�¨°§�¨���±�¨]¢�«¾½ ¯ ¬�¹!¿´³H½ ¯ ¬ ¯ ¿@©F�� ��K�]�� F����¨� z«  �« ��¨�¦c¤�¥l��¥� �£,¬ » �W¤�¥lµ² ��D¢���¥� �]�� {¡s¢U���] �¨\£�¤�¥��]¨�¤�µ����]¤����*�1¢�¥P����¡�¦K���� {����« «�����¤��D¢U�]¤����K§L �¨P§�¨����� �¥�¥���¨�ª²¢���£	¢c§L �¨��· ��H�F¡���¢�£
µ1¢�¡s¢����� P¨� �¥���¡��]¤���±�¤��S¥�¤�«c��¡���¢��� �����¥~����« §�¡� H�]¤��������|����« §�����¢U�]¤�����¥°��� ¢�¡�¡�§�¨��e�� �¥�¥���¨�¥�¬lÀ^¥l¤��
�D¢��Kµ² z¥� � ��*¤�� ­5¤�±�¬ ¯ ¬�¹/Á�«c��¡��]¤Z³´¤���¥���¢�¡�¡�«S ����l« ��£� F���,§�¨��e�� �¥�¥�¤���±I�����]§L �¨��·��¨�« ¥°�]�� z������³��U�s³����¨� R����« §�����¢U�]¤�����¥2 H¶� ��B�·��¨W�]�� {���e�����K¥]¤�Â� �¥ δ ¥�«K¢�¡�¡� �¨l�]�1¢��*�]�� R���� {¥� �¡� ��>�� H£[¢�������¨]£�¤���±�]�S �Ãe�1¢U�]¤�����½ ¯ ¬ º ¿>¬Ä �� 	§�¨� �£�¤��H�]¤�����¥S���R����¨S« ��£� �¡F¢�¨� B������Å1¨�«  �£bµ�¦Æ�]�� 	����« §�����¢U�]¤����1¢�¡2 >¸�§L �¨�¤�«  ����]¥
������£����H�] �£Ç���Ç¢Y��¡���¥��] �¨S��� m = 3 È  ����]¤���« »�»�» ����« §����] �¨�¥S©F¤��]�É¹!Ê{µe¦e�] B���z�]�� B����¨� 
«  �« ��¨�¦�¬ Ä �� *��§L �¨]¢U�]¤���±w¥�¦�¥��] �«G©\¢�¥SËF �£�Ì^¢U��Í�¤��e��¸ÆÎ�¬ � ¬ Ä �� *�] �¥��S¢�§�§�¡�¤��D¢U�]¤�����©\¢�¥
¥� D¢�¨�����¤���±��·��¨F¢�§1¢U���] �¨��B¤��	¢�µ�¤��1¢�¨�¦ Å1¡� �¬WÏ2��« «�����¤��D¢U�]¤�����¥2©2 �¨� �£����� ����$�]�� {µ1¢�¥�¤�¥F���5¢
¥������� H�2¡�¤�µ�¨�¢U¨�¦�¬5­5¤�±�¬ ¯ ¬�¹�¹P¥����!©P¥W§�¨��e�� �¥�¥�¤���±��]¤�«  W¶�¥D¬ V/m ª��·��¨~������³����s³�����¨� \����« §�����¢U�]¤�����¥��¥�¤���±B¶�¤�¨��]�1¢�¡°«  �« ��¨�¦�ª5¢U��£�«���¡��]¤�³�¤���¥���¢�¡�¡�«S ��e��§�¨����� �¥�¥�¤���±	©F¤��]�����������Y¥�¤�Â� H¥K¹ ®lÐ ªW¹ ®°¯ ª¹ ® Î�ª�¹ ®lÑ ¬WÀÒ£������] �£	¡�¤��� R¨� �§�¨� �¥� ��e�]¤���±S�]�� �¡�¤��� D¢�¨\§1¢�¨�� CV ���C�]�� �����« «c����¤��D¢U�]¤����*�]¤�«  
�1¢�¥�µL � ���¢�£�£� �£�¢�¥�¢$¨] >�· �¨� ����� K¡�¤��� �¬ Ä ��  £1¢�¥��� �£�¨� H�· �¨� ����� K¡�¤��� S¢U�{�]��  µ²�����]��«Ó¤�¥{�]�� 
����« §�����¢U�]¤����c�]¤�«  \��� ¢�¥�¤���±�¡� \§�¨����� �¥�¥���¨l©2��¨��e¤���±���Ô²³�¡�¤��� �¬ » ���]�� F������³����s³�����¨� P§�¨��e�� �¥�¥�¤���±
�]�� ���¥� ����l¶�¤�¨��]�1¢�¡5«  �« ��¨�¦[¤�¥R H¶�¤�£� ����{©F�� ��Y�]�� �¡���¢�£n¢�¥�¥�¤�±��� �£n�]�B¢*§�¨����� �¥�¥���¨� �¸��� � �£1¥
����¨� w«  �« ��¨�¦b¥�¤�Â� U¬ » �Õ«���¡��]¤�³�¤���¥���¢�¡�¡�«  ����K« ��£� [§�¨��e�� �¥�¥�¤���±Æ�]¤�«  	¤�¥K H¶� ��Õ©2��¨�¥� w�]�1¢��
�]�� [������³����s³��H��¨� 	§�¨��e�� �¥�¥�¤���±��·��¨ δ Ö ¹ ®lÐ µL ��D¢���¥� w����« «c����¤��D¢U�]¤������/¶� �¨��� D¢�£�£���« ¤��1¢U�] �¥�¬» ����¨� D¢�¥�¤���±��]�� {���������*¥�¤�Â�  δ ¨� �£����� �¥F�]�� R�]����¢�¡|§�¨����� �¥�¥�¤���±��]¤�«  ^µ����F����¡�¦K�]�c�]�� {¡�¤�« ¤Z�2�������« «c����¤��D¢U�]¤����w�]¤�«  c¨� �Ãe��¤�¨� �£Y�]�B¥��D¢U���] �¨{�]�� S¡���¢�£,¬ Ä �� �¨� H�·��¨� �ª@�]�� S¡�¤��� �¥^�·��¨ δ = 1 ® Î�ª¢���£ δ = 1 ®lÑ �/¶� �¨�¡s¢�§,¬



×~ØzÙRÚ^Û5ÜlÝ�Þ�ß�à@álà�Û5ÜWâwà�ãnä�Û5Ø�ØzäiÜlÝFÙRÝ{×~ØzäH×5ÙRå�â[ÜWâ�æPÝzá ç�è

1E+06 1E+07 1E+08 1E+09 1E+10

V m/ [bytes]

multi-installment =1E6δ

communication time CV
single processor off-line

out-of-core
multi-installment =1E8δ

1E+04

1E+03

1E+02

1E-01

C m
ax

[s]

1E+01

1E+00

multi-installment =1E3δ
multi-installment =1E4δ

é5ê�ë�ì�í�î�ï�ð�ñ�ñ�òIó°í�ôeõ�î�ö�ö�ê�÷�ë	ø]ê�ù îcú�ö�ð V
m û ô�í�ù�ì�ü�ø]ê�ý�ê�÷�ö�ø�þ�ü�ü�ùSî�÷eø�þ�÷�ÿ�ô�ì�ø�ý�ô û ý�õ�ô�í�î�õ�ô�ù���ì�ø�þ!ýø]ê�ô�÷�öPô�÷	þSõ�ü�ì�ö�ø]î�íPô û ��ê�÷�ì��Bó��Éõ�ô�ù���ì�ø]î�í�ö�ð
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H
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G��FPFcDE�RSH

V
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nmin = d V
Dm
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_�BDV8Y[BDU�C�V
PFRSR<EK�

U�BDVXWZY[BDPFU�\9W@U�]pV
PFRS_�E`YaWZY[BDPFU�\QBDUpWT\.YaW@G9U�H8Y�~QPFG��yBD\9_�G�H
\�H
U�Y[H
]/BDUpA�BDC�J�IKJMLFJ�{|U Y[}�BD\9\�H
V8Y[BDPFU
Y[}�Hm��PFcDcDP¡~4BMU�C<H£¢KY[H
U�\�BDPFU/P@�7Y[}�H�\.YaW@U�]�W@G�]/U�P@YaWZY[BDPFUpBD\3E�\�H
]�N
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��Y[}�Hm��G[W@V8Y[BDPFUpP@���FPFcDE�RSH
V
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U�Y4Y[Pg_�G�PKV
H
\�\�PFG

Pi
BDU^\.YaW@CFH

k
�
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��Y[}�H�\.YaW@G.Y4Y[BDRSH�P@�7Y[}�H�V
PFRSRTE�U�BDVXWZY[BDP@U Y[Pg_�G�PKV
H
\�\�PFG

Pi
BDU^\.YaW@CFH

k
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�3}�H _�G�PFb�cDH
R¤P@�3]�H8Y[H
G�RSBDU�BDU�C/PF_`Y[BDRTE�R¤]�BD\.Y[G�BDb�E`Y[BDP@U¥P@�9Y[}�H cMP�W@]¦BDU¥Y[}�Hy\.YaW@G�Y[PF_�PFcDPFC@d
��PFG4W<CFBM�FH
U/U!E�R<b�H
G4P@��\.YaW@CFH
\

n ≥ nmin

VXW@U/b�Hm��PFG�RTE�c�WZY[H
]^W@\�W<cDBDU�HXW@G9_�G�PFCFG[W@R/N
§�¨#©�ª�«�¬7­^®�¯±°K²@³
RSBDU�BDRgBM�
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Cmax
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Ê�Ë�ÌKÍ.Î
Ï8Ð�Ð[Ñ�Ò
tik + CαikV + S ≤ t(i+1)k i = 1, ...,m − 1, k = 1, ..., n, Ó�ÔKÕMÖ±×

tmk + CαmkV + S ≤ t1(k+1) k = 1, . . . , n − 1 Ó�ÔKÕÙØF×
tik + S + CαikV + AV

n
∑

l=k

αil ≤ Cmax i = 1, . . . ,m, k = 1, . . . , n Ó�ÔKÕ Ú�×
αikV ≤ Di i = 1, . . . ,m, k = 1, . . . , n Ó�ÔKÕ Û!×

h
∑

i=1

n
∑

k=1

αik = 1 Ó�ÔKÕÙÔF×
tik ≥ 0, αik ≥ 0 i = 1, . . . , h, k = 1, . . . , n Ó�ÔKÕ Ü�×

Ý|ÞàßDáDÞ ÎXâ@ã�ä�ã�ÑFåFã[â@æèç�é�ê�ë7ì^í�î±ïKð@ñ áDÞ Î
ò!Ë�â ßDá Ð á Î
Ê Ó�ÔKÕMÖ±× Î Þ Ê�Ë�ã�ÎTÐ[ó�âZÐmÏ
ÑFæSæTË Þ�á ÏXâZÐ á Ñ Þ Ê�Ñ@ôÐ[ó�ÎyÊ[â@æSÎSÊ.Ðaâ@åFÎSõ�Ñ Þ Ñ@Ð�Ñ±öFÎ
ã ß â@ä Õ^÷�ø#Ó�ÔKÕÙØF× Ð[ó�ÎyÊ�Ë�Ï
Ï
Î
Î
õ áDÞ å'Ê.Ðaâ@åFÎ
Ê�õ�Ñ Þ Ñ@ÐTÑ¡öFÎ
ã ß â@ä Õ Ý|ÞKùÎ
ò!Ë�â ßDá Ð á Î
Ê Ó�ÔKÕ Ú�× åFË�â@ã[â Þ Ð[Î
Î�Ð[ó�âZÐ�â ßDß Ï
ÑFæSä�Ë`ÐaâZÐ á Ñ Þ Ê�ÏXâ Þ Ì�ÎTÏ
ÑFæSä ß Î8Ð[Î
õ áDÞ Ð á æSÎ Cmax ú Ì ø
Ó�ÔKÕ Û!× Ð[ó�Î�Ï
ÑFæSæTË Þ�á ÏXâZÐ á Ñ Þ Ì�Ë`û�Î
ã�Ê�õ�Ñ Þ Ñ@Ð�Ñ¡ö�Î
ã.ü�Ñ¡ý Õ�þ ò!Ë�âZÐ á Ñ Þ Ó�ÔKÕÙÔF× åFË�â@ã[â Þ Ð[Î
Î
Ê�Ð[ó�âZÐ�â ßDßÐ[ó�Î ß Ñ�â@õ á Ê3ä�ã�ÑKÏ
Î
Ê�Ê�Î
õ Õ
ÿ�������� �����
	��

������������
� Î�â@Ê�Ê�Ë�æSÎ�Ð[ó�âZÐ�ä�ã�ÑKÏ
Î
Ê�Ê�ÑFã�Ê áDÞ Ð[ó�Î ß â ø Î
ã�Ê4ýQÑFã��^Ê ø Þ Ïaó�ã�Ñ Þ ÑFË�Ê ß ø ú â Þ õ/ý9Î�õ�Ñ Þ Ñ@Ð�ó�âXö�Î�Ð[Ñâ Þ â ß ø�� ÎmÊ[Î8ä�â@ã[âZÐ[Î ß ø ä�ã�ÑKÏ
Î
Ê�Ê�ÑFã�Ê�Ñ@ô7Ð[ó�Î ß â ø Î
ã�Ê Õ � Î�Ë�Ê�Î�â@õ�õ á Ð á Ñ Þ â ß�Þ Ñ@ÐaâZÐ á Ñ Þ Ò
αik

ù�� ó�Î�ô�ã[â@Ï8Ð á Ñ Þ Ñ@ô7öFÑ ß Ë�æSÎ V Ê�Î Þ Ð�Ð[ÑgÎXâ@Ïaó/ä�ã�ÑKÏ
Î
Ê�Ê�ÑFã�Ñ@ô ß â ø Î
ã i
áDÞ Ê.Ðaâ@åFÎ k ú

tikl

ù Ð[ó�Î+Ê.Ðaâ@ã.ÐpÐ á æSÎ Ñ@ô�Ê�Î Þ õ áDÞ å ß Ñ�â@õ Ð[Ñ ä�ã[Ñ!Ï
Î
Ê�Ê�ÑFã�Ê áDÞ õ�Î
Ê.Ð áDÞ âZÐ á Ñ Þ ß â ø Î
ã i ô�ã�ÑFæ Ð[ó�Î
áDÞ Ð[Î
ã�æSÎ
õ á âZÐ[Î Þ ÑKõ�Î Ó Ê × áDÞ^ß â ø Î8ã l

áDÞ Ê.Ðaâ@åFÎ k ú i = 1, . . . , h, k = 1, . . . , n, l = 0, . . . , i − 1 Õ� Î8ÐmË�Êmâ Þ â ß ø�� Î�Ð[ó�Î Þ Ë�æTÌ�Î
ã�Ñ@ô�Ê.Ðaâ@åFÎ
Ê Õ�� Ñ@Ð[Î�Ð[ó�âZÐ�Ð[ó�Î ß Ñ�â@õ/ô�ÑFã�Ð[ó�ÎTõ�Î
Î
ä�Î
ã ß â ø Î
ã�Ê á ÊÐ[ã[â Þ Ê.ô�Î
ã�ã�Î
õ/ô�ã�ÑFæ Ð[ó�Î�ÑFã á å áDÞ âZÐ[Ñ@ãQÐ[Ñyâ<ä�ã�ÑKÏ
Î
Ê�Ê�ÑFã áDÞ^ß â ø Î
ã Ö ú ö á âgâ<Ï
ÑFæSæTË Þ�á ÏXâZÐ á Ñ Þ Ì�Ë`û�Î
ãÑ@ô�Ê á � Î D Õ � ó!Ë�Ê ú Ê�Ë�Ï
Ï
Î
Ê[Ê�ÑFã�Ê�Ñ@ô�Ð[ó á Ê�ä�ã�ÑKÏ
Î
Ê�Ê�ÑFã�ã�Î
Ï
Î á öFÎ3âZÐ�æSÑFÊ.Ð D Ë Þ�á Ð[Ê�Ñ@ô ß Ñ�â@õTâ ß Ð[ÑFåFÎ8Ð[ó�Î
ã
áDÞ â<Ê áDÞ å ß Î áDÞ Ê.Ð£â ß æSÎ Þ Ð Õ � Î Þ Ï
Î ú Ð[ó�Î Þ Ë�æTÌ�Î
ã3Ñ@ô�Ê.Ðaâ@åFÎ
Ê á Ê n ≥ nmin = d V

Dph
e Õ
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0 LNM

OQP�R<SUTNVXWZY�S�VXW\[^]7[`_ba3c/_
dNegf)h�i c/_/jlk�m�n>o:prqsqut�v�wxozyb{gw|prv7yNv�}~o:prqs��t�{�yb{gwxprv~��yNv�{�{so�mUyN�={��\pr�u{gm�wx��ozyN��n>wx�J����n��
��n:v�{gn:}Qwxv>�)wx���U�������+��wxv�nzyN������pr�r�gyNq��\pr�G{gm�n�����pr���xn:q�wx�:�
�3�1��_Xc/c�OQP�R e�d
qswxv�wxq�w|�:n

Cmax��t����=n:oF{${gp��

tikl + Cpi−l−1αikV + S ≤ tik(l+1) i = 1, ..., h, k = 1, ..., n,

l = 0, ..., i − 2 � ��� Lr�
tikl + Cpi−l−1αikV + S ≤ t(i+1)k(l−1) i = 1, ..., h − 1, k = 1, ..., n,

l = 1, ..., i − 1 � ��� M��
thki + Cph−i−1αhkV + S ≤ ti(k+1)(i−1) i = 1, ..., h − 1,

k = 1, ..., n − 1 � ��� � �
t1k0 + Cα1kv + S ≤ t2k0 k = 1, . . . , n � ���|��� �

tik(i−1) + CαikV + S + AV
n

∑

l=k

αil ≤ Cmax i = 1, . . . , h, k = 1, . . . , n � �/�|�r� �

pi−1αikV ≤ D i = 1, . . . , h, k = 1, . . . , n � ���|�X� �
h

∑

i=1

n
∑

k=1

piαik = 1 � ���|��� �

αik ≥ 0 i = 0, . . . , h, k = 1, . . . , n � ���|�z� �
tikl ≥ 0 i = 1, . . . , h, k = 1, . . . , n,

l = 0, . . . , i − 1 � ���|�X� �
 ¡v¢{gm�n��xwxv�nzyN�&����pr�r�gyNq£��_Xc/c�OQP�R e�d wxv�n:¤/tUyN�xw¥{�w|n:� � ��� Lr� �rtUyb��ybv/{gn:nJ{gmUyb{¦y§v�nF¨-o:prqsqJt��
v�wxozyb{gwxprvQozyNv9prv��|©>�={�yN�={ªw|��{gm�nuqsn:���gyN�rnuwx�$�\t��x�|©>��n:o:n:w|«rn:}9¬U���={z�¦­�© � ��� M�� {gm�nuv�n�®�{�o:prqJ�qut�v�wxozyb{gwxprv¯{gp�{gm�n¦��t�o:o:n:n:}�wxv��¯�°yz©rn:�Bq±yz©²v�pN{
�={�yN�={$t�v��xn:���B{gm�n¦��n:�°yz©�wxv���pN�){gm�n¦����nF«�wxprt��
qsn:���gyN�rn$wx��¬Uv�wx��m�n:}¯yNv�}�{gm�n$��t�³´n:�µyb{+{�m�nBv�n�®�{G�°yz©rn:�+wx�+��nzyN}�©J{�p¦�`n$��n:t���n:}¶�+ ¡v�n:¤/tUyN�xw|{gwxn:�
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origi-
nator

layer 1

layer 2

layer 3

t410 t420 t430

t411 t421
t431

t412 t422

t413 t423

t210 t220 t230t110 t120 t130

t211 t221 t231

t310 t320

t311 t321

t312 t322

Aα31V Aα32V Aα33

Aα21V Aα22V Aα23V

Aα11V Aα12V Aα13V

t330

t331

t332

layer 4
Aα41V Aα42V

Î)ÏxÐrÑ�Ò�Ó¦Ô�Õ�Ö�×�ØµÙrÚsÚuÑ�Û�ÏxÜzÝbÞgÏ|ÙrÛ§ÝNÛ�ß>Ü:ÙNÚsà�Ñ�Þ�ÝbÞgÏxÙrÛ²ÏxÛ>ÝNÛ>ÙrÒ�ß�ÏxÛUÝNÒ=ásÞ�Ò�Ó:Óbâ^ã
ä3ÎæåFç¡è�Ñ�é´Ó:Ò:Õ
ê Ô�Õ Í�ë Ó:Û�ì�Ñ�Ò�ÓsÞgíUÝbÞ¦Þgí�ÓsÜ:ÙrÚsÚuÑ�Û�ÏxÜzÝbÞgÏ|ÙrÛ�ìªÙNîGÞgí�ÓsÜ:ÙrÛ�ì�Ó:Ü:Ñ�ÞgÏ|ïrÓ±ì=Þ�ÝNÐrÓ:ì¦ß�ÙQÛ�ÙNÞ¦ÙXïrÓ:Ò�ð°ÝNà¶Õ±ñ
ì
ò Ó±Ñ�ì�Ó¯ã$ä3Îóì=ÞgÒgÝbÞgÓ:ÐNá9Þgí�Ósì�Ó:Ü:ÙrÛ�ßôÜ:ÙrÚsÚJÑ�Û�ÏxÜzÝbÞgÏ|ÙrÛõÝbÞ�Þgí�Ó�ÞgÒ�Ó:Ó�ÞgÙràöðxÓFïrÓ:ð+ÜzÝNÛöì=Þ�ÝNÒ=Þ÷ÏxÚJç
ÚsÓ:ß�Ï°ÝbÞgÓ:ð|á±ÝbîZÞgÓ:ÒGÞgí�Ó&øUÒ�ì=Þ$Ü:ÙrÚsÚuÑ�Û�ÏxÜzÝbÞgÏ|ÙrÛ±ÞgÙ�ð°ÝzárÓ:Òªårâ ò í�ÏxÜ�í§ÏxìGÜ:ðxÙrì�Ó:ì=ÞBÞgÙuÞgí�Ó�ÙrÒ�ÏxÐrÏ|ÛUÝbÞgÙrÒ:Õ
ù$Ó:Û�Ü:Ó ò Ó$íUÝzïrÓ$Ü:ÙrÛ�ì=ÞgÒgÝNÏxÛ/Þgì ê Ô�Õ|å�ú ë Õ)û¡Û�Ó:ü/ÑUÝNðxÏ|ÞgÏxÓ:ì ê Ô�Õ|årå ë Ó:Û�ì�Ñ�Ò�Ó$ÞgíUÝbÞµÝNðxð�Þgí�Ó$ðxÙ�ÝNß�Ò�Ó:Ü:Ó:Ï|ïrÓ:ß
è�á7Þgí�Ó>à�Ò�Ù/Ü:Ó:ì�ì�ÙrÒ�ì¯Ïxì�à�Ò�Ù�Ü:Ó:ì�ì�Ó:ßæè`ÓFî\ÙrÒ�Ó§Þgí�ÓQÓFÛ�ß1ÙNî
Þgí�Ó>ì�Ü�í�Ó:ß�Ñ�ðxÓ5ÝbÞ

Cmax

Õþý�á ê Ô�Õ|åXÖ ë
ÚsÓ:ì�ìgÝNÐrÓ:ì�ø�Þ$ÏxÛ�ÞgÙJÞgí�Ó�Ü:ÙrÚsÚuÑ�Û�ÏxÜzÝbÞgÏ|ÙrÛ²è�Ñ�é´Ó:Ò�ì:â`ÝNÛ�ß>è�á ê Ô�Õ|å�ÿ ë ÝNðxð´Þgí�Ó�ðxÙ�ÝNß²Ïxì�à�Ò�Ù�Ü:Ó:ì�ì�Ó:ß¶Õ

���������
	���
���� ÓsÝNì�ì�Ñ�ÚsÓsí�Ó:Ò�ÓJÞgíUÝbÞ�Þgí�Ó�Û�Ñ�Úuè^Ó:Ò�ÙNîµè�Ñ�é´Ó:Ò�ì¦Ïxìªì�Ñ��sÜ:ÏxÓ:Û/Þ�ÞgÙ>Ò�Ó:Ü:Ó:Ï|ïrÓ±ÝNÛ�ß
ì�Ó:Û�ßõÚsÓ:ì�ìgÝNÐrÓ:ì¦ÝbÞ&Þgí�Ó�ìgÝNÚsÓuÞgÏxÚsÓNâ¶ÝNÛ�ß9Þgí�Ñ�ì:â¶Þ ò Ù§Ü:ÙrÛ�ì�Ó:Ü:Ñ�ÞgÏ|ïrÓsÜ:ÙrÚsÚuÑ�Û�ÏxÜzÝbÞgÏ|ÙrÛ�ì&ÜzÝNÛ¢è`Ó
à^Ó:Ò=î\ÙrÒ�ÚsÓ:ß1ì�ÏxÚJÑ�ð|Þ�ÝbÛ�Ó:ÙrÑ�ì�ð|árÕ ù$Ù ò ÓFï�Ó:Ò:â$Þgí�Ó5è�Ñ�é´Ó:Ò�ì§ÝNÒ�Ó5Ò�Ó:Ñ�ì�Ó:ßóÏxÛ Þgí�ÓQÞgí�ÏxÒ�ß1î\Ùrðxð|Ù ò ÏxÛ�Ð
Ü:ÙrÚsÚuÑ�Û�ÏxÜzÝbÞgÏ|ÙrÛ¶Õ�û îGÞgí�Ó�ðxÙ�ÝNßõÒ�Ó:Ü:Ó:Ï|ïrÓ:ßöÏxÛ¢Þgí�Ósà�Ò�ÓFï�ÏxÙrÑ�ì�ÚsÓ:ì�ìgÝNÐrÓsíUÝNì¦Û�ÙNÞ¦è^Ó:Ó:ÛöÒ�Ó:ð°Ýzá�Ó:ß¶â
Þgí�Ó:Û9Þgí�ÓuÛ�Ó���Þ�Ü:ÙrÚsÚJÑ�Û�ÏxÜzÝbÞgÏ|ÙrÛ ò Ïxì�í�ÏxÛ�Ð±ÞgÙ²Ñ�ì�ÓuÞgí�Ïxì&è�Ñ�é´Ó:ÒªÚuÑ�ì=Þ ò ÝNÏ|ÞzÕ���í�Ïxì&Ò�Ó:ì=ÞgÒ�ÏxÜFÞgÏxÙrÛ
ÏxìuÏxÛ/ÞgÒ�Ù/ß�Ñ�Ü:Ó:ß�ÞgÙ9à�Ò�ÓFï�Ó:Û�Þ±ÝNÜ:Ü:Ñ�ÚuÑ�ð°ÝbÞgÏxÙrÛôÙNîBÞgí�Ó²ðxÙ�ÝNß�ÏxÛôÞgí�Ó²ÏxÛ�ÞgÓ:Ò�ÚsÓ:ß�Ï°ÝbÞgÓ±ð°Ý�árÓ:Ò�ì:Õ���í�Ó
Ü:ÙrÚsÚuÑ�Û�ÏxÜzÝbÞgÏ|ÙrÛöÝNÛ�ßöÜ:ÙrÚsà�Ñ�Þ�ÝbÞgÏxÙrÛ���ÝNÛ/Þ�Þ¦Ü�íUÝNÒ=Þ÷î\ÙrÒªÞgí�Ïxì¦ÜzÝNì�Ó±Ïxì¦à�Ò�Ó:ì�Ó:Û�ÞgÓ:ß�ÏxÛôÎ)Ï|Ð�ÕEÔ�Õ ÿ�Õ
û¡Û±Þgí�Ó
î\Ùrðxð|Ù ò ÏxÛ�Ð¦ðxÏxÛ�ÓzÝNÒ+à�Ò�ÙrÐrÒgÝNÚ ò Ó&ì��/Ïxà¯àUÝNÒ=ÞGÙNî¶Þgí�Ó&Ü:ÙrÛ�ì=ÞgÒgÝNÏxÛ�Þgì ò í�ÏxÜ�í§ÝNÒ�Ó$Þgí�Ó
ìgÝNÚsÓ&ÝNì
ê Ô�Õ|årå ë ç ê Ô�Õ|åXÔ ë Õ���í�ÏxìBÏxì�ß�ÙrÛ�Óªî\ÙrÒGÞgí�Ó�Ü:ð°ÝNÒ�Ï|Þ¡á¯ÙNîEÞgí�Ó�à�Ò�Ó:ì�Ó:Û�Þ�ÝbÞgÏxÙrÛ
ä�� � �!	�	�"$#&%&���
ÚsÏxÛ�ÏxÚ�Ï(':Ó

Cmax
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origi-
nator

layer 1

layer 2

layer 3

layer 4

t410 t420 t430

t411 t421 t431

t412 t422 t432

t413 t423 t433

t210 t220 t230t110 t120 t130

t211 t221 t231

t310 t320 t330

t311 t321 t331

t332t312 t322

Aα41V Aα42V Aα43V

Aα31V Aα32V Aα33V

Aα21V Aα22V Aα23V

Aα11V Aα12V Aα13V

U�VXWTY[Z�\^]�_ `�a&bdcTefegY[h[VXikj�l�V(cThmj�h[nCi?c�efo[Y�lpj�l�VXcThqVXhCj�hCcTZ�n[VXhrj�ZBsflpZ�\?\�tvu1w�Uyx{z}|[Y�~�\?Z?_

� Y[|��B\?iLl-l�c[a

tik(l+1) ≥ tikl + Cpi−l−1αikV + S i = 1, ..., h, k = 1, ..., n,

l = 0, ..., i − 2 � ]�_(�{���
t(i+1)kl ≥ tikl + Cpi−l−1αikV + S i = 1, ..., h − 1, k = 1, ..., n,

l = 1, ..., i − 1 � ]�_(�!�T�
t(i+2)k(l−1) ≥ tikl + Cpi−l−1αikV + S i = l + 1, ..., h − 2, k = 1, ..., n

l = 1, ..., h − 2 � ]�_(� R �
t1(k+1)0 ≥ t(h−1)k1 + Cph−2α(h−1)kV + S k = 1, ..., n − 1 � ]�_(�{���
t2(k+1)0 ≥ thk1 + Cph−1αhkV + S k = 1, ..., n − 1 � ]�_�x S �
t2(k+1)1 ≥ thk2 + Cph−2αhkV + S k = 1, ..., n − 1 � ]�_�x��!�

ti(k+1)(i−1) ≥ thk(i−1) + Cph−iαhkV + S i = 1, ..., h, k = 1, . . . , n − 1 � ]�_�xTxT�
�}hfl��[\/j�|�c!�T\1w��<�&�!�����$�&�&����VXh[\?��Yrj��XV(l�V(\ � � ]�_(�{���+WTYrj�Z�j�h�l�\?\Hlp�rj!ldZ�\Ll�Z�j�h � efV ��� VXcThfc���l��[\�Xc�j�nql�c�l��[\^n[\?\?o�\?Z1��jks�\?Z � e�jks � lpj�ZBl-cTh[�(smj���l�\?ZG� Y[�X�(s�Z�\?i?\?V(��VXh[W�l��[\^ef\ ��� j�WT\�_M¡&s � ]�_(�!�T�l��[\Mi?cTefePY[h[VXikj�l�V(cTh � cThgl��[\ � j�ef\M�(VXh[¢�n[c£h[c�l¤c{��\?Z���j�o�_K�¥h[\L��Yrj��XV(l�VX\ � � ]�_(� R �¦z � ]�_�x��!��\?h � Y[Z�\l��rj�l � \?h[n[VXh[Wgj�h[\L§¨ovcTZBl�VXcTh�c���l��[\-�Xc�j�nfn[c�\ � h[c�l � lpj�ZBld|�\L� cTZ�\Hl��[\1|[Y�~�\?Zdj�l&l��[\-Z�\?i?\?V(�T\?Z
V � Z�\?�X\kj � \?n�_d¡&s � ]�_�xTxT�di?cTefegY[h[VXikj�l�V(cTh � c��Kl��[\ � Y[i?i?\?\?n[VXh[W � lpj�WT\ � n[cfh[c�l-i?cTVXh[i?VXn[\�_
©G�[\Z�\?e�j�VXh[VXh[Wgi?cTh � l�Z�j�VXh�l � j�Z�\/lp�[\ � j�ef\^j � i?c�h � l�Z�j�VXh�l � � ]�_(�T�!�¦z � ]�_(�!]T�&VXhCw��ª�d�!�����$�&�&�{«r_
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Ã�ÄXÅTÆ[Ç�È^É�Ê Ë[Ì&ÍdÎTÏfÏgÆ[Ð[ÄXÑkÒ�Ó�Ä(ÎTÐmÒ�Ð[ÔCÑ?ÎTÏfÕ[Æ�ÓpÒ�Ó�ÄXÎTÐ�ÄXÐCÒ�ÐCÎTÇ�Ô[ÄXÐrÒ�ÇBÖ�Ó�Ç�È?È�×�Ø�Ø�Ã Â�Ù Æ�Ú�È?Ç?Ê
Û&Û&ÜAÝrÞ�ß!à�á[Ý�ß!à âvãyâ�ä�å�æ�ä
ç}ÐèÓ�é[ÄXê�ê�È?ÑLÓ�ÄXÎTÐèÓ�é[Èdë�ÒkÖ�È?Ç�ê+Ò�Ç�ÈdÒ�ÑLÓ�Ä(ì�Ò�Ó�È?ÔgÄXÐ^Ó�é[ÈdÎTÇ�Ô[È?Ç�Î�í�Ô[È?Ñ?Ç�ÈkÒ�ê�ÄXÐ[Å/Ð�Æ[Ï Ù È?Ç�Î�í�Õ[Ç�Î�Ñ?È?ê�ê�ÎTÇ�ê?Ê

î�ï�ð�ñ�ò æ�äóç¦ÓCÄXêmÒ�ê�ê�Æ[ÏfÈ?Ôôé[È?Ç�È>ÓpérÒ!ÓCÎTÐ[ë(ÖõÎTÐ[È Ù Æ�Ú�È?ÇmÎ�ígê�ÄXö?È
D
ÄXêmÒkì�Ò�ÄXë�Ò Ù ë(È>Ò�ÓCÈkÒ�Ñpé

Ñ?ÎTÏfÏgÆ[Ð[ÄXÑkÒ�Ó�Ä(Ð[Å÷Ð[Î�Ô[È�ÊôøGé[È:Ñ?ÎTÏfÏgÆ[Ð[ÄXÑkÒ�Ó�Ä(ÎTÐªÒ�Ð[Ô Ñ?ÎTÏfÕ[Æ�ÓpÒ�Ó�ÄXÎTÐ ù�Ò�Ð�Ó�Ó�ÑpérÒ�ÇBÓ�í ÎTÇ�Ø�Ø�Ã
Ñ?ÎTÏfÏgÆ[Ð[ÄXÑkÒ�Ó�Ä(ÎTÐ>êBÓ�Ç�Ò�Ó�È?Å�Ö>Ò�Ð[ÔúÎTÐ[È Ù Æ�Ú�È?Ç£ÄXÐ÷Ò�Ð÷ÎTÇ�Ô[ÄXÐrÒ�Ç�ÖCÓ�Ç�È?ÈPÄXê£Õ[Ç�È?ê�È?Ð�Ó�È?Ô�ÄXÐ÷Ã�ÄXÅ[Ê�É�Ê Ë[Ê
ç}ÐyÓ�é[È$ëXÄXÐ[ÈkÒ�Ç�Õ[Ç�ÎTÅTÇ�Ò�Ïûí ÎTÇ�Ó�é[ÄXê�Õ[Ç�Î Ù ëXÈ?ÏüÑ?ÎTÐ[êBÓ�Ç�Ò�ÄXÐ�Ó�êfÄXÔ[È?Ð�Ó�ÄXÑkÒ�ëMýGÄ(Ó�éÿþ É�Ê ÂTÂ ��� þ É�Ê Â É � Ò�Ç�È
ÎTÏfÄ(Ó�Ó�È?Ô�í ÎTÇMÓ�é[È�Ñ?ë�Ò�Ç�Ä(Ó}Ö�Î�íKÓ�é[È�Õ[Ç�È?ê�È?Ð�ÓpÒ�Ó�ÄXÎTÐ�Ê
Ø����&ä!æ�æ�Û&Û&Ü ï{î
ÏfÄXÐ[ÄXÏ�Ä(ö?È

Cmaxê�Æ Ù	� È?ÑLÓ-Ó�Î[Ì

tik(l+1) ≥ tikl + Cpi−l−1αikV + S i = 1, ..., h, k = 1, ..., n,

l = 0, ..., i − 2
þ É�Ê�

� �

t(i−1)k(l−1) ≥ tikl + Cpi−l−1αikV + S i = 2, ..., h, k = 1, ..., n,

l = 1, ..., i − 1
þ É�Ê�
�Ë �

th(k+1)i ≥ t(i+1)ki + Cα(i+1)kV + S i = 0, ..., h − 1, k = 1, . . . , n − 1
þ É�Ê�
TÉ �
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?�@BADCFEHGJI	K�I	L#MONDPQPRCFSF@BTVUXWY@ZNDS[U
SF\[T)NDPQ]FC^W_UXWY@BNDS`@BSaU
S[NDEH\F@BSbU
E,cQWYEHG)G
dbe�e�? =gfih C^jkG)E7TVU
lHG
K
miSnWYoFG[U h Ngp>GrqsNDEHPRCFtuUXWY@ZNDSv@BSFG)w�CbU
tB@ZWY@ZG)l[xyI	K =
z>{ ADCbU
EYU
S>WYG)GrWYobUXW h G6qsNDEHG`WYoFG`EHG)tuUVc	@BSFA|WYoFG
PQG)lHlYU
ADG:@Zl�qsCFtBtZc-EHG)T)G)@ZpDG)\(}bEHl,WVK�~#c|@BSFG)w�CbU
tB@ZWY@BG)l:xyI	K =X��{ U h C^jkG)EJUXW�WYoFG:T6NDPQP:CFSF@BTVUXWY@ZNDS
l,�2@ZWYT_ov@Bl�SFN
W�CFlHG)\ h c�Wi�ON|PQG)lHlYU
ADG)l�lH@BPRCFtZW_U
SFG)NDCFlHtZcDK`�-G)lHlYU
ADG)l�qsEHNDP�WYoFGQT)NDSFlHG)T)C^WY@ZpDG
l,W_U
ADG)l2\FNQSFN
W2Ngp>G)EHtuU
] h c[@BSFG)w�CbU
tB@ZWY@ZG)l�xyI	K = I { K

2 �Y���!�����X��� oFG:T)NDPQPRCFSF@BTVUXWY@ZNDS(U
SF\(T)NDPQ]FC^W_UXWY@BNDS���U
S>WHWJT_obU
E,W�qsNDEJe�e�?�T)NDPQPRCFSF@BTVU fWY@BNDS[l,W_EYUXWYG)AXc-U
SF\[Wi�7N h C^jkG)EHl�@BS-U
SaNDEH\F@BSbU
E,crWYEHG)G�@Bl1]FEHG)lHG)S>WYG)\$@BS-?�@BAFKbI	K�I	K
e!@BSFGVU
E�]FEHNDADEYU
P�qsNDE�WYoFG1]FEHN h tBG)P+@Bl�U
l�qsNDtBtZN��1l2xsT)NDSFl,WYEYU
@BS>WYl�xyI	KZ�D� {�f xyI	KZ��I { U
EHG7NDPQ@ZWHWYG)\

qsNDE7WYoFG�T)tuU
EH@ZWicrN
q5WYoFG�]FEHG)lHG)S�W_UXWY@BNDS { L
e���� �����	�#�#�#���
PQ@BSF@BP�@Z�)G

CmaxlHC h	� G)T6W�WYNFL

tik(l+1) ≥ tikl + Cpi−l−1αikV + S i = 1, ..., h, k = 1, ..., n,

l = 0, ..., i − 2
xyI	K =
�>{



�� �¡�¢�£�¤�¥�¦�§�¨�©�¨!£�¤#ª$¨&«(¬)£� +­!¬,ª-¬)£�¤�®/�1¯2ª$ª�°5±�¬6��¡�£5¬)¯7±9²:°5³�³�¤�¥�¨ ´Dµ

t(i−1)kl ≥ tikl + Cpi−l−1αikV + S i = 2, ..., h, k = 1, ..., n,

l = 0, ..., i − 1 ¶y·	¸�¹DºD»
t(i−2)k(l−1) ≥ tikl + Cpi−l−1αhkV + S i = l + 2, ..., h, k = 1, ..., n

l = 1, ..., h − 2 ¶y·	¸�¹ ´ »
th(k+1)0 ≥ t2k1 + Cpα2kV + S k = 1, ..., n − 1 ¶y·	¸�¹
¼>»
th(k+1)i ≥ t(i+1)ki + Cα(i+1)kV + S i = 1, ..., h − 1, k = 1, . . . , n − 1 ¶y·	¸ µD½ »

¾i¿[ÀYÁFÂ�ÃXÄÆÅgÇ>ÂJÈBÉB¿FÂVÃ
ÊOËFÊHÅDÌDÊYÃ
Í/ÎOÏ�Ð�Ð	Ñ�Ñ#Ò#Ó�Ô|ÉB¿FÂ)Õ�ÖbÃ
ÈBÉZÀYÉZÂ)× ¶y·	¸�¹
Ø>» ÌDÖbÃ
ÊYÃ
¿>ÀYÂ)Â�ÀYÁbÃXÀ1ÀYÁFÂJ×YÃ
ÍQÂÈBÅ>Ã
ÙaÉB×1ÚbÊH×,À�Û)ÅDÍQËFÈBÂ6ÀYÂ)ÈZÜ[ÊHÂ)Û)Â)ÉZÇDÂ)ÙÞÝÆÅD¿FÈZÜ`ÀYÁbÃ
¿|ÛVÃ
¿|ÉZÀ2ÄÆÂ�ßsÖFÊ,ÀYÁFÂ)Ê�ÊHÂ)ÈuÃVÜDÂ)Ù ¸1à ÜaÉB¿FÂ)Õ�ÖbÃ
ÈBÉZÀYÉZÂ)×
¶y·	¸�¹DºD» ÍQÂ)×H×YÃ
ÌDÂ)×|×HÂ)¿>À$Ä>ÜáÀYÁFÂv×YÃ
ÍQÂ�ÈuÃVÜ>Â)ÊaÅgÇ>Â)ÊaÀYÁFÂâ×YÃ
ÍQÂâÈBÉB¿Fã�×aÙFÅä¿FÅ
À-ÅgÇ>Â)ÊHÈuÃ
Ë ¸/à Ü
¶y·	¸�¹ ´ » ÝåÃ
¿FÙ ¶y·	¸�¹
¼>» ¿FÅrÍQÅDÊHÂJÀYÁbÃ
¿-Àiæ7ÅrÄFÖ^çkÂ)ÊH×�Ã
ÊHÂ�ÖF×HÂ)Ù$ÉB¿-ÂVÃ
Û_Á$Û)ÅDÍQÍRÖF¿FÉBÛVÃXÀYÉZÅD¿a×,æ2ÉZÀYÛ_Á ¸¾i¿FÂ)Õ�ÖbÃ
ÈBÉZÀYÉBÂ)× ¶y·	¸ µD½ » Â)¿F×HÖFÊHÂ�ÀYÁbÃXÀ�ÍQÂ)×H×YÃ
ÌDÂ)×1ßsÊHÅDÍèÀYÁFÂ�Û)ÅD¿F×HÂ)Û)Ö^ÀYÉZÇ>Â�×,À_Ã
ÌDÂ)×2ÙFÅ�¿FÅ
À�ÅgÇDÂ)ÊHÈuÃ
Ë ¸
é1êyë1êíì îâïñð�ò#ó�ïñô�õRö	÷Fø!ø
ù!Â6À�ÖF×�Ã
¿bÃ
ÈZÜ	ú)Â:ÀYÁFÂQÙFÖFÊYÃXÀYÉBÅD¿�Å
ß#ÀYÁFÂQÛ)ÅDÍQÍRÖF¿FÉBÛVÃXÀYÉZÅD¿(ßsÊHÅDÍûÀYÁFÂQÅDÊHÉBÌDÉB¿bÃ�ÀYÅDÊ�ÀYÅ-ÈuÃVÜ>Â)Ê

i
ÉB¿

×HÅDÍQÂ:×,À_Ã
ÌDÂ
k ¸ ¾i¿âÄFÉB¿FÅDÍQÉBÃ
È�À_ÊHÂ)Â6×�¿FÅ�ÙFÂ)×�ÊHÂ)Û)Â)ÉZÇDÂ�ÈBÅ>Ã
Ù(ÅD¿FÛ)ÂQÃ
¿FÙ(ÀYÁFÂ)¿âÊHÂ)ÙFÉB×,ÀYÊHÉBÄFÖ^ÀYÂ:ÉZÀ�ÀYÅÀYÁFÂ:ÙFÂ)Â)ËåÂ)Ê�ÈuÃVÜDÂ)ÊH×JÅ
ß#ÃrÀYÊHÂ)Â ¸�ü ÁFÂ)ÊHÂ6ßsÅDÊHÂ
Ý�ÂVÃ
Û_Á�Û)ÅDÍQÍRÖF¿FÉBÛVÃXÀYÉZÅD¿|Í:ÖF×,ÀJÛ)ÅDÍ�ËFÊYÉZ×YÂ�ÈBÅ>Ã
Ù$¿FÅ
ÀÅD¿FÈZÜ[ßsÅDÊ2ÀYÁFÂ�¿FÅ	ÙFÂ
ÝÆÄFÖ^ÀJÃ
ÈB×HÅQÀYÁFÂ�ÈBÅ>Ã
ÙaßsÅDÊ2ÀYÁFÂ�×YÖFÛ6Û)Â)×Y×HÅDÊH×JÉB¿$ÃQÄFÉB¿FÅDÍQÉuÃXÈÞÀYÊHÂ)Â ¸�ü ÁFÂ)ÊHÂ:Ã
ÊHÂ

p(p + 1)i−1 ËFÊHÅ�Û)Â)×H×HÅDÊH×JÉB¿|ÈuÃVÜDÂ)Ê i ≥ 1 ¸�ü ÁFÂRÅDÊHÉBÌDÉZ¿bÃXÀYÅDÊ2×HÂ)¿FÙF×�ÈBÅ>Ã
ÙaÀYÅ`ÈuÃVÜDÂ)Ê i
ÉB¿

i
×,ÀYÂ)ËF× ¸ý�ÉBÊH×,ÀVÝ
ÀYÁFÂ1ÅDÊHÉBÌDÉB¿bÃXÀYÅDÊ5×HÂ)¿FÙF×#ÅgÇDÂ)Ê�ÂVÃ
Û_Á�Å
ßkÉZÀY×

p
Û)ÅDÍQÍRÖF¿FÉBÛVÃXÀYÉZÅD¿RÈBÉB¿Fã�×

p(p+1)i−2αikV
ÈBÅ>Ã
Ù

ÖF¿FÉZÀY×OÀYÅRÈuÃVÜ>Â)Ê�þ ¸�ü ÁFÂJÊHÂ)ÍrÃXÉB¿FÉB¿FÌ�ÈBÅ>Ã
Ù p(p + 1)i−2αikV
æ2ÉBÈBÈåÄÆÂ�×HÂ)¿�À7ÀYÅ:ÈuÃVÜDÂ)Ê

i
Ç	ÉuÃ�ÙFÉBÊHÂ)Û6À

×HÖFÛ)Û)Â)×H×YÅDÊH×�Å
ß2À_ÁFÂ`ÅDÊHÉBÌDÉB¿bÃXÀYÅDÊ�ÉB¿ÿÈuÃVÜ>Â)ÊH×
2, . . . , i ¸�� ¿bÃ
ÈBÅDÌDÅDÖF×HÈZÜDÝ�ÂVÃ
Û_Á&ËFÊHÅ	Û)Â)×H×HÅDÊ�ÉZ¿ÿÈuÃgÜDÂ)Ê

j < i− 1
×HÂ)¿FÙF×2ÈBÅ>Ã
ÙrÀYÅ:ÈuÃVÜDÂ)Ê

i
ÉB¿

i− j
×,ÀYÂ)ËF× ¸ ý�ÉBÊH×,ÀVÝ p(p + 1)i−j−2αikV

ÖF¿FÉZÀY×7Å
ß5ÙbÃ�À�Ã�ÉB×
×HÂ)¿>À�ÀYÅ�ÈuÃgÜDÂ)Ê

j+1
ÅgÇDÂ)Ê�ÂVÃ
Û_Á:Å
ß

p
ËÆÅDÊ,ÀY× ¸�ü ÁFÂ1ÊHÂ)ÍrÃ
ÉB¿FÉB¿FÌ p(p+1)i−j−2αikV

ÈBÅ>Ã
Ù�ÖF¿FÉZÀY×�Ã
ÊHÂ
×HÂ)¿>À#ßsÊHÅDÍ�ÈuÃVÜ>Â)Ê

j
ÀYÅ�ÈuÃgÜDÂ)Ê

i
Ç	ÉuÃ

j � ×#ÙFÉBÊHÂ)Û6À#ÄFÉB¿FÅDÍQÉBÃ
È^ÀYÊHÂ)Â2×HÖFÛ)Û)Â)×H×YÅDÊH×OÉB¿�ÈuÃgÜDÂ)ÊH× j +2, . . . , i ¸ý�ÉB¿bÃ
ÈBÈ ÜDÝ�ÉB¿vÀYÁFÂ[ÈuÃ
×,ÀRÛ)ÅDÍQÍ:ÖF¿FÉBÛVÃXÀYÉZÅD¿v×,ÀYÂ)ËÞÝOÃ
ÈBÈ#ÈuÃVÜDÂ)ÊH×
0, . . . , i − 1

×HÉBÍ:ÖFÈZÀ_ÃX¿FÂ)ÅDÖF×HÈZÜâ×HÂ)¿FÙ
αikV

ÈBÅ>Ã
Ù-ÖF¿FÉZÀY×1ÀYÅrÈuÃVÜDÂ)Ê
i ¸�� Å
ÀYÂ�ÀYÁbÃXÀ�Ã
ÈBÈ!ÈuÃVÜDÂ)ÊH×�Û)ÅDÍQÍRÖF¿FÉBÛVÃXÀYÂ�×,Ü	¿FÛ_ÁFÊHÅD¿FÅDÖF×HÈZÜDÝÞÃX¿FÙ-ÀYÁFÂ×YÃ
ÍQÂ:Ã
ÍQÅDÖF¿>ÀY×JÅXß#ÈBÅ>Ã
Ù�Ã
ÊHÂR×HÂ)¿>À�ßsÊHÅDÍ�Ã
Û6ÀYÉZÇDÂ:ÈuÃVÜDÂ)ÊH×�ÀYÅ`ÀYÁFÂ:¿FÂ��	À�Ã
Û6ÀYÉZÇ
ÃXÀYÂ)Ù(ÈuÃVÜDÂ)Ê ¸�ü Å
À_Ã
ÈÛ)ÅDÍQÍRÖF¿FÉBÛVÃXÀYÉZÅD¿�ÀYÉBÍQÂOÉB×�Â)Õ�ÖbÃ
È^ÀYÅ

Si+CαikV (1+p
∑i−2

j=0(p+1)i−j−2) = Si+CαikV (p+
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1)i−1 9	:�;=<,>@?@?BADCE;=FHGD>@C�I$?@JKCE;$LNMPOQJKRESTCEADSUSWVXFH>@JKYZRE;$CEAD?[F,>@YZFHGD;=OQJK?@?@J\<,>[YD]^OQJKRES^AD?_VXFH>[JKYDC$9
` C	>[F/<�V8C�YDJ8FH;$L^FHGD;1?_VbaK;$REC�<cJKREdeC'aNYDIfGDREJKYDJKADCE?[aK9	gPFhSU;bV8YDC/FHGiVXF tik0+Si+CαikV (p+

1)i−1 = tik1, tik1 +S(i− 1)+CαikV (p+1)i−2 = tik2, . . . , tik(i−2) +CαikV +S = tik(i−1)j I0Ok9#l�>@]D9	mN9 npohl�>@]D9�mN9rqKs�9#liJKReFHGD>@CtRE;bV8CEJKYu>[Ft>@CtYDJ8F4YD;$;$LD;$LuFHJ�>@YvFHREJNLDADI$;UFHJ�FHGD;w?@>@YD;$V8R
x REJK]KRHV8SUChI$JKYDC'FHRfVX>@Y�FHC�;�y x RE;$CECH>@YD]eFHGD;,OzV8I0F�FHGiVXF�FfGD;,SU;$CECHV8]K;�S4ADC'F�{|;,OQAD?@?[a^RE;$I$;$>[}K;$LU~iRECEF
V8YDL�JKYD?[a�FHGD;$Y�IbV8Y�>[FU{�;(RE;$?_Vbav;0LB9���;$YDI$;8o1JKYD?[a�}8V8RE>_V8{D?@; tik0

>@C�YD;$;$LD;$L�>@Y!FHGD;(?@>@YD;$V8R
x REJK]KRHV8S�OQJKRES^AD?_VXFH>[JKYDC$9Z��GD;wRE;$SWV8>@YD>@YD]Z}8V8RE>_V8{D?@;$C tikl

OQJKR l = 1, . . . , i − 1 <,>@?@?�YDJ8Ft{|;
ADCE;$LB9

� ;0FWADC�I$JKYDCE>@LD;$R�FHGD;�Y�ADS4{�;$RUJXO�FHGD;(I$JKSUS^ADYD>@IbVXFH>[JKYuC'FfV8]K;$C$9���GD;(JKRE>@]K>@YiVXFEJKR^SWVba
CE;$YDL�VXF,SUJKC'F D ADYD>[FHC�J8O�?@JvV8LwFHJ�;bV8IfG(J8O�>[FHC p YD;$>@]KG�{|JKREC�>@Y�?_VbaK;$R=�K9 ` C,>[F�<1V8C,CHV8>@LwFHGD;
JKRE>@]K>@YiVXFEJKR�>@Y�FHGD;^~iREC'F�C'FH; x CE;$YDLDC p(p + 1)i−2αikV ≤ D ?@JvV8L�ADYD>[FHC
FHJZ>[FHC
LD;$CEI$;$YDLiV8Y�FHC
>@Y�?_VbaK;$R(�K9���;$YDI$; αikV ≤ D

p(p+1)i−2
9���GD;(FHJ8FfV8?,YNADS^{|;$RUJ8O x REJNI$;$CECEJKRECw>@Y�?_VbaK;$R i >@C

p(p + 1)i−1 9���GD;$RE;0OQJKRE;8o�FHJ8FfV8?	?@JvV8L�FHGiVXF�IbV8Y�{|;4FHRHV8YDC'OQ;$RERE;$L�FHJ�?_VbaK;$R i > 1 >@Y�VZCE>@YD]K?@;
C'FfV8]K;^>[C
VXF
SUJKC'F Dp(p+1)i−1

p(p+1)i−2 = (p + 1)D 9=��J8FH;eFHGiVXF�FHGD>@C���AiV8Y�FH>[F�a(LDJN;$C
YDJ8F
LD; x ;$YDL�JKY
i 9�liJKR1?_Vbav;$R
�
FHGD;=?@JvV8LZ>@C�VXF�SUJKC'F pD 9 ` C1<1;=GiVb}v;=?_Vbav;$REC 1, . . . , h <,GD>@IfG�I$JKS x ApFH;8opFHGD;
FHJ8FfV8?�?@JvV8LWFHGiVXF�IbV8Y�{|;=LD>@C'FHRE>@{DApFH;$LZ>@YZJ8YD;=C'FfV8]K;=>@C (h(p + 1)− 1)D 9h��G�ADC$oDFHGD;=Y�ADS^{|;$R
J8O�YD;$I$;$CECHV8R'a(I$JKSUS^ADYD>@IbVXFH>[JKYZC'FfV8]K;$C,>@C n ≥ V

D(h(p+1)−1)
9
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g�Y£FHGD>@CwCE;$I0FH>@JKY£<1;#C'FHADLpa¤��;bV8RE;$C'F � VbaK;$R�l�>@REC'FZ?_Vbav;$RZV8I0FH>[}XVXFH>@JKY£C'FHRHVXFH;$]8aKo�>¥9 ;89[o�?_V\aK;$REC
V8RE;tV8I0FH>[}8VXFH;$L�>@Y�FHGD;tJKRELD;$R�J8O	FHGD;$>@R�LD>@C'FfV8YDI$;�OQREJKS*FHGD;tJKRE>@]K>[YiVXFHJKR$9c��GD;^I0JKSUS4ADYD>@IbVXFH>[JKY
V8YDL�I$JKS x ApFfVXFH>@JKY£LD>_V8]KRHV8S¦OQJKRwFHGD>@CZIbV8CE;�>@C x RE;$CE;$Y�FH;$L�>@Y�l�>@]D9�mN9 np9 � >@YD;bV8R x REJK]KRHV8S
OQJKRES^AD?_VXFH>[JKYZ>[C�V8C1OQJK?@?@J\<,C$§
��¨�©4�z���|ª����i«z¬� �¢�¢N�����
SU>@YD>@S�>[­$; Cmax

CEAD{N®';$I0F�FHJD§

tik0 + C(p + 1)i−1αikV + Si ≤ t(i+1)k0 i = 1, ..., h − 1, k = 1, ..., n

j mN9 ¯p��s
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Ç�È@ÉKÊDËEÌ ÆNÍ ÎpÏhÐcÑKÒUÒ ÊDÓDÈ@ÔbÕXÖHÈ Ñ ÓWÕ8ÓD×WÔ ÑKÒUØ ÊpÖfÕXÖHÈ Ñ ÓWÈ@ÓwÕeÙDÈ@Ó ÑKÒ È_ÕXÚDÖHËEÌ$Ì�ÊDÓD×DÌ$Ë�Û�Ü�Ç�Ý'ÖfËHÕXÖHÌ$ÉXÞ Í

thk0 + C(p + 1)h−1αhkV + Sh ≥ t1(k+1)0 k = 1, ..., n − 1ß ÆNÍ àváKâ

tik0 + C(p + 1)i−1αikV + Si + AV

n
∑

l=k

αil ≤ Cmax i = 1, ..., h, k = 1, ..., n

ß ÆNÍ àKàvâ

α1kV ≤ D k = 1, ..., nß ÆNÍ à8ã�â

p(p + 1)i−2αikV ≤ D i = 2, ..., h, k = 1, ..., nß ÆNÍ àvÆKâ
h

∑

i=1

n
∑

k=1

p(p + 1)i−1αik = 1
ß ÆNÍ àKÎvâ

αik ≥ 0 i = 0, ..., h, k = 1, ..., nß ÆNÍ àväKâ

tik0 ≥ 0 i = 0, ..., h, k = 1, ..., nß ÆNÍ àKÅvâ
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ì�èDÌ�ËEÌ Ò Õ8È@ÓDÈ@ÓDÉ4Ô Ñ ÓDÝ'ÖHËHÕ8È@ÓvÖHÝ,Õ8ËEÌeÕ8ÓiÕ8Ú Ñ É Ñ ÊDÝcÖ Ñ ÖHèDÌ Ñ ËE×DÈ@ÓiÕ8Ë'ÞWÖHËEÌ$Ì�ÔbÕ8ÝEÌ Í
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tik0 + C(p + 1)i−1αikV + Si ≤ t(i−1)k0 i = 2, ..., h, k = 1, ..., n
^t�P� s��Y`

t1k0 + Cα1kV + S ≤ th(k+1)0 k = 1, ..., n − 1
^r��� �Y�Y`
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¹Hº�»n¼�»&½'¾U¿&À�¾#½'Á«½'¼�¼�Á�À�¾#½%¿&À[º�Â�Ã+Ä
Å«Æ ¿6Ç�ÃnÂ�º'¿ Æ'È ¿&É3½%¿ Å7Ê ¹Hº�»�Ë�Ç�Á1½%¿&À[º�Â�Ã�À�Âk¿&É Æ ¼�» ÆUÌ À�º�Ç�ÃnÃ Æ ¾U¿&À�º�Âm½'Ã�Ã�Ç�Ë Æ+Í ¿&É3½%¿6½'Á�ÁJÃ:¿.½'Î Æ Ã

½'Â Í ¼�»�ºP¾ Æ Ã�Ã�º�»�ÃkÏ6À�Á�ÁnÐ Æ » Æ ½'Á�Á[ÑÒÂ Æ+Æ+Í�Æ+Í ½'Â Í ½'¾U¿&À Ì ½%¿ Æ+Í ÄÔÓt¿kÀ�Ã�Â�º'¿*½'Á[Ïn½#Ñ�Ã0¿&»&Ç Æ ÄÖÕÖÉ Æ Â
Ã�º�Ë Æ ÂPÇ�Ë�Ð Æ »�º'¹d¼�»�º�¾ Æ Ã�Ã�º�»�Ã=º�»aÃ�¿.½'Î Æ Ã=À�ÃaÃ�Ç-×�¾+À Æ ÂP¿�¿&º]¼�»�ºP¾ Æ Ã�Ã�¿&É Æ Ï6É�º�Á Æ Á�ºY½ Í�È ¿&É Æ Â�Ã�º�Ë Æ
¼�»�º�¾ Æ Ã�Ã�º�»�Ãh» Æ ¾ Æ À Ì�Æ Â�º�Á�ºY½ Í Ä*Ø
Ù-¾ Æ Ã�Ã�À Ì�Æ ¼�»�º�¾ Æ Ã�Ã�º�»�ÃhÀ�ÂP¿&»�º Í Ç�¾ Æ ½ Í�Í À[¿&À�º�Â3½'Á�Ã:¿.½'»:¿&Ç�¼j¿&À�Ë Æ Ã
ÆUÌ�Æ ÂS¿&É�º�Ç�Î�ÉSÂ�º'¿&É�À�Â�Î*À�Ãv¾+º�Ë�¼�Ç-¿ Æ+Í º�ÂW¿&É Æ ËmÄ�ÓRÂSÃ�Ç�¾.ÉuÃ�À[¿&Ç3½%¿&À�º�Â�Ã È ¿&É ÆXÅ7Ê ¹Hº�»�ËXÇ�Á1½%¿�À[º�Â�Ã
Ã�É�º�Ç�Á Í Ð Æ ½ Í%Ú Ç�Ã:¿ Æ+Í ÐPÑ Æ Á�À�Ë�À[Â3½%¿&À[Â�Î*Ç�Â�Â Æ ¾ Æ Ã�Ã.½'»:Ñ Æ+Û Ç3½%¿&À�º�Â�Ã\» Æ Á1½%¿ Æ+Í ¿&º(¿&É Æ Ã�Ç�¼ Æ »:Ü3Ç�º�Ç�Ã
Ã:¿.½'Î Æ Ãp½'Â Í ¼�»�º�¾ Æ Ã�Ã�º�»�Ã+Ä

ÓRÂ9¿&É Æ ¹Hº�Á�Á�ºqÏ6À[Â�Îm¼3½%».½%Î�»&½'¼�É�Ã\Ï Æ ¼�» Æ Ã Æ ÂY¿�» Æ Ã�Ç�Á[¿&Ãhº�Ð-¿.½'À�Â Æ+Í ÐPÑuË Æ ½'Â�Ã]º'¹vÝDÞ3ß-àYáPÝ%â�ã�Ä
ä Ì�Æ »4å'æ�ç�çXÀ�Â�Ã:¿.½'Â�¾ Æ Ãpº'¹ Å7Ê ¼�»�º�Ð�Á Æ Ë�Ã�Ï Æ » Æ Ã�º�Á Ì�Æ+Í Ä�ènÉ�º�Ç�Î�ÉmÀ[¿6À�Ãp½X¹H» Æ+Æ ¾Uº Í�Æ ÝDÞ3ß-àYáPÝ%â�ã
À�Ã�»�º�Ð�Ç�Ã:¿#Ä9ènÉ Æ(Í�Æ Ã�¾+»�À�¼-¿&À�º�ÂÒº'¹6¿&É Æ Á1½'»�Î Æ Ã:¿XÃ�Ç�¾+¾ Æ Ã�Ã�¹HÇ�Á�Á[ÑgÃ�º�Á Ì�Æ+Í À�Â�Ã:¿.½'Â�¾ Æ(Æ Ù-¾ Æ+Æ+Í�Æ+Íêéqë ç
ì ÐYÑP¿ Æ Ã+ÄíènÉ�À[Ãk¹Hº�»�Ë�Ç�Á1½%¿&À[º'ÂîÉ3½ Í º Ì�Æ »(ï'ç�ç�ç�ç Ì ½'»�À1½'Ð�Á Æ Ãk½'Â Íðé ï'æ�ç�ç�çu¾+º�Â�Ã:¿&»&½'À�ÂY¿&Ã#ÄÔènÉ Æ
Ã�º�Á�Ç-¿&À�º�ÂW¿&À�Ë Æ » Æ ½'¾.É Æ+Í å'·fÉ�º�Ç�»�Ã\º�Â9½ éDñ\òpóXô ¿&É�Á�º�Â Ê=õ Ä�öpÂ-¹Hº�»:¿&Ç�Â3½%¿ Æ Á[Ñ È ½'Ã]½'ÂYÑu¾+º Í�Æ'È
ÝDÞ3ß-àYáPÝ%â�ã*É3½'Ã6À[¿&ÃnÁ�À�Ë�À�¿.½D¿&À[º�Â�Ã È ½'Â Í Ï Æ]Í À Í Â�º'¿6Ëk½'Â3½'Î Æ ¿&º�Ã�º�Á Ì�Æ'È3Æ Ä Î�Ä È Ð�À�Î�Î Æ »nÀ�Â�Ã:¿.½'Â�¾ Æ Ã+Ä
ènÉ Æ Ëk½'À�Â(» Æ ½'Ã�º�Âf¹Hº�»�¹_½'À�Á�Ç�» Æ Ã�Ï Æ » Æ Â�Ç�Ë Æ »�À�¾#½%Á�À�Â�Ã:¿.½'Ð�À�Á�À�¿&À Æ Ã+Ä

÷nø_ù6ø:ú û�ü-ýaþ

ÓRÂ�º�Ç�»6Ã�À�ËXÇ�Á1½%¿&À[º'Â�ÃnÏ Æ Ë�º Í�Æ Á Æ+Í ½0É�º�Ë�º�Î Æ Â Æ º�Ç�ÃpÃ:Ñ�Ã:¿ Æ ËÿÏnÀ[¿&É
m = 10

¼�»�º�¾ Æ Ã�Ã�º�»�Ã È
C =

1
Ø�� æ È

A = 1
Ø�� ë-È ½'Â Í

S =
é Ø�� ë�� ¿&É Æ Ã Æ=Ì ½%Á�Ç Æ Ã
¾#½'ÂhÐ Æ ¹Hº�» Æ Ù�½'Ë�¼�Á Æ�� Ð3½'Â Í Ï6À Í ¿&É éDì ÐYÑP¿ Æ�� Ã È

¼�»�º�¾ Æ Ã�Ã�À�Â�Î�»&½%¿ ÆXé	� ÐYÑP¿ Æ�� Ã È Ã:¿.½'»:¿&Ç�¼(¿&À�Ë ÆXé Ë�Ã�
UÄ Ê ½'»&½'Ë Æ ¿ Æ »�Ã
V
È
D
È Ï Æ » Æ\Ì ½'»�À1½'Ð�Á Æ Ä

Å«Æ ¿]Ç�Ã�Ã:¿.½'»:¿�¿&É�À�Ã�Ã Æ ¾U¿&À�º�ÂSÏ6À[¿&Éu¾+º�Â�Ã�À Í�Æ »�À�Â�Î*¿&É Æ º�Ð�Ã Æ » Ì�Æ+Í9Í À�Ã:¿&»�À�Ð�Ç-¿&À�º�ÂW¼3½%¿�¿ Æ »�Â�Ã+ÄXÓRÂ
Ë�º�Ã:¿�º'¹M¿&É Æ ¾+½'Ã Æ Ãa¿&É Æ Ã�À ó+Æ Ãaº'¹JÁ�ºY½ Í ¾.ÉPÇ�Â � Ã�Ã Æ ÂY¿a¿&º4¿&É Æ ¼�»�º�¾ Æ Ã�Ã�º�»�Ã�Î�»�ºqÏKÃ�Á�ºqÏ6Á[ÑhÐMº'¿&É�Ï6À[¿&É
¿&É Æ ¼�»�º�¾ Æ Ã�Ã�º�»]ÂPÇ�Ë�Ð Æ »\½'Â Í ¿&É Æ Ã:¿.½'Î Æ ÂPÇ�ËXÐ Æ »+Ä0Ót¿]À�Ã�Ð Æ ¾#½'Ç�Ã Æ ¼�»�º�¾ Æ Ã�Ã�º�»�Ãh½'» Æ ½'¾U¿&À Ì ½%¿ Æ+Í
Æ ½'»�Á[Ñ*Ï6É Æ Âm¿&É Æ À�Â�À[¿&À1½%Á�¾.ÉPÇ�Â � Ã4½'» Æ Ã�Ëk½'Á�ÁrÄaÓRÂf¿&É Æ Á1½'Ã:¿6Ã:¿.½'Î Æ ¿&É Æ ¾.É�Ç�Â � Ã�À ó+Æ Ã Í�Æ ¾+» Æ ½'Ã Æ À�Â
º�» Í�Æ »a¿&ºh½'¾.É�À ÆUÌYÆ Ã�À�ËXÇ�Á[¿.½'Â Æ º'Ç�Ã�¾+º�Ë�¼�Á Æ ¿&À�º'Â0º'¹d¿&É Æ ¾+º�Ë�¼�Ç-¿.½%¿&À�º�Â�Ãaº�Âk½'Á�Á�¼�»&ºP¾ Æ Ã�Ã�º�»�Ã+Ä�ènÉ�À�Ã
¹_½'¾+À�Á�À�¿.½%¿ Æ Ã�¼ Æ »:¹ Æ ¾U¿6Á�ºY½ Í Ð3½'Á1½'Â�¾ Æ Äaè�É Æ ¾.É3½'Â�Î Æ Ã6º'¹7¿&É Æ�Í ½%¿.½�¾cÉPÇ�Â � Ãp½'» Æ�Í�Æ Ë�º�Â�Ã:¿&»&½%¿ Æ+Í À�Â
� À�Î�Ä-ï�Ä ·-Ä Ê »�º�¾ Æ Ã�Ã�º�»�Â�Ç�Ë�Ð Æ »&Ã�½'» Æ ½'Á�À�Î�Â Æ+Í ½'Á�º�Â�Î]¿&É Æ É�º�»�À ó º�ÂP¿.½'ÁJ½DÙ-À�Ã È Ã�À ó+Æ Ã�º'¹«¿&É Æ ¾.ÉPÇ�Â � Ã
½'» Æ ¼�» Æ Ã Æ ÂP¿ Æ+Í º�ÂW¿&É Æ�ÌYÆ »:¿&À�¾#½'Á�½DÙ-À�Ã+Ä�ä4Ð�Ã Æ » Ì�Æ ¿&É3½%¿�¼�»&ºP¾ Æ Ã�Ã�º�»

P10

» Æ ¾ Æ À Ì�Æ+Í À[¿&ÃvÁ1½'Ã:¿�Á�ºY½ Í
¾.É�Ç�Â � À�Â(¿&É Æ ¼ Æ ÂPÇ�Á[¿&À�Ëk½%¿ Æ Ã:¿.½'Î Æ'È ½'Â Í Â�º0Á�ºY½ Í À�ÃnÃ Æ ÂP¿6¿&º

P10

À�ÂfÃ:¿.½'Î Æ
n = 3

Ä
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L
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S Yva X E P C SJV E)[F[F?AYD@�as? O E

Cmax?AY N >�?A@DI5GJI wqI-x X EyYJB O tzE)C S�k [,a N @=E)[
h
o7N [�[FE R E V asE U [FB V�X a XrN a

Cmax
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��Y S C U E)C�a S tzE6aFasE)C U E P ? V a:?AYqprBDE)Y V E S�k a X E R ? O ?�asE UcV)S=OQO BDYD? V	N as? S YctDBq^`E)C�[F?A])E o E
N Y N�R_| ])E U a X E V	N [FE S�k a X E O ?AYD? O B O�PzS [F[F?At R E�Y�B O tzE)C S�k [ V	N aFasE)CF?AYD@�[,a N @=E)[ g ?�I E�I

nmin =

d V
Dm

e
I�x X E~CFE)[FB R as[ N CsE:[ XDS�o Y�?AY�>�?A@DI!GJI d } I:> S C D = ∞

O ?AYD? O B O Y�B O t�E)C S�k [,a N @=E)[
?A[

n = 1
g�N Y U a X E O ?AYD? O B O Y�B O tzE)C S�k�P C SJV E)[F[ S CF[�?A[

m = 1
I�x X E RAS�o E)C�t S BDY U b�� � j�g

CFE P CFE)[FE)YTas?AYD@c? U E N�R2V ?AC V B O [,a N Y V E)[ S�k�P C SJV E)[F[F?AYD@Ha X E RASTN�U�g ?A[ N�UDU E U a S [ XDS�o E M ?A[,as?AYD@
PzS asE)YTas? N�R2kmS CQa X E\CFE U B V as? S Y S�k a X E P C S�V E)[F[F?AYD@cas? O E�I���Y�a X E\? U E N�R�V	N [FE N a R E N [,a S YDE
V)S=OQO BDYD? V	N as? S Y~[,a N C,asB P as? O E O BD[,a#E R�N�P [FE�t�E kmS CFE N Y |~P C S�V E)[F[ S Cl[,a N C,as[ V)S=OQP Bqas?AYD@DI�x X E
V)S=OQP Bqas?AYD@ PDXrN [FE OyN	| Y S a R�N [,af[ XDS C,asE)C�a XrN Y V A

m

o2X ? V�X ?A[�a X E V	N [FE S�k ? U E N�RJRASTN�U t N�R�N Y V E�I
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¬�­A®=¯D°F±u²J³ «q´
Cmax µJ¶ V ·m¸ ° µ�¹ °F­ ¸ ¯ ¶ D

­Aº ¹:¶,»�¹ °)¼ A ½�¾	¿�ÀÂÁ�·m¸ ° »sÃ ±uÄz± ¶,» ¸ Ä ¶ ±)° µ ±)Å\º

Æ Ã ¯ ¶ ¼ S + V A
m

­ ¶�¹:Ç ¸�È ±)°2Ä ¸ ¯DºDÅ È ±v¯ ¶ ±)Å�³lÉ�º\¬�­A®D³�²J³ ¾�Ê Ç ­AºD± ¶ ·m¸ ° D = ∞ ¹ ºDÅ D = 1E0

¸ µ ±)° Ç�¹�Ë Ä�Ì »sÃ ± ¶ ± Ç ±)Í » ­ ¸ º ¸�· µ�¹�Ç ¯D± ¶ A,C, S
³�Æ Ã ± Ç ­AºD± ¶ ·m¸ ° ¸ »sÃ ±)°�Í ¸=ÎQÎ ¯DºD­AÍ ¹�» ­ ¸ º-ÄD¯qÏ`±)°

¶ ­AÐ)± ¶ ·m¸ ÇAÇ ¸�È »sÃ ± Ç ­AºD± ¸�· ­AºqÑrºD­ » ±�ÄD¯qÏ`±)° È Ã ±)º V ≤ D
¼ ¹ ºDÅ »sÃ ± Ç ¸�È ±)°�Ä ¸ ¯DºDÅ È Ã ±)º V ≥

mD
³ÒÆ Ã ±\Í Ãr¹ ºD®=± ¶ ­Aº Ë ° ¸ Í)± ¶F¶ ­AºD® » ­ Î ± ·m¸ ° V ∈ [D,mD] ¹ °F± Î ­Aº ¸ °)³ÓÉ » ­ ¶:»sÃ ±\Í ¹�¶ ±Äz±)Í ¹ ¯ ¶ ± ·m¸ ° V ≤ D

¼ ¸ º Ç Ì ¸ ºD± Ë ° ¸ Í)± ¶F¶ ¸ °�­ ¶2¹ Í » ­ µ�¹�» ±)Å�¼ ¹�¶ ·m¸ ° D = ∞
³fÔ Ã ±)º V

±�ÕqÍ)±)±)Å ¶
D ÎQ¸ °F± »sÃr¹ º ¸ ºD± Î ± ¶F¶s¹ ®=± Î ¯ ¶,» Äz± ¶ ±)º » ¼ ¹ ºDÅÖ­ » ­ ¶�Ë ° ¸ Ñ »�¹ Ä Ç ± » ¸ ¹ Í » ­ µ�¹�» ± ¹ ÅDÅD­ » ­ ¸ º ¹�Ç
Ë ° ¸ Í)± ¶F¶ ¸ ° ¶ ³�×1ÅDÅD­ » ­ ¸ º ¹�Ç�Ë ° ¸ Í)± ¶F¶ ­AºD® Ë ¸�È ±)°vÍ ¸=Î Ë ±)º ¶s¹�» ± ¶ ·m¸ ° »sÃ ±~®=° ¸�È ­AºD® V

¼ ¹ ºDÅ CmaxÅ ¸ ± ¶ º ¸ » ­AºDÍ)°F± ¹�¶ ± ¶ ­A®=ºD­_ÑrÍ ¹ º »sÇ Ì=³ØÉ · V > Dm ¹�ÇAÇ7Ë ° ¸ Í)± ¶F¶ ¸ ° ¶�¹ °F± ¹ Í » ­ µ�¹�» ±)Å�¼ »sÃ ±)°F± ·m¸ °F±
Ë ° ¸ Í)± ¶F¶ ­AºD® » ­ Î ±�­ ¶1¶ ­ Î ­ ÇA¹ ° » ¸ »sÃ ± Ç ¸�È ±)°1Ä ¸ ¯DºDÅ�³¬�­A®D³!²J³ ¾�Ê ¶FÃ ¸�È ¶�»sÃr¹�» °F± Ç�¹�» ­ µ ±�ÅD­_Ï`±)°F±)ºDÍ)±:Äz± » È ±)±)º »�Ã ± Ë ° ¸ Í)± ¶F¶ ­AºD® » ­ Î ± ¶ ·m¸ ° µ�¹ °F­ ¸ ¯ ¶Í ¸=ÎQÎ ¯DºD­AÍ ¹�» ­ ¸ ºÖÄD¯qÏ`±)° ¶ ­AÐ)± ¶ ­ ¶ Î ­Aº ¸ °)³�Ù#± » ¼ »sÃ ±ÚÅD­_Ï`±)°F±)ºDÍ)±Ú­Aº ¹ Ä ¶ ¸ Ç ¯ » ± » ±)° Î ¶ Í ¹ ºØÄ�±
¹ °FÄD­ » ° ¹ °F­ Ç ÌQÄD­A®D³�Æ Ã ­ ¶ ­ ¶ ÅD± ÎQ¸ º ¶,» ° ¹�» ±)ÅÚ­AºÚ¬�­A®D³D²J³ ¾=¾ ¶FÃ ¸�È ­AºD® »sÃ ±�ÅD­_Ï`±)°F±)ºDÍ)±uÄ�± » È ±)±)º »sÃ ±
Ë ° ¸ Í)± ¶F¶ ­AºD® » ­ Î ± ·m¸ ° D ½�¾�¿#Û ¼ ¹ ºDÅ ¸ »sÃ ±)°�ÄD¯qÏ`±)° ¶ ­AÐ)± ¶ ¼ ·m¸ ° nmin

³�Æ Ã ±)°F±~­ ¶ º ¸ ÅD­_Ï`±)°F±)ºDÍ)±
·m¸ ° V < 1 ¿#Û ³HÜ�¯D± » ¸ »sÃ ± ¶ ± Ç ±)Í » ­ ¸ º ¸�· A

¼
C
¼
S ¹ ºDÅ m µ�¹�Ç ¯D± ¶�»sÃ ± Ç ­AºD± ¶ ¸�· D = ∞

¹ ºDÅ D ½�¾�¿�Ê$¸ µ ±)° Ç�¹�Ë ³�Æ Ã ±�ÅD­_Ï`±)°F±)ºDÍ)± ¸�· Cmax ·m¸ ° µ�¹ °F­ ¸ ¯ ¶ D
®=° ¸�È ¶ È ­ »sÃ V

¯Dº » ­ Ç D
¼
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ô�õAö=÷DøFùuúJû_ü óqý
Cmax þJÿ V ��� ø þ�� øFõ � ÷ ÿ D ����� nmin

õ ���:ÿ
	�� ø)û

�����
� ù þ ù �Aÿ ������� ø V > mD
û1ô � ø V > mD � D � ü���� ����� D � ü���� 	�� ù � õ � ù ÿ�� øFù�� � ø ����� ù �� ù � � ÷ ÿ ù 	�� ù � ÷Dø �!	 õ � � ��� 	�� ù�� �#" �D÷ 	 õ � ö$� � ø 	 õ ÿ�	�� ù ÿ�� " ù � ����� � ���&%'	�� ù�� �#"(" ÷ � õ�� �!	 õ � �

	 õ " ù�õ �)	�� ù+*rø ÿ
	2ÿ
	�� ö=ù�õ ÿ,� õ � ù)øFù �-	 û�. � õ ÿ õ ÿ/� øFù ÿ ÷ �&	 ��� � õ � ù)øFù �0	 � �#"(" ÷ � õ�� �!	 õ � � � ÷ � ù)ø ÿ
ÿ õ�1)ù ÿ�������� õ � ù)øFù �0	 " ù ÿsÿ�� ö�ù � ù � ö 	��Dÿ û2 � ô�õAöDû�úJû_ü43 ÿ
	������5� ø �6� ù þ õ �!	 õ � � ��� 	�� ù7�Dø � �)ù ÿFÿ � ø'� �#" � � ù 	 õ � ��	 õ " ù ÿ σ ��� ø nmin

õ ÿ
� ù �Dõ�� 	 ù � û). � ù þ!��� ÷Dù σ

õ ÿ8� " ù ��ÿ ÷DøFù ��� 	�� ù(�Dø � �)ù ÿFÿ � ø � � ��� õ " � ������� �)ù�û:9 � ÿ ù)ø þ ù 	��5�!	
	�� ù�õ " � ������� �)ùvõ ÿ;	�� ù � õAö=ö=ù ÿ
	 ��� ø nmin � � ù � � ÷ ÿ ù n > nmin ����� ��< ÿ ��� ø ÿ ù ��� õ � ö " ù ÿFÿ�� ö=ù ÿ
��� � õ � ù)øFõ � ö ÿ õ&1)ù ÿ � � ù � �)ù � ù 	=	 ù)ø � � ��� � ���>��� �)ù2õ ÿ � � ÿFÿ õ � � ù�û�? � �Dÿ ù @�÷Dù �0	��&% � ô�õAöDû�úJû_ü43 ÿ=� �4< ÿ
	�� ù <A� ø ÿ
	 � ��ÿ ù ��� 	�� ù � � ��� õ " � ���>��� �)ù�ûHô � ø ÿ " ����� � ÷ � ù)ø ÿ õ " � ������� �)ù�õ ÿ�ÿ " ����� ù)ø)ûHô � ø
D = ∞ 	�� ùvõ " � ���>�!� �)ù$� ��� � ù � ø � õ 	 ø � øFõ �&% � õAö � ù � � ÷ ÿ ù � ���&% � � ù��Dø � �)ù ÿFÿ � ø � ù)ù �Dÿ�	 � � ù
� � 	 õ þ��!	 ù � � ÷ 	 ��� m > 1

û
9 �B	�� ù � ��ÿ õ ÿ ��� 	�� ù � � � þ ù7� �5� ø 	sÿ � � ù " �C%D	�� õ ��EF	��5�!	$	�� ù7� �#"(" ÷ � õ�� �!	 õ � � � ÷ � ù)ø

ÿ=� � ÷ ��� � ù ÿ " ����� � % ù 	 � � õAö�ù � � ÷Dö �G	 � �	þ � õ � ùIHJ�)ù ÿFÿ õ þ ù " ù ÿFÿ�� ö=ù � ø � ö " ù �0	��!	 õ � � ûLK 	 õ �&� �
	�� ù)øFù�õ ÿ � � ù "(� øFù < ��% õ � < � õ�� � � �#"(" ÷ � õ�� �!	 õ � � � ÷ � ù)ø " �C% õ �JM ÷Dù � �)ù+�Dø � �)ù ÿFÿ õ � ö 	 õ " ù�û? � �Dÿ õ � ù)ø ��� ùIH � " � � ùvõ � ô�õAöDûzúJû_ü�N ý

m = 3 � A = C = 1 � S = 0 � V = 3
û/O � ù � D = 1 �
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vXw�x#y�z={�|~} u#u#�a� w&��{ z={ ��� { �n��{o���A{ { �
Cmax ��� z�����z=w � y�� D

w��$�/�
����z � ��� z nmin

}n�/��{���z � � { �=�=w���x��w��({ ��� z D � u��c� w��,����{$z={ � { z={ ��� {�}

100 1E4 1E6 1E8 1E10 1E121

D=1E6 D=1E4
D=1E2 D=1E0
D=infinity
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1
V

σ

vXw�x#y�z={�|~} u4�~��� �������5��z=������z=w>����� { ��� ��z � � { �=� � z�� � �(����{o��w � �)��w��({ �/w������
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computation

computation

computation

S + C1 11 1α V

α11 1A V

S + C2 21 2α V S + C3 31 3α V

α21 2A V

α31 3A V
time

P1

0 1 2 3 4

P2

P3

P0

³&´ µ
D = 1

computation

computation

computation

S + C1 11 1α' V

α Α'11 1V

S + ' C2 α21 2V S + ' C3 α31 3V

α Α'21 2V

α Α'31 3V
time

P1

0 1 2 3 3.5

P2

P3

P0

³·¶�µ
D = 1.5

¸X¹�º#»�¼=½�¾~¿&À�ÁJÂ�ÃA¹�ºrÄ�»JÅ�½ ¼=Æ�Ç7ÈCÉ)Ê�¼=½oË#½ Ì-Í�¹�ÇrÄ5È�Î�È�Ì�Ï ½+Ð�ÑnÍ�Ò�½$Ï Ð#Ç(Ê�Î�½oÍ�¹�Ð#Ì)Í�¹�Ç(½�¿
Ð#Ì�Î&É�Ð#Ì�½AÆ
Í�È�º#½A¹�ÆXÌ�½ ½ Ó�½ Ó�Ô

n = 1 Õ ¿nÖ/Ò�½,Ê�¼=Ð~Ï ½ Æ=Æ=Ð#¼=Æ�¼=½ Ï ½ ¹&Ë#½
α11V = α21V = α31V = D =

1
Ð�ÑXÓ5È!Í�ÈrË#Ð#Î�»�Ç(½�¿�Ö/Ò�½�Ï Ð#Ç(Çr»�Ì�¹�ÏCÈ4Í�¹&Ð#Ì:Ê�Ò5È�Æ=½�Î>È�Æ
Í�Æ�Ár»�Ì�¹&Í�Æ;Ð�ÑXÍ�¹�Ç(½�×JÍ�Ò�½$Ï Ð#Ç(Ê�»JÍ�È!Í�¹�Ð#Ì�Æ

Ð#Ì'Í�Ò�½,Î>È�Æ
Í�È�ÏoÍ�¹&Ë!È!Í�½ ÓrÊ�¼=Ð~Ï ½ Æ=Æ=Ð#¼�Ï Ð#Ç(Ê�Î�½oÍ�½AØÙ»�Ì�¹&Í�ÆRÐ�Ñ�Í�¹�Ç(½AÈ!ÑÚÍ�½ ¼XÍ�Ò�½,Ï Ð#Ç(Çr»�Ì�¹�ÏCÈ!Í�¹&Ð#Ì8Æ
Í�È�¼
Í
Ô�ÏoÑ�¿r¸X¹�º�¿Û¾~¿&À�Á5ÔÜÈ Õ ¿rÝ+ÌDÍ�Ò�½�Ð�Í�Ò�½ ¼ÙÒ5È�Ì�ÓÛ×ÛÞ;Ò�½ Ì

D ≥ 1.5
È)Ó�¹&Å�½ ¼=½ Ì-ÍÙÎ�Ð0È�ÓDÓ�¹�Æ
Í�¼=¹�Ä�»JÍ�¹�Ð#ÌF¹�Æ

ÊßÐ#Æ=Æ=¹�Ä�Î�½�Â
α11 = 1.5, α21V = 1, α31 = 0.5

×!È�Î�Î�Ê�¼=Ð~Ï ½ Æ=Æ=Ð#¼=Æ`Æ=¹�Çr»�Î&Í�È!Ì�½ Ð#»�Æ=Î&ÉVÆ
Í�Ð#Ê$Ï Ð#Ç(Ê�»JÍ�¹�Ì�º
ÁJ¿à¾Ù»�Ì�¹&Í�Æ�Ð�ÑßÍ�¹&Ç(½;È!ÑÚÍ�½ ¼�Í�Ò�½�Äß½ º�¹�Ì�Ì�¹�Ì�º$Ð�Ñ�Í�Ò�½�Ê�¼=Ð-Ï ½ Æ=ÆÙÔ�ÏoÑ�¿�¸X¹�º�¿-¾~¿&À�Á5Ô�Ä Õ=Õ ¿XÖ/Ò~»�Æ ×-Í�Ð~Ð$Æ=Ç7È�Î�Î
Ï Ð#Ç(Ç'»�Ì�¹�ÏCÈ!Í�¹&Ð#Ì:Ä�»JÅ�½ ¼;Ç7ÈCÉ:Ï È�»�Æ=½�¹�Ç'Ä5È�Î>È�Ì�Ï ½+Ð�ÑnÍ�Ò�½$Ï Ð#Ç(Ê�»JÍ�¹�Ì�º�Ï Ð#Ç�Ê�Î�½oÍ�¹�Ð#Ì)Í�¹�Ç(½ Æ;È�Î�Æ=Ð�¿
Ö/Ò�½cÎ�Ð0È�ÓÙ¹�ÇrÄ5È�Î�È�Ì�Ï ½�ÏCÈ�Ì�Äß½�¹�Ç(Ê�¼=Ð�Ë#½ Ó�Ä0ÉÙ»�Æ=¹�Ì�º�Æ=Ò�Ð#¼
Í�½ ¼`Ç(½ Æ=Æ�È�º#½ Æ ×�Ä�»JÍ`Í�Ò�¹�Æ`¹�Ì�Ï »�¼=Æ`º#¼=½CÈ!Í�½ ¼
Ì-»�ÇrÄ�½ ¼VÐ�Ñ�Æ
Í�È�¼
Í�»�Ê
Í�¹&Ç(½ Æ ¿�Ö/Ò-»�ÆVÍ�Ò�½8¼=½ Î>È!Í�¹�Ð#Ì�Äß½oÍáÞA½ ½ ÌDÍ�Ò�½8Î�Ð0È�Ó�Ä5È�Î>È�Ì�Ï ½�×ßÇ(½ Æ=Æ�È�º#½'Æ=¹�â ½�×
Ä�»JÅ�½ ¼;Æ=¹�â ½�È�Ì�Ó:Í�Ò�½$Ì~»�Ç'Äß½ ¼/Ð�ÑXÇ(½ Æ=Æ�È�º#½ Æ�¹�Æ/Ï Ð#Ç(Ê�Î�½Iã�È�Ì�Ó�Ì�Ð�Í�Æ
Í�¼�È�¹�º#Ò0Í=Ñ�Ð#¼
Þ,È�¼=ÓÛ¿

äáÌ)¸X¹�º�¿-¾~¿&ÀCØ�Ó�½ Ê�½ Ì�Ó�½ Ì�ÏC½VÐ�ÑÛÊ�¼=Ð~Ï ½ Æ=Æ=¹�Ì�º�Í�¹�Ç(½/Ð#Ì
D

×~È�Ì�Ó
n

Ñ�Ð#¼�åJãJ½ Ó
V

¹�Æ�Æ=Ò�Ð�Þ;ÌÛ¿
D

¹�Æ
½IãJÊ�¼=½ Æ=Æ=½CÓ:È�ÆcÈÙÑ�¼�È�ÏoÍ�¹�Ð#Ì�Ð�Ñ

V
¿RäáÌ�¹&Í�¹>È�Î&Î·É

Cmax
Ó�½ Ï ¼=½CÈ�Æ=½ ÆAÞ;¹&Í�Ò�º#¼=Ð4Þ;¹�Ì�º

n
¿RÖ/Ò�½�¼�È!Í�½;Ð�Ñ�Í�Ò�½

Ó�½ Ï ¼=½CÈ�Æ=½r¹�Æ;ÑÜÈ�Æ
ÍVÑ�Ð#¼VÆ=Ç7È�Î�Î
n
×�Ä�»JÍ+Î>È!Í�½ ¼;Í�Ò�½'¼=½oÍ�»�¼=Ì�ÆVÑ�¼=Ð#Çæ¹�Ì�Ï ¼=½CÈ�Æ=¹�Ì�º

n
È�¼=½8Ó�¹�Ç(¹�Ì�¹&Æ=Ò�¹�Ì�º�¿

ç ÑÚÍ�½ ¼;½IãJÏ ½ ½ Ó�¹�Ì�º)È�Ï ½ ¼
Í�È�¹�Ì�Î�¹�Ç�¹·ÍC×
Cmax

º#¼=Ð4Þ;Æ/Þ;¹&Í�Ò
n
¿cÖ/Ò�¹�Æ�¹�Æ;È�Ì�½oÅ�½ ÏoÍVÐ�ÑRÆ
Í�È�¼
Í�»�Ê�Í�¹�Ç(½

S
È�Ê�Êß½CÈ�¼=¹�Ì�ºrÞ;¹&Í�Ò�½CÈ�Ï�Ò�Ï Ð#Ç(Ç'»�Ì�¹�ÏCÈ!Í�¹�Ð�ÌÛ¿

S
¹�Æ;È�Ó�Ó�½ Ó
½oË#½ Ì
¹&Ñ`Í�Ò�½$Æ=¹�â ½$Ð�ÑnÍ�Ò�½$Î�Ð0È�Ó:Ï�Ò~»�Ì�è

¹�Æ/éJ¿�Ö/Ò�¹�Æ/Ì�½CÈ�¼=Î&É)Î�¹�Ì�½CÈ�¼Aº#¼=Ð�Þ/Í�Ò�Ð�Ñ
Cmax

Þ;¹·Í�Ò
n

ÏCÈ�Ì�Äß½ÙÏ Ð#Ì�Æ=¹�Ó�½ ¼=½ Ó
È�Æ;È�Ì:¹�Ì5È�Ï Ï »�¼�È�ÏoÉ)Ð�Ñ
Í�Ò�½8Ç(Ð~Ó�½ ÎnÄß½ ÏCÈ�»�Æ=½'¹&ÍVÇ(½CÈ�Ì�Æ�Í�Ò5È!ÍVÞ,½8Æ
Í�¹�Î�Î`Æ=½ Ì�ÓFÍ�Ò�½rÈ�Æ=Æ=»�Ç(½ ÓFÌ~»�Ç'Äß½ ¼

nm
Ð�Ñ�Ç(½ Æ=Æ�È�º#½ Æ

½oË#½ Ì�Í�Ò�Ð#»�º#Ò�Æ=Ð#Ç(½ÙÐ�ÑnÍ�Ò�½ ÇjÏ Ð#Ì-Í�È�¹�Ì:Ì�Ð(Î�Ð0È�ÓÛ¿
¸5¼=Ð#ÇêÍ�Ò�½�È�ÄßÐ�Ë0½Ùå5º#»�¼=½ Æ;ÞA½�Ó�¼�È�ÞëÈ�Ï Ð#Ì�Ï Î�»�Æ=¹�Ð#Ì:Í�Ò5È!Í;Í�Ò�½ ¼=½�¹�Æ/Æ=Ð#Ç(½$Ð#ÊJÍ�¹�Ç7È�Î�Ï Ð#Ç(Çr»~ì

Ì�¹�ÏCÈ!Í�¹�Ð#Ì�Ä�»JÅ�½ ¼AÆ=¹�â ½
D∗ ×~È�Ì�Ó)Ì-»�Ç'Äß½ ¼cÐ�ÑaÆ
Í�È�º#½ Æ

n
Þ;Ò�¹�Ï�Ò)Ð#Ì7Ð#Ì�½�Ò5È�Ì�ÓÛ×~Ê�¼=½oË0½oÌ-Í,½IãJÏ ½ Æ=Æ�¹&Ë#½
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Cmax

>�;
D,n

/

A +�B,BDC�&�+.@E)DC�& A +�;GFHC�FD$'>�;�I C�;*<JFDK*+.>�FDK*+�)8K�C�;*<�I:L�C�M�C�;*=�+�BNFDK*+?M'>GC�<POQ+�M'MR/TSU+?<*$'B,=�(*B,BNFDK*$'B
$';JV0+�=�FD$'>�;J-0/ 2*/

WTXZY[XR\ ]_^*`8acb8de^5fgd7b8`ghiacb8jlkmacd7npo0^*qrqrs
tu;pFDK*$'B�B,+�=�FD$'>�;pOQ+v9*),+�B,+�;GF7),+�B,(*M
FDB%>�@ A >0<*+�M'$';*&N>�),<*$';�C�)�w?C�;*<pL*$';*> A $�C�MGFD),+�+�B�/%SU+Q9*),+�B,+�;xF
),+�M�C�FD$'>�;*B�BD9 +�=�$
y�=[@E>�)eFDK*+TFD),+�+�Bl>�;*M
wpL:+�=3C�(*B,+8<*+�9 +�;*<*+�;*=3+8>�@

Cmax

>�;
D,n

C�),+[B,$ A $'M'C�)%FD>
FDK*+l>�;*+�Bz@E>�)rFDK*+lB�FHC�)�/�{N;*M'+�B,B�B,9:+�=�$
y�+�<p<*$
|}+�),+�;GFDM
w�I�OQ+vC�B,B,( A +�< p = 2, h = 10, A = 1 ~%� � I
C = 1 ~%�c� I S � 1 ~%� � $
;�C�M'M}FDK*+�@E>�M'M
>"O[$';*&pBD$ A (*M�C�FD$
>�;*B�/

#%$'),B�F�M'+�F�(*B�C�;�C�M
w0��+JFDK*+�B,$'��+�B�>�@�FDK*+JM'>GC�<�=�Kx(*;*�xBPC�B,B,$'&�;*+�<�FD>UFDK*+�9*),>x=�+�B,B,>�),B�>�@
FDK*+�=�>�;*B,+�=�(5FD$
��+�M�C3w�+�),B�/��r+�F�(*B�;*>�FD+�FDK�C�FiFDK*+�M'>GC�<*B�B,+�;GF�FD>�FDK*+�<*+�+�9:+�)�M�C"w�+�),B�>�@lL:>�FDK
>�),<*$';�C�)�w�IzC�;*<�L*$';*> A $'C�M�FD),+�+�B?C�),+�B,9*M'$
F�$';GFD>P=HKx(*;*�xB?+3C�=HK�FD$ A +pFDK*+�M'>GC�<�$'B�),+�M�C"w�+�<��E=�@c/
$';*+��x(�C�M'$
FD$
+�B��R-0/
1�����IT�R-0/ � -��,��/P�TK*+ A +�B,BDC�&�+�B,+�;GF?@E)D> A FDK*+�>�),$'&�$';�C�FD>�)�FD>�FDK*+�y�),B�FpM�C3w�+�)
K�C�B[$
FDB[B,$'��+�M'$ A $�FD+�<�FD> D

/7�TKx(*B�I FDK*+�B,$'��+�B[>�@ A +�B,BDC�&�+�BNB,+�;GFNFD>�M�C3wG+�) i
C�),+.C�F A >�B�F D

pi−1$';PFDK*+?>�),<*$';�C�)�w�FH),+�+�B3I}C�;*< D
p(p+1)i−2

$';�FDK*+.L*$';*> A $�C�M}FD),+�+�B�/[�TK*+p+��59 >�;*+�;GFH$'C�M�),+�<*(*=�FD$'>�;
>�@8FDK*+�M'>GC�<�=HKx(*;*�xB�),+�B�FD),$'=�FDB�(*BDC�L*$'M'$
Fuw�>�@8FDK*+J<*+�+�9�B,=3C�F,FD+�),$';*&�FD),+�+�B�Iv+�B,9:+�=�$�C�M'M
w�O[K*+�;
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¸D¹*ºP»'¼G½�¾«¿�ÀD½�Á'Â*Ã�Ä�¼�Å�º�Á'Âx¸D¼�Æ*»�½3Ç�È�ÉT¹*º�¼�Æ5¸DÁ'ÅpÊ*ÅË¾*Á'Ã�¸DÀ,Á'Ì*Ê5¸DÁ'¼�Â«¼�ÍN¸D¹*º�»'¼G½�¾�½�Å�¼�Â*¿�¸D¹*º
»�½3ÇGº�À,Ãl¾*¼0º�ÃQÂ*¼�¸Qº�Î5Æ:¼�Ã,º�½�Ï5Î5º�¾�À,º�¿�Ê*»�½�À,Á
¸uÇ�È�ÐN¼"Ñvº�Ò�º�À�Ó5Ã,¼�Å�º8Ä�¼�Å�Å�¼�Â�Æ�½�¸,¸Dº�À,Â*ÃQ¹�½3Ò�º8Ì:º�º�Â
¼�Ì*Ã,º�À�Ò�º�¾�ÈlÉT¹*º�Á'Â*Á
¸DÁ'½�» »�½3ÇGº�À,ÃQÑ[Á
¸D¹�ÍEº�ÑÔÆ*À,¼0Ä�º�Ã,Ã,¼�À,Ã[¼�Í�¸Dº�Â�À,º�Ä�º�Á
Ò�º�¾PÂ*¼�»'¼G½�¾�È�Õ�¸[½�Æ*Æ:º3½�À,ÃQ¸D¼
Ì:ºi½�¾5Ò�½�ÂG¸H½�¿�º�¼�Ê*Ãl¸D¼p½�Ä�¸DÁ
Ò�½�¸DºN¾*º�º�Æ º�Àv»�½3ÇGº�À,Ã7Ñ[¹*Á'ÄH¹�¹�½3Ò�º8Å�¼�À,ºNÆ*À,¼0Ä�º�Ã,Ã,¼�À,ÃQÑ[¹*Á'»'º[¼�Å�Á
¸,¸DÁ
Â*¿
¸D¹*ºpÁ'Â*Á
¸DÁ'½�»z»�½3Ç�º�À,Ã�È�ÉT¹*º�Ã,Á'Ö�ºp¼�Íe¸D¹*ºpÄH¹xÊ*Â*×xÃ�Ã,º�ÂG¸�¸D¼�¸D¹*ºp¾*º�º�Æ�»�½3Ç�º�À,ÃiÁ'Ã8À,º�Ã�¸DÀ,Á'Ä�¸Dº�¾�ÌGÇJ¸D¹*º
Ä�¼�Å�ÅpÊ*Â*Á'Ä3½�¸DÁ
¼�Â�Ì*Ê5Ø}º�ÀQÃ,Á'Ö�º

D
Ê*Ã,º�¾�ÍE¼�À7¸D¹*º8Ä�¼�Å�ÅpÊ*Â*Á'Ä3½�¸DÁ
¼�Â�Ì:º�¸uÑQº�º�Â�¸D¹*º8¼�À,Á'¿�Á'Â�½�¸,¼�Àl½�Â*¾

¸D¹*ºJÏ�À,Ã�¸�»�½3Ç�º�À�ÈÙÉT¹*º�À,º�ÍE¼�À,º�ÓT¸D¼�º�Î5Æ*»'¼�Á
¸�¸D¹*ºJÆ*À,¼0Ä�º�Ã,Ã,¼�À,Ã�¼�Í�¸D¹*º�¾*º�º�ÆÚ»�½3ÇGº�À,Ã�¸D¼U¸D¹*ºJÍEÊ*»'»
º�Î0¸Dº�ÂG¸3Óz¸D¹*º�Å�½�Î5Á'ÅpÊ*ÅÛ»'¼G½�¾�ÑT½�Ã�Ã,º�ÂG¸3Ó�ÁRÈ º�È D

pi−1

Á'Â�¸D¹*º�¼�À,¾*Á'Â�½�À�ÇJ¸DÀ,º�º�Ã�Ó%½�Â*¾ D
p(p+1)i−2

Á'Â
¸D¹*º8Ì*Á'Â*¼�Å�Á�½�»*¸DÀ,º�º�Ã�È7ÉT¹*ºiÃ,º�»'º�Ä�¸DÁ'¼�Â�¼�Ír¸D¹*º8»�½3ÇGº�À,Ãl¸D¼pÌ ºiÊ*Ã,º�¾�Ó�½�Â*¾�¸D¹*º8¼�À,¾*º�ÀQ¼�Í�½�Ä�¸DÁ
Ò�½�¸DÁ'Â*¿
¸D¹*º�ÅËÀ,º�Å�½�Á'Â_¼�Æ º�Â�Æ*À,¼�Ì*»
º�Å�Ã?Ñ[¹*Á'Ä�¹«¹�½3Ò�ºPÄ�¼�ÅpÌ*Á'Â�½�¸D¼�À,Á'½�»lÂ�½�¸DÊ*À,º�È�ÜeÀ,¼0Ä�º�Ã,Ã,Á'Â*¿�Á'Â�¸DÀ,º�º�Ã
À,º�Ã,º�ÅpÌ*»'º�½�¹*º�¸Dº�À,¼�¿�º�Â*º�¼�Ê*ÃPÃ�¸H½�À�Ý�¸D¹*º�»�½3ÇGº�À,Ã�½�À,º�¹*º�¸Dº�À,¼�¿�º�Â*º�¼�Ê*ÃPÆ*À,¼0Ä�º�Ã,Ã,¼�À,Ã�Ä�¼�Â*Â*º�Ä�¸Dº�¾
¸D¼�¸D¹*ºp¼�À,Á'¿�Á'Â�½�¸D¼�À[Ò0Á�½�¹*º�¸Dº�À,¼�¿�º�Â*º�¼�Ê*Ã�Ä�¼�Å�ÅpÊ*Â*Á'Ä3½�¸DÁ
¼�ÂJ»'Á'Â*×xÃ�È�ÕuÂ�¸D¹*ºp¹*º�¸Dº�À,¼�¿�º�Â*º�¼�Ê*Ã�Ã�¸H½�À
¸D¹*º�¼�Æ5¸DÁ'ÅpÊ*ÅÞÃ,º�»'º�Ä�¸DÁ'¼�Â�¼�Íi¸D¹*º�Æ*À,¼xÄ�º�Ã,Ã,¼�À,Ã�¸D¼�Ì:º�Ê*Ã,º�¾Ú½�Â*¾�¸D¹*ºJ½�Ä�¸DÁ
Ò�½�¸DÁ'¼�Â«¼�À,¾*º�À�¹�½3Ò�º
Ä�¼�ÅpÌ*Á'Â�½�¸D¼�À,Á�½�»}Â�½�¸DÊ*À,º�Ó ½�Â*¾�Á
ÃN½�Â*¾�ß8Ü%àu¹�½�À,¾�Æ*À,¼�Ì*»'º�Å°½�Ã[¾*º�Å�¼�Â*Ã�¸DÀD½�¸Dº�¾�Á'Â�á0º�Ä�¸DÁ'¼�ÂJâ5È
ã�È

ÉT¹*º8Ä�¼�Å�Æ*»'º�Î�Â�½�¸DÊ*À,ºN¼�Í�¸D¹*ºN¼�Æ5¸DÁ'Å�Ê*Å�»�½"Ç�º�ÀQ½�Ä�¸DÁ
Ò�½�¸DÁ'¼�Â�¼�À,¾*º�ÀlÁ'Ã7º�Î5Æ:¼�Ã,º�¾�Á'Â�¼�Â*º8Å�¼�À,º
Ñv½"Ç�È�ägÌ*Á
¿�¿�º�Àp»'¼G½�¾_Å�½3ÇUÌ:º�Æ*À,¼0Ä�º�ÃDÃ,º�¾�Á'Â«½�Ã,¹*¼�À�¸Hº�À�¸DÁ'Å�º�¸D¹�½�Â�½�Ã,Å�½�»'»'º�À?»'¼G½�¾�Ñ[¹*º�Â
ß8åzæÚ½�Ä�¸DÁ
Ò�½�¸DÁ'¼�Â�¼�À,¾*º�ÀiÁ'Ã�½�Æ*Æ*»'Á
º�¾�Ór½�Â*¾

h, n
½�À,º�Å�Á'Â*Á
ÅpÊ*ÅçÆ:¼�Ã,Ã,Á'Ì*»'º�È.ÉT¹*Á'Ã�Á'ÃiÁ'»'»
Ê*Ã�¸DÀD½�¸Dº�¾

Á'Â�æ%Á'¿*È0è0È
ã�è�Ã,¹*¼�Ñ[Á'Â*¿?¾*º�Æ:º�Â*¾*º�Â�Ä�º�¼�Í}¸D¹*º8Æ*À,¼0Ä�º�Ã,Ã,Á'Â*¿?¸DÁ'Å�º[¼�Â�¸D¹*º8Ã,Á'Ö�º8¼�Í�¸D¹*ºNÆ*À,¼�Ì*»'º�ÅéÍE¼�À
Ì*Á'Â*¼�Å�Á�½�»*¸DÀ,º�ºNÑ[Á
¸D¹�ß8åzæU½�Ä�¸DÁ
Ò�½�¸DÁ'¼�Â�¼�À,¾*º�Àv½�Â*¾

D = 1 êlë ÈeÉT¹*À,º�ºi»'Á'Â*º�Ãl¾*º�Æ*Á'Ä�¸vÆ*À,¼xÄ�º�Ã,Ã,Á'Â*¿
¸DÁ'Å�º�ÃNÍE¼�ÀN¸D¹*ºpÅ�Á'Â*Á'Å?Ê*ÅgÂ0Ê*ÅpÌ º�Ài¼�Íe¸H¹*ºpÃ�¸H½�¿�º�Ã�½�Â*¾�»�½3Ç�º�À,Ã�Ó}ÍE¼�ÀN¸D¹*ºpÌ:º�Ã�¸�¼�Ì*Ã,º�À�ÒGº�¾�Ä3½�Ã,º�Ó
½�Â*¾�ÍE¼�ÀT½�Â�½�»
¸Dº�À,Â�½�¸DÁ
Ò�ºiÄ�¼�Å�ÅpÊ*Â*Á'Ä3½�¸DÁ
¼�Â�Ã�¸DÀD½�¸Dº�¿�Ç�ìZåzíTî�È*Õ�¸[Ä3½�ÂPÌ º�Ã,º�º�Â�Á'ÂPæ%Á'¿*È*è0È
ã�è.¸D¹�½�¸
Æ*À,¼0Ä�º�Ã,Ã,Á'Â*¿P¸DÁ'Å�º�Å�½3Ç�¾*º�Ä�À,º3½�Ã,º�Ñ[Á
¸D¹�Á'Â*Ä�À,º3½�Ã,Á'Â*¿

V
ÍE¼�À

nmin
È�ÉT¹*º�º�Î5Æ*»�½�Â�½�¸DÁ'¼�Â�ÍE¼�Ài¸D¹*Á'Ã

Ä�¼�Ê*ÂG¸Dº�À,Á'Âx¸DÊ*Á
¸DÁ
Ò�ºeÌ:º�¹�½3Ò0Á'¼�À�Á'Ãr¸D¹�½�¸zÍE¼�Àr¸D¹*ºl¿�Á
ÒGº�Â
V
¼�Â*»
Ç�½[Ä�º�À�¸H½�Á'Â?ÂxÊ*ÅpÌ:º�À�¼�Í�»�½3Ç�º�À,Ã�Ä3½�Â?Ì º

½�Ä�¸DÁ
Ò�½�¸Dº�¾�Ñ[Á
¸D¹*Á'Â�¸D¹*º�»'Á'Å�Á�¸Dº�¾�Ã,Æ�½�Â�¼�Í%Ä�¼�Å�ÅpÊ*Â*Á'Ä3½�¸DÁ'¼�Â�¸DÁ'Å�º�ÈeäT¾*¾*Á'Â*¿�Å�¼�À,º�»�½3Ç�º�À,Ã[Á'ÃTÂ*¼�¸
Æ*À,¼0¾*Ê*Ä�¸DÁ
Ò�ºvÌ º�Ä3½�Ê*Ã,ºv¸D¹*º�À,ºvÁ'Ã%Â*¼8ÑQ¼�À,×�ÍE¼�Àz¸D¹*º�Å�ÈeïiÂ?¸D¹*ºv¼�¸D¹*º�À%¹�½�Â*¾�ÓG½�¾*¾*Á'Â*¿i½8»'Á
¸,¸D»
ºlÅ�¼�À,º
»'¼G½�¾?½�»'»
¼"Ñ[ÃrÍE¼�À�½�Ä�¸DÁ
Ò�½�¸DÁ'Â*¿N½NÂ*º�Ñ_»�½"Ç�º�ÀrÑ[¹*Á'ÄH¹?¹�½�Ã�½�¸�»'º3½�Ã�¸z¸D¹*ºQÃD½�Å�º7ÂxÊ*Å�Ì º�À�¼�Í�Æ*À,¼xÄ�º�Ã,Ã,¼�À,Ã
½�Ãv½�»'»*¸D¹*º8Æ*À,º�Ä�º�¾*Á'Â*¿?»�½"Ç�º�À,ÃiìZÌ º�Ä3½�Ê*Ã,ºi¼�Ízß8åzæU½�Ä�¸DÁ
Ò�½�¸DÁ'¼�Â�¼�À,¾*º�ÀHî�ÈeÉT¹*Á'ÃQ½�»'»'¼"Ñ[Ã7ÍE¼�ÀlÃ,¹*Á
Í�¸DÁ'Â*¿
Å�¼�Ã�¸�¼�Í�¸D¹*ºv»'¼G½�¾?¸D¼8¸D¹*ºv¾*º�º�Æ�»�½"Ç�º�À�ÓG½�Â*¾?¸D¹0Ê*Ã�À,º�¾*Ê*Ä�º�Ã�¸D¹*ºvÆ*ÀD¼xÄ�º�Ã,Ã,Á'Â*¿i¸DÁ'Å�º�È�ÉT¹*ºTÅ�º�¾*Á'Ê*Å
»'Á'Â*º[¼�Í}¸D¹*º8Ì º�Ã�¸v¼�Ì*Ã,º�À�ÒGº�¾�Ä3½�Ã,º8Á'»'»'Ê*Ã�¸DÀD½�¸Dº�Ãe¸D¹*ºNÆ:¼�Ã,Ã,Á'Ì*»'º[Ì:º�Â*º�Ï*¸v¼�ÍrÁ'Â*Ä�À,º3½�Ã,Á'Â*¿�¸D¹*º8ÂxÊ*ÅpÌ:º�À



ð�ñNòió8ô%õ7öm÷xø�ùzú7ùrô%õlû�ù«ü�ý�ô%ñ®þrý�û�ý�ô%õ7ÿ°ð��[û�û����Ný�ð%ò8ô�ý����	�
������õ7ö8ù 
��

���������������������! "�$#���%�&'�)(*��%+�-,.�
�/�)��0�(*1*,.02��3"4*,6570�8*36�:9;,.1;<=1*4*,.1*�>��?@�),.AB8*AC4*,.���)%+,.D*8@�),6��1*�
�E��%�D*,.� n 02��8*�+��4>D�9-�)(*�F,.1*������D*,.36,6�:9G���'HJIK�+��36#���%��ML�(*�N�)(*,.%+4O3.,.1*�QPRHJS�T��+(*�! ��U?V���)��1W�),X��3
����,.1*�Q�E%+��AY8*�+,.1*�;��4*,6Z[��%+��1W�G0���A7AB8*1*,.02�\�),6��1]���)%)�\�)����9^ �(*,.0_(KD=���+���-��1K�+��3.��0$�),.1*�;��1*�
4*����?]3X�29���%`�E��%
0���A7?*8@���\�),.��1*�` �(*,.3.�-8*�+,.1*�a�)(*�O���)(*��%
3X�29���%+�B�E��%B0���A7A
8*1*,.02�\�),6��1*�B��1*369��
L�(*�Q��36�)��%+1=�\�),6#��`0���A7AB8*1*,.02�\�),6��1b���)%)�\�)����9b ����c0���1*���)%+8*0$�)��4���1>�)(*�`�E��3.3.�! �,61*�GD=���+,.���Nd��
3.�2�����c��1*�`3X�!9���%UAB8*���cDe�
��0$�),6#\�\�)��4f�Ngh8*?*?e���+�B��1*369/3X�29���% i ,.�c��0$�),6#\�\�)��4f&f��1*4>�)(*�`3.����4b,.�
�+��1���,.1O��iW8=��3j0�(W8*1*kW��,.1/��3.3[�������������lL�(*�N1h8*ABDe��%����m?*%+�W0����+�+��%+��,.1O3X�29���% i ,.� p(p + 1)i−1 �
L�(*�;?*%+�W0����+�+,.1*�]�),.A7�n,.� Cmax(n) = n ∗ (iS + V

np(p+1)i−1 C(p + 1)i−1) + A V
np(p+1)i−1

&
 �(*,.0�(o,.�O�p�E8*1*0$�),.��1q��� n �rL�(*�a<=%+���O4*��%+,6#��\�),6#��>��� Cmax
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½�Ã�Á�Ç�É�Î�Á1Â
Ã�Ä�É�Î�Ç)Ã�¾�Ò2Á5¿�ÄGÊ�Ç�Î�Á�Æ	Ê�Í�Á�Ê�¿�Æ	Ã�Á
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Â
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Í%É�Îx¾<Æ	Án¾
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Â'ÆCÌ�Ä�Å'Æ	Ê�Ä�¿�Ä�×6Ç�¾(Æ�¾9Â
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Ê�Í�Ê�Î�¾�Å*Å
Á�¾�Â
Ä�¿�Ê�¿�üG×�Ä�Å*Æ	Ã�Á�Ì�Å
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αi = 1 B
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c,LNd5W�H�TNTNOQP,] D�q ^,H�LNHrhjd	LNHMsutKH/JMTNTNZ,_vH/JMP.OQU,HXJMY%WXJ\TSH
S = 0, n = ∞

OQPwtx^,OQW�^yT4R�JML4RSZ,c,TiJMLNH
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∑
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∑

i=1

(
1

A′
+ 1)i) B
C;D A	AbF

α1 =
1

A′(A′+1
A′

)m − A′ + 1

tx^,H�LNH
A′ =

A

C
B
C;D Ab�	F
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JMWrRXs�RS^zJ\R�OQP�Hr�	H�L4��_vd	_vH�P RiU,Z,LNOQP,]�RS^,H/OQP�RSH�L4�\JMY�dMhKYQH�P,]MRS^

CV
s-d	P,H/dMh

RS^,Hvc,LNd5W�H�TNTNd	LNT@OQT�f,Z,T4��txOlRS^�RSLSJMP,TN_vOQTNTNOQd	PIJMP,U�RS^,HvLNH�_`JMOQP,OQP,]
m − 1

c,LNd5W�H�TNTNd	LNT
WXJMPIW�d	_vc,Z;RSH D�� H�WXJMZ,TNH AV ≤ (m − 1)CV

OlR�OQT�c�d	TNTNOQf,YQHpRSd�c,LNd�W�H�TNT@JMYQYgUzJ\R�J|OQP
RSOQ_vH

CV + Aa1 D�q ^,H/YQJMT4Ric,OQH�W�H�T
a1

JMP,U
a0

_@Z,T4RifeH@W�d	_vc,Z;RSH�U�J\h�RSH�L�RS^,HVtx^,d	YQH
RSLSJMP,TN_vOQTNTNOQd	P�OQT<U,d	P,HMszf,Z;RxRS^,H�OQL<TNOQ��H�OQTxJMYQ_vd	T4R E D

� D AV ≥ (m − 1)CV D�� P"RS^,OQT�WXJMTNHMs�J\h�RSH�L`RS^,H.RSLSJMP,TN_vOQTNTNOQd	P"dMh�RS^,HyY[JMT4R�czJML4R|dMh
RS^,H�YQd JMU�sgJMYQY>c,LNd5W�H�TNTNd	LNTpT4RSOQYQY>^zJX�	H�TNd	_vH�YQd JMUIRSdyc,LNd�W�H�TNT DIq ^,H�TNOQ��H�dMhxRS^,H�YQd JMU
c,LNd5W�H�TNTNH�UwOQP�RS^,HiRSOQ_vH

CV
OQT (m−1)CV

A
Dgq ^,H�LNH�_`JMOQP,OlP,]

V − (m−1)CV
A

Z,P,OlRST<dMh�RS^,H
YQd JMU�WXJMP.feHVc,LNd�W�H�TNTNH�U�OQPwczJMLSJMYQYlH�Y&f��

m
c,LSd�W�H�TNTNd	LNT D�q ^,H�LNHrhjd	LNHMseRS^,H�RSOQ_vH�P,H�H�U,H�U

hjd	L7RS^,OQT<OQT AV −(m−1)CV
m

D
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²&³r´
G = C∞

max

C1
max µ ³V´S¶,³/·S¸\´S¹Qº`ºM»�´S¶,³@¼N½¾¶,³�¿,À,ÁQ³/ÁQ³�Â,ÃM´S¶

C∞
max

»jº	·
n = ∞

¸MÂ,¿
C1

max

»jºM·
n = 1 Ä�Å ¶,³@Æ\¸MÁQÀ,³VºM»

G
¼N¶,º3Çx¼�Èeº	¼N¼N¹ µ ÁQ³VÃ ¸M¹QÂ�»j·Nº	ÉÊÀ,¼N¹QÂ,Ã�É@À,Ál´S¹nË�¹lÂ,¼4´�¸MÁlÁlÉp³�Â�´�È,·Sº�½�³�¼N¼N¹QÂ,Ã ÄÌ É`¸MÁQÁl³�·�ÆM¸\ÁQÀ,³�¼�ºM»

G
¿,³�Â,ºM´S³ µ ³r´N´S³�·�Ã ¸M¹QÂ�ÍuÇx¶,¹Q½�¶�Év³X¸MÂ,¼�´S¶z¸\´i´S¶,³/´S¹QÉv³@Â,³�³�¿,³�¿�»jº	·iÈ,·Nº\Ë

½�³�¼N¼N¹QÂ,Ã�´S¶,³�ÁQº ¸M¿p¹Q¼>¼N¶,º	·4´S³�· ÄgÎ ·Nº	É�´�¶,³�¸ µ ºbÆ	³�¿,¹Q¼N½�À,¼N¼N¹Qº	ÂvÇ7³�¶z¸XÆ ³x´S¶,³�»jºMÁQÁQº3Çx¹QÂ,Ãi»jº	·NÉ@À,Á[¸M³
³¾Ï;È,·N³�¼N¼N¹QÂ,Ã

G Ð

G =
CV

CV + Aα1V
=

1

1 + A′α1

»jº	·
A′ ≤ m − 1 Ñ
Ò;Ä °3Ó	Ô

G =
CV + AV −(m−1)CV

m

CV + Aα1V
=

1 + A′−(m−1)
m

1 + A′α1

»jº	·
A′ ≥ m − 1 Ñ
Ò;Ä °XÕ Ô

Ö »�´S³�·x¹QÂ,¼N³�·4´S¹QÂ,Ã/³�×�Àz¸\´S¹Qº	Â Ñ
Ò;Ä °b±	Ô ¹QÂ�´Sº/³�×�Àz¸\´S¹Qº	Â,¼ Ñ
Ò;Ä °3Ó Ô Ë Ñ
Ò;Ä °XÕ�Ô Ç7³�º µ ´�¸M¹QÂ Ð

G =
A′(A′+1

A′
)m − A′ + 1

A′(A′+1
A′

)m + 1

»jº	·
A ≤ m − 1 Ñ
Ò;Ä °bØ	Ô

G =
(A′(A′+1

A′
)m − A′ + 1)(A′ + 1)

m(A′(A′+1
A′

)m + 1)

»jº	·
A ≥ m − 1 Ñ
Ò;Ä ° Ò Ô

²&³r´�À,¼�Â,ºM´S³�´S¶z¸\´�´S¶,³ µ ³�¼4´�Ã ¸M¹QÂ�½X¸MÂ µ ³@¸M½�¶,¹Q³rÆ	³�¿y¹l»�´S¶,³�ÆM¸MÁQÀ,³�ºM»
G

¹Q¼x´S¶,³VÉv¹QÂ,¹QÉVÀ,É
Èeº	¼N¼N¹ µ ÁQ³ Ä�Å ¶,³�»jÀ,Â,½r´S¹Qº	Â�¿,³rÙzÂ,³�¿ µ�Ú ³�×�Àz¸\´S¹Qº	Â Ñ
Ò;Ä °bØ	Ô ¹Q¼7Évº	Â,ºM´Sº	Â,¹Q½�Á Ú ¿,³�½�·N³X¸M¼N¹QÂ,Ã@Çx¶,³�Â

A′

´�¸MÛM³�¼gÆ\¸MÁQÀ,³�¼�»j·Nº	ÉÜ¹QÂ ´S³�·4ÆM¸MÁ,Ý�´Sº
m−1 ÄgÎ º	· A′ ≥ m−1

´S¶,³7»jÀ,Â,½r´S¹QºMÂ/¿,³rÙzÂ,³�¿ µ Ú ³�×�Àz¸\´S¹Qº	Â
Ñ
Ò;Ä ° Ò Ô ¹Q¼>Évº	Â,ºM´Sº	Â,¹l½�Á Ú ¹QÂ,½�·N³X¸M¼N¹QÂ,Ã Ä�Å ¶�À,¼>Ç7³�½X¸MÂ`½�º	Â,½�ÁQÀ,¿,³�´S¶z¸\´>´S¶,³

G
¹Q¼�Év¹QÂ,¹QÉVÀ,É�Çx¶,³�Â

A′ = m − 1 Ä>Þ ³�Â,½�³iÇ7³�¶z¸XÆ ³ Ð

G =
(m − 1)( m

m−1
)m − m + 2

(m − 1)( m
m−1

)m + 1
Ñ
Ò;Ä °bß	Ô

Å ¶,³�Ã	·N³X¸\´S³�·
m

´S¶,³ µ ³r´N´S³�·xÃ ¸M¹QÂ G
½X¸MÂ µ ³�¸M½�¶,¹Q³rÆ	³�¿ Ä>Å ºpÙzÂ,¿|´S¶,³ µ ³�¼4´�Ã ¸M¹QÂ�´S¶z¸\´�½X¸MÂ

µ ³�¸M½�¶,¹Q³rÆ	³�¿vÇK³�½X¸MÁQ½�À,Á[¸\´S³K´S¶,³xÁQ¹QÉv¹n´gºM»
G

Çx¶,³�Âp´S¶,³
m

´S³�Â,¿,¼g´Sº�¹QÂ;ÙzÂ,¹l´ Ú Ä ²&³r´>À,¼�Â,ºM´S³<´S¶z¸\´
limm→∞( m

m−1
)m−1 = limm→∞(1 + 1

m−1
)m−1 = e Ä�Þ ³�Â,½�³ Ð
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lim
m→∞

G = lim
m→∞

(m − 1)( m
m−1

)m − m + 2

(m − 1)( m
m−1

)m + 1

= lim
m→∞

( m
m−1

)m−1m − m + 2

( m
m−1

)m−1m + 1

= lim
m→∞

( m
m−1

)m−1 − 1 + 2
m

( m
m−1

)m−1 + 1
m

=
e − 1

e
≈ 0.632
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C∞
max = e−1

e
C1

max f
g�h�i jlknm�oqpsrtrumvkwryx{z3|/}�m7~�|��:knm7�K|D�
ps���
�a�'�Sþ,ÿ��s�����T�Sÿ��$�'�q�7�	���	��� �����
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�
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����� ø �T) ú9� ÿ�! ,5ú-� ü ú

AαiV = (C + A)αi−1V + S
)+�$�

i = 2, . . . ,m
ø
ù;ú ö@� ü

AαiV = CV
m−1
∑

k=1

αi−k + (m − 1)S
)+�$�

i = m + 1, . . . ,mn
ø
ù;ú-,	� ü

mn
∑

i=1

αi = 1
ø
ù;ú-, öbü

α0 = α1

ø
ù;ú-,$, ü
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»�¼%½$¾�¾
¿�½ À�Á�»�»�Â�Ã
Ä�Å
¼¤¼%Æ
Á¡»%Å	Ç�Á2¼%Â�Ç�Á	ÈnÉ2Æ
Á�¿�ÁTÊ+½$¿�Á	Ë ÌqÁ�À�Å	Ã�Í
Á�¿�Â�Î�Ás¼%Æ
ÁsÊ+½$Ï�Ï�½@ÌsÂ�Ã
ÄvÁ�Ð4Ñ�Å
¼%Â�½$Ã�Ê+½	¿
¼%Æ
Á2»�À�Æ
Á�Í
Ñ
Ï�ÁsÏ�Á�Ã
Ä	¼%Æ�Å	»w¼%Æ
Á´¼%½	¼�Å	ÏbÀ�½$Ç�Ç�Ñ
Ã
Â�À�Å
¼%Â�½$ÃKÅ	Ã
ÍKÀ�½$Ç�¾
Ñb¼%Â�Ã
Ä¡¼%Â�Ç�Á´½	Ê9¼%Æ
Á2½$¿�Â�Ä$Â�Ã�Å
¼%½$¿�Ò

Cn
max = C(1 − α0)V + mnS + Aα0V Ó=Ô È-Õ	Ö�×

Ø ¿�½$Çy¼%Æ
Áv¿�Á�À�Ñ
¿�»�Â�Î�ÁvÁ�Ð4Ñ�Å
¼%Â�½$Ã
» Ó=Ô È ¹@Ù ×´Å	Ã
Í Ó=Ô È-Õ	Ú�×¤Ì´ÁvÀ�Å	Ã�Û�Ã
Í�Î	Å
Ï�Ñ
Á�» αi
Å	»2¼%Æ
Á0Ê+Ñ
Ã
À3Ü

¼%Â�½$Ã
»7½	Ê α1
ÈÞÝ�ÊM¼%Á�¿7Á3ßb¾
¿�Á�»�»%Â�Ã
Ä¯Î	Å	Ï�Ñ
Á�» αi

Å	»7Ï�Â�Ã
Á�Å	¿vÊ+Ñ
Ã
ÀT¼%Â�½$Ã
»�½	Ê α1
½$¿ α0

ÌqÁ�À�Å	Ã�Û�Ã
Í
α1

Å	Ã
Í α0
Ê+¿�½$Çy¼%Æ
Á0Á�Ð4Ñ�Å
¼%Â�½$Ã Ó=Ô È-Õ ¹ ×3Ë
Å	Ã
Í�Ñ
»�ÁvÂ�¼´¼%½�À�Å	Ï�À�Ñ
Ï�Å:¼�Á�¼%Â�Ç�Á Cn

max
Ê+¿�½$ÇyÁ�Ð4Ñ�Å
¼%Â�½$Ã

Ó=Ô È-Õ	Ö�×3È�É2Æ
Á�¿�Á�Å	¿�Á�»�Âàß^¾�Å	¿%Å	Ç�ÁT¼%Á�¿�» A,C, S, V,m, n Â�Ã^¼%Æ
Á�Å	á<½@Î�Á�Á�Ð4Ñ�Å
¼%Â�½$Ã
»�È�âZ¼7Â�»0Æ�Å	¿�Í
¼%½�Å	Ã�Å	Ï�ã ä�Á1¼�Æ
Áv¾<Á�¿�Ê+½$¿�Ç�Å	Ã
ÀTÁv½	ÊåÅ�À�½$Ç�¾
Ñb¼%Á�¿2»�ã »�¼%Á�ÇæÍ
Á�»�À�¿�Â�á<Á�Í�á�ã�»�½�Ç�Å	Ã�ã�¾�Å	¿%Å	Ç�ÁT¼%Á�¿�»�È
ç Á�Ã
À�Á	Ë$ÌqÁq¿�Á�Í
Ñ
À�Áq¼%Æ
ÁqÃ Ñ
Ç�á<Á�¿/½	Ê�Â�Ã
Í
Á�¾<Á�Ã
Í
Á�Ã�¼å¾�Å	¿%Å	Ç�ÁT¼%Á�¿�»ná�ã�Í
Â�Î Â�Í
Â�Ã
Ä�Á�Ð4Ñ�Å
¼%Â�½$Ã
» Ó=Ô È ¹@Ù ×3Ë
Ó=Ô È-Õ	Ú�×�Å	Ã
Í Ó=Ô È-Õ	Ö�×¤á4ã CV ÈåÉ2Æ4Ñ
»�Ë
ÌqÁ0¿�Á�¾
Ï�Å	À�Á A á�ã A′ = A

C
Ë S á4ã S ′ = S

CV
Å	Ã
Í Cn

max
á�ã

C
′n
max = Cn

max

CV
ÈåÉ2Æ
Á�Ã
ÁTÌ¶Ê+½$¿�Ç�½	Ê/¼%Æ
ÁvÁ�Ð4Ñ�Å
¼%Â�½$Ã
»´Ê+½$Ï�Ï�½@Ìs»�Ò

A′αi = (1 + A′)αi−1 + S ′ Ê+½$¿ i = 2, . . . ,m Ó=Ô È-Õ º ×
A′αi =

m−1
∑

k=1

αi−k + (m − 1)S ′ Ê+½$¿ i = m + 1, . . . ,mn Ó=Ô È-Õ$è$×
mn
∑

i=1

αi = 1 Ó=Ô È-Õ Ô ×

C
′n
max = (1 − α0) + mnS ′ + A′α0 Ó=Ô È-Õ$é$×

âaÃ�¼%Æ
Á¡Ê+½$Ï�Ï�½@ÌsÂ�Ã
Ä7¾�Å	¿%Å	Ä$¿%Å	¾
Æ
»qÌqÁ0¾
¿�Á�»�Á�Ã4¼2¼%Æ
Á0¿�Á�»�Ñ
Ï�¼%»´½	Êt¼%Æ
Á0»�Â�Ç�Ñ
Ï�Å
¼%Â�½$Ã
»qÍ
ÁT¼%Á�¿�Ç�Â�Ã
Â�Ã
Ä
¼%Æ
Áv¿�Á�Ï�Å
¼%Â�½$Ã
»�Æ
Â�¾�á<ÁT¼aÌ´Á�Á�Ã�¾�Å	¿%Å	Ç�ÁT¼%Á�¿�» A′ Ë S ′ Ë m Ë n Å	Ã
Í�¼%Æ
Áv»�ã »�¼%Á�Çê¾<Á�¿�Ê+½$¿�Ç�Å
Ã
À�Á	È

Ý¡Ã¯Â�Ã4¼%Á�¿�Á�»�¼%Â�Ã
Ä�¾
Æ
Á�Ã
½$Ç�Á�Ã
½$Ã¯Æ�Å	»1á9Á�Á�ÃÞ½$á
»�Á�¿�Î$Á�Í^Â�Ã'¼%Æ
Á�»�ã »�¼%Á�Ç�»¡ÌsÂ�¼%Æ
½$Ñb¼�¼%Æ
Á7Ê+¿�½$Ã�¼�Ü
Á�Ã
Í
»�È2âZÊ A/C ≈ m − 1 ¼%Æ
Áv»%Â�ä�Á�»¡½	Ên¼%Æ
Á�À�½$Ã
»�Á�À�Ñb¼%Â�Î$Á7¾
Â�Á�À�Á�»sÌ´Á�¿�Á7Å	Ï�Ç�½$»�¼2¼%Æ
Á�»%Å	Ç�Á	È Ø ½$¿
A/C > m− 1 ÁTÎ�Á�¿�ã�Ã
Á3ß ¼s¾
Â�Á�À�Á1Ì´Å	»2Ï�Å	¿�Ä$Á�¿�¼%Æ
Á�Ã�¼%Æ
Á0¾
¿�ÁTÎ Â�½	Ñ
»2½$Ã
Á Ó Ø Â�Ä
È Ô È Ö Ó Å�×�×qÅ	Ã
Í�Ê+½$¿
A/C < m − 1 »�Â�ä�Á�»¡½	Êw¼%Æ
Á7¾
Â�Á�À�Á�»¡Í
Á�À�¿�Á�Å	»�Á Ó Ø Â�Ä
È Ô È Ö Ó á9×�×3È2âaÃ Ø Â�Ä
È Ô È Ö�¼%Æ
Á7¾
Â�Á�À�Á�»¡½	Êw¼%Æ
Á
Ï�Â�Ã
Á�á<Á�Ï�½@Ì*¼%Æ
Á1Í
½	¼�¼%Á�Í�Ï�Â�Ã
Á�»q¿�Á�¾
¿�Á�»�Á�Ã�¼2¼%Æ
Á1À�½$Ç�¾
Ñb¼%Â�Ã
Ä�¾9Á�¿�Â�½ Í
»2Å	Ã
Í�¼%Æ
Á1¾
Â�Á�À�Á�»2Å	á<½@Î$Á1¼%Æ
Á
Í
½	¼�¼%Á�Í'Ï�Â�Ã
Á�»sÅ
¿%Á1¼%Æ
ÁvÀ�½$Ç�Ç�Ñ
Ã
Â�À�Å
¼%Â�½$Ã
»�È

Ø Â�Ä
È Ô È º ¾
¿�Á�»�Á�Ã4¼%»1¼%Æ
ÁK½$¾b¼%Â�Ç�Å	ÏtÃ4Ñ
Ç�á<Á�¿1½	Ê¤»�¼�Å	Ä$Á�» n∗ Ê+½$¿�¼%Æ
Á�Ä$Â�Î�ÁTÃ¯Î	Å	Ï�Ñ
Á�»1½	Ê A′ Å	Ã
Í
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KMOP�k\'RTKMOPc�skQMLeWXgu]_WtWXg'OvdTL�]Ac*N^gk\'S'�kQ��'W:RTS�WXL�WXg'OvZ[OPZ[L
K/}
`'\6~�OPKMQ C

n ≥ d(V − B)/(Bm)e B @6C ����F
� g'O�Z[RTS'RTZ[]Ad6Z[OPZ[L
K/}*`'\6~�OPK:QMRTxPOPQ H L
K�J'KMLkNPOPQMQMRTS'U��vRiWXgo�_]AKMR�]A`'dTOvQMRTxPOPQ:L H WXg'O�dTL�]Ac)B$]AQ

c'RTQMNP\'QMQMOPcYRTSwWXg'O�J'KMOPNPOPc'RTS'UVQMOPN�WXRTL
S'Q F ]AKMO�QMg'L.�vS)RTS)��RTU @6Ci=?> ]AS'caWXg'O�Z[RTS'RTZ[]Ad�Z[OPZ[L
K/}
`'\6~�OPKeKXO��k\'RTKMOPcrQMRTxPOPQ H L
K�J'KML0NPOPQMQMRTS'Ul�vRiWXgY�6�6OPcrQMRTxPOPQ9L H WXg'O*dTL�]AcYN^gk\'S'�kQ�]AKMO*QMg'L?�vSrRTS
��RTU @6Ci=.D6C G S[`jLAWXg[Nh]AQMOPQtWXg'Ov`'\6~�OPK�QMRTxPOPQ:]AKMO7O��6J'KMOPQMQXOPcV]AQ�Ju]AK/WXQtL H WXg'O7WXLAW^]Ad6�
L
dT\'Z[O7QMRTxPO C� OaNh]AS,S'LAWXRTNPOlWXgu]_WV]_dTQML H L
KoZ<\'diWXR��IRTS'Q/W^]AdidiZoOPSkWoJ'KMLkNPOPQMQMRTS'Ur�vRiWXg,c'Ri~�O�KXO�SkW[QMRTxPOPQ[L H
cu]_W^]VJ'RTOPNPOPQ�WXg'O*`jOPQ/W9�_]AdT\'OPQeNh]ASY`bOo]AN^g'RTO��
OPcY�vg'OPS A′ = m − 2 B�N H C ��RTU Cf@0Ci=?>
F�C � g'RiQ
Z[Oh]AS'Q2WXgu]_W H L
KmWXg'OeQ/}0Q/WXOPZ[Q7�vRiWXgwU
Ri�
OPS A′ �_]AdT\'O��mOeQMg'L
\'dTcw\'QMO m = A′ + 2 J'KMLkNPOPQMQML
KMQ
RTS�L
KMc'OPK<WXLYZ[RTS'RTZoRixPOVZ[OPZ[L
K/}�KMOP�k\'RTKMOPZ[OPS�WXQ C �'L
K*Z<\'diWXR���RiS'Q/W^]AdidiZ[OPS�W<J'KML0NPOPQMQMRTS'UY�vRiWXg
OP�k\u]Ad�QMRTxPOPQ�L H cu]_W^]qN^gk\'S'�kQ��mO<Nh]AS)L
`'QMOPK/��O�WXgu]_W�WXg'O�QMN^g'OPc'\'dTO*dTO�S'UAWXg)c'OPJbOPS'c'QeL
S'di}wL
S
WXg'O�Sk\'Z*`jOPKqL H J'KXLkNPOPQMQML
KMQw]AS'c,J'KML0NPOPQMQMRTS'UnQ/WXOPJ'QrB�N H C ��RTU C8@6Ci=.D�F�C G WqRTQ[WXg'O�L
`��0RTL
\'Q
KMOPQM\'diW�L H OP�k\u]_WXRTL
S�B @6C D
{�F�C �uL
KvWXg'RTQ��kRTS'c�L H J'KML0NPOPQMQMRTS'UVZ[OPZ[L
K/}l`'\6~�OPKMQ�Nh]AS)`jO�QMZq]AdTdTOPK
WXgu]AS H L
K:WXg'OeJ'KMLkNPOPQMQMRTS'U*�vRiWXgVc'Ri~�OPKMOPSkW7J'RTOPNPO�QMRTxPOPQ C�� \6W7`bOPNh]A\'QMO9L H OP�k\u]Ad�J'RTOPNPOPQ2�mOeNh]AS
O��6JbOPN�W�WXgu]_W�J'KML0NPOPQMQMRTS'UoWXRTZ[O��vRTdTd�`bO9dTL
S'U
OPK2WXgu]ASaRTSwWXg'Oe�uKMQ/W�Z[O�WXg'L0c Cm� N�g'OPc'\'dTO9dTOPS'UAWXg
KMOPc'\'N�WXRTL
S H L
KmZ<\'diWXR��IRTS'Q/W^]AdidiZoOPSkW:J'KML0NPOPQMQMRTS'U<�vRiWXgVOP�k\u]Ad�QMRTxPOPQ2L H WXg'O�dTL�]AcqRTQmJ'KMOPQMOPS�WXOPcaRTS
��RTU Cu@6Ci=h�6C � g'O�]ASu]Adi}0QMRTQ2�2]AQ�c'L
S'O H L
K A′ = 10 ]AS'c S ′ = 1E − 5

C � OfNh]ASaL
`'QMOPK/�
OfWXgu]_WH L
K�QML
Z[O9�_]AdT\'OPQ�L H WXg'OfJu]AKX]AZ[O�WXOPKMQvWXg'O�QMN^g'OPc'\'dTO<dTO�S'UAWXg�RTQ�O��
OPSYdTL
S'U
OPK7WXg'OPS H L
K�QMRTS'U
dTO^�
RTS'Q/W^]AdTdTZoOPS�W9J'KML0NPOPQMQMRTS'U C G WfRTQ9`bOPNh]A\'QMO[WXg'O[NPL
Z[J'\6W^]_WXRTL
SYWXRTZ[O*c'L
Z[RTSu]_WXOPQeWXg'O[QMN^g'OPc'\'dTO
dTOPS'UAWXga]AS'caQMO��
OPKMOfdTL�]AcwRTZ<`u]AdT]AS'NPOe]AJ'JbOh]AKMQ CiC
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K�L�MON�PRQ�SBT GVU�W�X Q�Y�N�Z\[�L�]O^�L�^7_�Za`�Q�Y�N�b�Q	b�Q�^�M�[�`7cd]OPfeFN�b�[�LhgiL�^�_�[aj�b�b�e�Q�^k[�l�PR]<Z�Q�_R_RL�^�M�m	L�[�`�Q�nkNoj�b
Za`<N�^�pk_�T

q�`�Q�Z�]Oerloj�PRL�_R]O^F]�co[�`�Q>l�PR]<Z�Q�_R_RL�^�M![�L�erQsM�j�L�^F]�co[�`�Qs[1ms]tZ�]O^�_RL�Y�Q�PRQ�Y7l�P�]kZ�Q�_R_RL�^�Mt[vu<lwQ�_
L�_&l�P�Q\_�Q\^k[�Q�YxL�^yK�L�M�T�SBT GIz T&{!^r[�`�Q	|OQ�P�[aL�ZVj�bwjI}BL�_&[�`�Q#j�~�_R]Ob�NB[�Q	[�L�erQ	L�_&_R`�];m	^�`�Q�PRQ#L�^�_�[�QVj�Y
]�c	[�`�Q�[�L�erQyM�j�L�^�j�_FL�^�[�`�Qxl�PRQ\|<L�]ON�_F�oMON�PRQ�_�T�q�`�QxeFN�b�[�LhgiL�^�_�[�j�b�b�e�Q�^k[Fl�PR]kZ�Q�_R_RL�^�M�m	L�[�`
Q�nkNoj�b	_RL���Q�_r]�c#[�`�Q�l�L�Q�Z�Q�_rL�_rj�b�m�jVu<_7m>]OPR_RQ�[�`oj�^�[�`�Q�]�[�`�Q�PrerQ\[�`�]<Y�T���Q�ZVj�^9]O~�_RQ�P�|�Q
[�`oj�[>cd]OPsb�j�PRMOQ�Ps^kN�eF~wQ�P>]�c5l�L�Q�Z�Q�_>[�`�Q!Y�L���Q�PRQ�^�Z�Qt~�Q\[1msQ�Q�^�~�]�[�`xerQ\[�`�]<Y�_>Y�Q�Z�PRQVj�_RQ�_�TDq�`�Q
Y�L���Q�PRQ�^�Z�QFL�_tj�~w]ONB[

15%
cd]OP#_Reyj�b�b�^kN�eF~wQ�P!]�c&l�L�Q�Z�Q�_tj�^�Y�j�~w]ONB[

5%
cd]OP#b�j�PRMOQ�P#^kN�eF~wQ�P

]�c�l�L�Q�Z�Q�_�T
q�`�Q�Z�]Oerloj�PRL�_R]O^F]�c�[�`�Q�erQ�er]OP�u�PRQ�nkN�L�PRQ�erQ�^�[�_f]�cw~w]�[�`7l�PR]<Z�Q�_R_RL�^�M![1u<l�Q�_&L�_�l�PRQ�_RQ�^�[�Q�Y

L�^�K�L�M�T�SBT G SBT�q�`�Q!erQ�er]OP�u�PRQ�nkN�L�PRQ�erQ�^�[scd]OP&[�`�Q!l�PR]kZ�Q�_R_RL�^�MFm	L�[�`yQ�nkNoj�b�_RL���Q�_s]�c.[�`�Q#b�]�j�Y
L�_>eFN�Za`�_Reyj�b�b�Q�P�T�q�`�Qt_Reyj�b�b�Q�_�[�Y�Lh��Q�PRQ�^�Z�Q

(20− 40%)
ZVj�^�~�Qt]O~�_RQ�P�|OQ�Y�cd]OP

A′ = m− 2
T

q�`�L�_�L�_t~wQ�ZVj�N�_RQrm	`�L�b�Q7l�PR]kZ�Q�_R_RL�^�M�m	L�[�`�|�j�PRL�j�~�b�QF_RL���Q�_�]�csl�L�Q�Z�Q�_�[�`�Q�_RL���Q�_�]�csl�L�Q�Z�Q�_�j�PRQ
PR]ON�MO`�b�u�_RL�erL�b�j�P��dZ\c1T&K�L�M�T�SBT �BT&�sNB[	cd]�P�]�[�`�Q�P�|�j�b�N�Q�_	]�c

A′ j�^�Y m
l�PR]kZ�Q�_R_RL�^�M�m	L�[�`�Q�nkNoj�b

_RL���Q�_�]�c�l�L�Q�Z�Q�_xPRQ�nkN�L�PRQ�_�Q\|OQ�^C_RQ\|�Q�P�j�b#[�L�erQ�_rb�Q�_R_�erQ�er]OP�u�~�NB��Q�PR_xj�^�Y+[�`�L�_yY�L���Q�PRQ�^�Z�Q
L�^�Z�PRQVj�_RQ�_�m	L�[�`�[�`�Q�L�^�Z\P�Q�j�_RL�^�M�^<N�eF~wQ\P	]�c�l�L�Q�Z�Q�_�T
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��ÿ�ø<ÿ�úRÿ�ö�ü�ô���÷Oö

 ùR÷���ô�úRúRÿ������Bö�ûBýsý�ó�ô���õ�ÿ��r÷��yý�ó�ô!ú��aó�ô	��û�ü�ô!ü�ô	����ý�ó Cmax

ÿ�úsü�ÿ���ÿhý�ô	�����iýsþ>õ�ú���ô	�r÷���ú�ý�ù�õ�ý�ô	�
ý�óoõ�ý�ý�ó�ô 
 ùR÷���ô�úRúRÿ���� ý�ÿ��rô��Võ���öwôyùRô	��û���ô	� õ 
�
 ùR÷��Bÿ��yõ�ý�ô�ü���ö � ÷���ôrý�ó�ÿ�ù�����ò�ó�ô!�kû��Föwô�ù
÷�"�÷ 
 ý�ÿ��yõ�ü 
 ùR÷���ô�úRúRÿ����yú�ýaõ��Oô�ú n∗ �#��ô 
 ô	����ú#÷���ý�ó�ô�ø�õ�ü�û�ô�ú A′ õ���� S ′ ���$" S ′ ÿ�ú�ü�õ�ù��Oô!ý�ó�ô	�
ý�ó�ô�÷ 
 ý�ÿ��yõ�ü 
 ù�÷���ô�úRúRÿ�����ùRô	%kû�ÿ�ùRô�ú!"dô\þ>ô�ùxú�ýaõ��Oô�ú	� ò�ó�ô�ùRô�úRû�ü�ý�úxúRó�÷;þ ý�óoõ�ýxý�ó�ô6ø�õ�ü�û�ô6÷�"
A′ ��ô\ý�ô�ù��rÿ���ô�ú�ý�ó�ô&�<û��Föwô�ù�÷�" 
 ùR÷���ô�úRúR÷OùRú�þsôyúRó�÷Oû�ü���û�úRôrý�÷ óoõ;øOô&�rÿ���ÿ���û�� Cn

max

C1
max

õ����
öwô\ýRý�ô�ù���ô	�r÷Où'�6ûBý�ÿ�ü�ÿ�(Võ�ý�ÿ�÷����*)���ý�ó�ô7÷�ý�ó�ô�ùtóoõ�����ý�ó�ô+�rÿ���ÿ��Fû�� Cn

max

C1
max

ÿ�ú���÷�ý�ô	%kû�ÿ�ø�õ�ü�ô	��ý
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Cn
max
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 õ�ù�õ��rô\ý�ô�ùRú	�87oùR÷��97�ÿ���� :1� :�õ����&7�ÿ���� :1� ;!þ>ô<�Võ��&�\÷�����ü�û���ô	ý�óoõ�ýDû�úRÿ�����õ
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}�|Iz���z�{�{���w�yIz«t¢w���r
~4|	}�|�}���r��6¬4|	yIz���x�|�tvu�|?}�|	x�����tvx
~4|	}�|�y	������|	y=tv|	�!t­~4����w�®¯|	}�|	r�t<¤3����|	x
���E}�|=tv��}�r�w�r�¥�}�|	x�����tvx
yIz�rZ�d|&��w�x'tvw�r�¥���w�x�u�|	���!°5¤3����r t����4tvu�|&}�|=tv��}�r�|	�¡}�|	x�����tvx2w�x2|B£1{�}�|	x�x�|I�±z�x�zS�©��r�y=tvw���r²���
tvu�|+x�w�³	|*���6}�|	y	|	w���|	�²�Hz�t¢z

β = f(α)
�2´8}���y	|	x�x���}�x�yIz�r�}�|=tv��}�r¦}�|	x�����tvx?w�r.tvu�|*xvz�¤3|*��}���|	}

tvu�|=�+}�|	y	|	w���|	�3�Hz�t¢z�µG¶Eq­¶E·¸yIz�x�|�¹E��}8w�r*tvu�|
}�|=��|	}�x�|/��}���|	}/µGº]q­¶>·»yIz�x�|�¹B��¼
u�|5½�z�r t�t8y¢uHz�}'tvx
�©��}6�#��tvu3t­��{#|	x����]y	��¤3¤*��r�w�yIz�tvw���r3z�}�|/{�}�|	x�|	r�tv|	�gw�r&¶Ew�¥���¾���¿���°5���H|B£1{d|	}�w�¤3|	r tvx4|	¤3{�������|	�
x�w�r�¥���|BÀsw�r�x't¢z�����¤�|	r�t
{�}���y	|	x�x�w�r�¥��

¼
u�|*¥�� z���w�x<tv�&��w�x'tv}�w����1tv|2y	��¤3{��1t¢z�tvw���r�x	ÁHwÂ� |��
�Hr��
αi
Á#x���yBu,tvuHz�t/tvu�|�����}vz�tvw���r\����z����

y	��¤3¤*��r�w�yIz�tvw���r�x�z�r��+y	��¤3{��1t¢z�tvw���r�xEw�xE¤3w�r�w�¤3z��G�>º]|=t8��x8����x�|	}'��|2µ©y=�­�8¶>w�¥���¾���¿�µGz ¹�¹]tvuHz�t8w�r
tvu�|/º]q­¶>·»yIz�x�|/{�}���y	|	x�x�w�r�¥2��r�tvu�|<{�}���y	|	x�x���}4z�y=tvw���z�tv|	��|Iz�}���w�|	}��¨z�x'tvx�z�x�����r�¥�z�x�x�|	r���w�r�¥?tv�
tvu�|/r�|B£�t�{�}���y	|	x�x���}	Á1y	��¤3{��1tvw�r�¥2��r&w�t4z�r��&}�|=tv��}�r�w�r�¥�tvu�|5}�|	x�����tvx	�8Ã/x�w�r�¥2tvu�w�x6����xv|=}���z�tvw���r
~4|?yIz�r!�©��}�¤*���¨z�tv|�z�x�|=t<������w�r�|Iz�}4|	Ä��Hz�tvw���r�x4�©}���¤Å~<u�w�yBug��w�x'tv}�w����1tvw���r&���]tvu�|?��� z��!yIz�rg�#|
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Ô±Õ5Ò�ÖEÒ'×�Ò­Ø�Ù�ÎÛÚ1Ó
Ø»Ì�Ï�Ó�É�Î6×�×�Ò­Ü*Ý Þ�ß�ß

A1α1V

A4α4V

A2α2V

A3α3V

S C2 2 2+ α V

S C4 4 4+ α V

S C3 3 3+ α V

S C2 2 2+ ( )βα V

S C4 4 4+ ( )βα V

S C3 3 3+ ( )β α V

P1

P2

P3

P4 à�á	âEã�ä©å1æ�ç'á=èGé

A1α1V

S C2 2 2+ α V S C V2 2 2+ ( )βα

P1

P2

P3

P4 A4α4V

A3α3V

A2α2V

S C4 4 4+ α V

S C3 3 3+ α V

S C V4 4 4+ ( )βα

S C V3 3 3+ ( )βα

à�ê�â�å1ä©å�æ¦ç'á=èGé
ëEì�í�î�ï�ð2ñ�ò Þ�ó6ô4õ�ö3ö î�÷�ì�øIù�úvì õ ÷�û<ù�÷�üSø õ�ö3ý î1ú¢ù�úvì õ ÷�û
ì�÷Sû'ú¢ù�ï	ò

αiAi = 2Si+1 + Ci+1(αi+1 + β(αi+1)) + Ai+1αi+1 i = 0, . . . ,m − 1 þ ñ�ò Þ«ÿ
V =

m
∑

i=0

αi þ ñ�ò�� ÿ
P0

ü�ð	÷ õ úvð	û�ú���ð õ ï�ì�í�ì�÷Hù�ú õ ï	ò��s÷.ú���ð*ë��­ë��YøIù�û�ð þ ø	�­ò?ëEì�í�ò¯ñ�ò Þ þ�
 ÿ�ÿ ú���ð2úvì ö ð õ � ý ï õ ø	ð	û�û�ì�÷�í
õ ÷

Pi
ù�÷�ü¦ï�ð=úvî�ï�÷�ì�÷�í!ï�ð	û�î�
�úvû5ú���ð��©ï õ�öeý ï õ ø	ð	û�û õ ï

Pi
ì�û5ð���îHù�
Eú õ ú���ð�úvì ö ð õ ��ûvð=÷�ü�ì�÷�í!ú õ

Pi+1

ù�÷�ü ý ï õ ø	ð	û�û�ì�÷�í õ ÷
Pi+1

ò��/ð	÷�ø	ð��#ü�ì�û'úvï�ì 
 î1úvì õ ÷ õ �>ú���ð�� õ ï��!øIù�÷ 
 ð�øIù�
�ø	î�
¨ù�úvð	ü��©ï õ�ö
ð���îHù�úvì õ ÷�û ó

αiAi + Si + β(αi)Ci = Si+1 + αi+1(Ci+1 + Ai+1) i = 1, . . . ,m − 1 þ ñ�ò ß ÿ
α0A0 =

m
∑

i=1

(Si + αiCi) + αmAm + Sm + Cmβ(αm) þ ñ�ò � ÿ

V =
m

∑

i=0

αi þ ñ�ò�� ÿ
�5î�ð�ú õ ú���ð�û ý ð	ø	ì��Hø�û�úvï�î�ø=úvî�ï�ð�ú���ð2ù 
 õ! ð�ú"� õ ð���îHù�úvì õ ÷\û$#�û'úvð ö û/øIù�÷ 
 ð2û õ 
  ð	ü\ì�÷

O(m)úvì ö ð�ò%� õ �4ð  ð	ï��dú���ð	# ö ù&#'�Hù  ð�÷ õ �©ðIù�û�ì 
 
�ð�û õ 
�î1úvì õ ÷ þ�
 ð	øIù�î�û�ð�û õ�ö ð
αi < 0

ÿ ����ð	÷  �õ 
)(
î ö ð

V
ì�û�ú õ�õ û ö ù*
+
Hù�÷�ü3÷ õ ú6ù�
+


m
ý ï õ ø	ð	û�û õ ï�û�ù�ï�ð<ù 
 
�ð�ú õ ú¢ù���ð ý ù�ï'ú�ì�÷+ú���ð<ø õ�ö3ý î1ú¢ù�úvì õ ÷�ò

�s÷Sú���ì�û
øIù�û�ð�
�ð	û�û ý ï õ ø	ð	û�û õ ï�û/û�� õ î�
�ü 
 ð�î�û�ð	ü�ò
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WYX�Z []\�^`_ba�c'c'd	e&fKag_Le�h�i'^
j`kml�n*o*prqtsunvlxw>lOy&y!kmn*z
{B|�}�~��������+}��b���������+�$���B�+����}��������G�+���S��|�}	��|�}��0������}g������}��'��}��m��}�����}

X
������|��������	��}����������G�

�����+���2�������$�����+���
x �<� �%���2�+�4��|�}��&����}S��|�}�~����������+�������7��|�}S�����$����|��������	��}��g�+� X

�v�*����|��+���
x
�S���$����}���}	��������}������<����}�������� ��� �&�G�+�����&���+����� �*��}��x�m�����¡�����I� αi

���K���*���'��|�}������+�������¢�
��������}������S����~����G��}��������

Pi
���������m�����

αiV + strlen(x) − 1
�m�m��}����������£��|�}v��}��m��}����&}

X
�$�����$���+�����*��~����������+��� ∑i−1

j=1 αj + 1 � {B|�}���|G����¤m���¢��}���� ��~¥�+�¥������}������¦�&�����+�¥���O�����+����������$�����+���
x
~�� ����}�����������������|�}4�u������}��%���`�"�K������§¨}���}��m�%��|m����¤m� ��© ����|�}0���+}��7�����7��|�}0��}��$����%}���}�¤m���!���ª��|�}����������¡�0���.��}	��������}��ª��}������������K���2���+���Y¤m���!��� � β(x) ≈ 0.005x

��|��+��|ª�+�
�"�G~��+�&�������`��}&������|v�+�����¢�«�*������}���|����+���+����} � � � ������������}��%������~u}������������u���*��� � {B|��+����~�~��+�+�&�¢����+���Y�K���%���������+����������|v����§¨}���}��¡�%�G���S��}����%���`~��*����}������ � {B|�}2�+��}&�g�B�*�������«|�}���¤v�������������	����������G�+���+���+}�¬$���'~����G��}������+���Y�����B����§¨}���}��¡�

A/C
���*���+��� �

­�s�®]w>n¢kG¯&¯&°�s�z
� ����|��+�B�*~�~��+�+�&�*���+���v�����+���+���*�����%��}������B~����$���B���������+}4���S��|�}2~����G��}���������� � {B|�}g~����$�B��}��¡�B���~����G��}��������

Pi
|����4���+±�}

αi �4² �*�«|����.��|�}�~����G��}����������2������~���}�����}��4��|�}����O�����+��}��ª���*���������+���³>´�µ·¶ ¸�¹Gº¨»�¼*½>������~���}������+���ª���+����������|�� � {B|�}<��}����������+����������~���}�����}����$�����+�����4����}<��}	��������}��������|�}������+�������*�����������¾��~�~�}�����}��ª���v����}����O��~��O�0���+} � {B|�}������+���+�����¨���+}<�&������}����O�����+��}���¡����}�������~���}������+���v}&����|ª~����$�4�+�'������� � {B|�}S����|��+}	��}���������~���}������+���ª���*���+�Y��}	��}������+��}�����|�}���������¡�¿������|�}B��}	��������}�����}���������� �.� �¿�K���7��}&��������}�����|��*� β(x) = 0.55x � {B|�}�������~���}������+������*���+�À��������~�}	}��¦��}�~�}����¾���ª��|�}S�����¡��}��¡���g���������+±�}����¿��|�}S�+��~��O� �0� �¾������}��0���À}��+�+�������*��}Á �����*���+}&���$�����+��������±�}!Â���|��+�g��}	~�}�����}����&}���������~����$���g���K�*���+}&���$� T ¼�¤GÃÄ�K}���}Y��}��¡�<������|�}
~����G��}����������������B��}�������}g������~���}������+��� �
Å s�°Æz
Ç����+�N�+���È������������}��m�����<��~u}����*���+���Ä�+�N��}�� �*���+�����������*����������}�� �£É ��~�~�����}¥��|�}���}�����}x�I�%����*����������}���Ê

X
} � � � ������|D���+�+�$�S���0����~�~��+�+}��S�+��}��m������}�����º¿������}���º���������}�����}���}	��� � º������ Y������|ª�Y�+�+�$�����.~����G�����	����������|�������}���ºu~����+��}	�&ºu}	��� � �����ª����~�~��+�+}	���+��}��m������}�� � {B|�}<��}��������0���
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â$ã�ä+å<ã�æuç�è�é*ê�ä+ã�å<ã�å
X
é�å�ë

Y ì�í ã�î�ï+ë<ð�ç%ã�å�ç7ñ�ï+ç¿ò�ä�ê í é�ï+ä ì ê>ã�ó ì î�æ�æ�ï+ä+ç�è ìKô å�é�õ�ç ì�ö é�ë�ë�è�ç ì�ì ç ì�öç	ê�÷�ø�ù�é�å�ë¦ê í ç�æ�è�ãGë�î�÷	ê ì ê í çYè�ç ì æ�ç�÷	ê�ä�ú�ç ì î�æ�æ�ï+ä+ç�è2æ�è�ã¢úGä+ë�ç ì ø�û í ç2â$ã�ä+å¦é�ï+ü�ã�è�ä�ê í õý÷&é�åxðuç
î�å�ë�ç�è ì ê�ãGãmë�é ì ÷&é�ï+÷�î�ï é*ê�ä�ã�åxã�óK÷&é�è$ê�ç ì ä é�å]æ�è�ãGë�î�÷	ê X × Y

ã�óKê í ç�ê"ò%ã�ä+å�ä)ê�ä+é�ï.ë�é*ê�é�ð�é ì ç ì ø
X × Y

÷&é�åªð�ç�úGä+ç	ò%ç�ë¾é ì évþ!ÿ"ë�ä+õ�ç�å ì ä+ã�å�é�ï é�è�è�é � ä+å'ò í ä+÷ í ã�å�ç<è�ã!ò ÷�ã�è�è�ç ì æuã�å�ë ì ê�ãvã�å�çè�ç�÷�ã�è�ë
xj
ó�è�ã�õ ñ�ï+ç

X
é�å�ë¥ã�å�çv÷�ã�ï+î�õ�å]÷�ã�è�è�ç ì æuã�å�ë ì ê�ãªã�å�çvè�ç�÷�ã�è�ë yk

ó�è�ã�õ£ë�é*ê�é�ð�é ì ç
Y
ø��2å¦ê í ç�ä+å¡ê�ç�è ì ç�÷	ê�ä+ã�åxã�óKè�ã!ò xj

é�å�ëx÷�ã�ï+î�õ�å
yk
æ�é�ä+è

(xj, yk)
ä ì ÷�è�ç&é*ê�ç�ë`ø (xj, yk)

ä ìê�è�é�å ì ó�ç�è�è�ç�ëÀê�ã�ê í ç4ã�îOê�æ�îOê%ñ�ï+ç4ã�å�ï � ä�ó`ê í ç0ñ�ç�ï+ë ì ã�ó`ê í ç ì î�æ�æ�ï+ä+ç�è%ä+ë�ç	åmê�ä�ñ�ç�è�õvé*ê�÷ í ø��"åÀã�î�èä+õ�æ�ï+ç�õYç�å¡ê�é*ê�ä+ã�å�ã�ó�ë�ä ì ê�è�ä+ð�îOê�ç�ëSâ$ã�ä+å ö ã�å�çgã�ó>ê í ç�ë�é*ê�é�ð�é ì ç ìSô�ì é � X
ù�òBé ì ê�è�é�å ì õ�ä�ê�ê�ç�ëÀê�ãé�ï+ï�æ�è�ãG÷�ç ì�ì ã�è ì ñ�è ì ê&øYû í ç�å ö ê í ç ì ç�÷�ã�å�ë]ë�é*ê�é�ð�é ì ç ô Y ù0òBé ì ÷�îOê<ä+å¡ê�ã'æ�é�è$ê ì Yi

é�÷�÷�ã�è�ë�ä+å�ü
ê�ã�ê í çY÷&é�ï+÷�î�ï é*ê�ç�ë¾ú�ã�ï+î�õ�ç ì αi ö é�å�ë ì ç�å¡ê�ê�ã'æ�è�ãG÷�ç ì�ì ã�è ì Pi (i = 1, . . . ,m)

ø��7é�÷ í ã�ó�ê í çæ�è�ãG÷�ç ì�ì ã�è ì ÷&é�ï+÷�î�ï é¢ê�ç	ë0â$ã�ä+å�ã�å X
é�å�ë

Yi
é�å�ë�ê í ç%è�ç ì î�ï�ê ì ò%ç�è�çBè�ç	ê�î�è�å�ç�ëSê�ã4ê í çKã�è�ä+ü�ä�å�é*ê�ã�è�ø� é*ê�é�ð�é ì ç ì X

é�å�ë
Y
òKç	è�ç�é�è$ê�ä�ñ�÷�ä é*ï+ï � é�å�ë�è�é�å�ë�ã�õ�ï � ü�ç�å�ç�è�é*ê�ç�ë ö ê í ç�è�ç	ó�ã�è�ç<ê í ç�é�õ�ã�î�åmêã�ó>è�ç ì î�ï�ê ì òKé ì
	 å�ã!ò�å`ø β

ç��Oæ�è�ç ì�ì ç�ë'ê í çgè�é*ê�ä+ãSã�óLê í ç�é�õ�ã�î�å¡êBã�ó>è�ç ì î�ï�ê ì é�å�ë'ë�é*ê�é�ð�é ì ç Y

ì ä�
�ç�ø
������������������� �"!$#%�&!(')#�*+!$*-,��"�/.0*1��� � �
2 ã�å ì ä+ë�ç�è0ü�è�é�æ í G(V,E) ö ò í ç�è�ç V

ä ì é ì ç	ê4ã�ó�ú�ç�è$ê�ä+÷�ç ì�ö é�å�ë E = {{vi, vj} : vi, vj ∈ V }ä ì é ì ç	ê%ã�ó`ç�ë�ü�ç ì ø430ãGë�ç�÷�ã�ï+ã�è�ä+å�ü�æ�è�ã�ð�ï+ç	õ ÷�ã�å ì ä ì ê ì ä+å�é ì�ì ä+ü�å�ä+å�ü�÷�ã�ï+ã�è ì ê�ã�ê í ç0å�ãmë�ç ì�ì î�÷ íê í é*ê¿å�ã2ê"òKã�é�ë*â�é�÷�ç�å¡ê7å�ãmë�ç ì vi, vj í é!ú�çKê í ç ì é�õ�çK÷	ã�ï+ã�è�ø65�ã�è�çKæ�è�ç�÷�ä ì ç�ï � ö å�ãGë�çK÷�ã�ï+ã�è�ä+å�ü4ä ìévõvé*æ�æ�ä+å�ü
f : V → {1, . . . , k} ö ò í ç�è�ç {vi, vj} ∈ E ⇒ f(vi) 6= f(vj)

ø87�ä+å�ëªõ�ä+å�ä+õ�î�õ
k ö ä ø ç�ø¿÷ í è�ã�õvé*ê�ä+÷2åmî�õ�ðuç�è χG

ø
� ç	ê�ç�è�õ�ä+å�ä+å�üYü�è�é�æ í ÷ í è�ã�õvé*ê�ä+÷2åmî�õ�ðuç�è�ä ì é í é�è�ë�÷�ã�õ�ð�ä+å�é¢ê�ã�è�ä+é�ï¨æ�è�ã�ð�ï+ç�õ ö ê í ç�è�ç	ó�ã�è�ç

í ç�î�è�ä ì ê�ä+÷�é*ï+ü�ã�è�ä�ê í õ ì é�è�ç ì î�ä�ê�é�ð�ï+ç<ó�ã�è ì ã�ï�úGä+å�üÀä�êgé�æ�æ�è�ã9�Oä+õvé*ê�ç�ï � ø;:gç�å�ç	ê�ä+÷ ì ç&é�è�÷ í=< á�á?> ä ìã�å�ç<ã�ó�ê í ç<õ�ç	ê�é í ç�î�è�ä ì ê�ä+÷ ì é�æ�æ�ï+ä+÷�é�ð�ï+ç2ò�ä�ê í ê í ä ì è�ç ì æ�ç�÷	ê&ø
�"åªã�î�è�ä+õ�æ�ï+ç�õYç�åmê�é*ê�ä�ã�å�ã�ó.ê í çü�ç�å�ç	ê�ä+÷ ì ç&é�è�÷ í ç&é�÷ í�ì ã�ï+îOê�ä+ã�å]ä ì éªü�ç�å�çÀè�ç�æ�è�ç ì ç�å¡ê�ç�ëÈð � é ì ê�è�ä+å�ü�ã�ó�÷�ã�ï+ã�è ì é ì�ì ä+ü�å�ç	ë¥ê�ãê í çB÷�ã�å ì ç�÷�îOê�ä�ú�ç�å�ãGë�ç ì ø@:gãmãGë ì ã�ï+îOê�ä+ã�å ì ó�è�ã�õ@ê í çBä+å�ä�ê�ä+é�ïGæ�ã�æ�î�ï é¢ê�ä�ã�å�é�è�çB÷�ã�õSð�ä+å�ç�ë�î ì ä+å�üü�ç�å�ç	ê�ä+÷¿ã�æ�ç�è�é*ê�ã�è ì ê�ã�ã�ðOê�é�ä+å�éBå�ç	ò�æuã�æ�î�ï é*ê�ä+ã�å`ø û í ç�õ�ç&é ì î�è�ç7ã�ó ì ã�ï+îOê�ä+ã�åBAmî�é�ï+ä�ê � ä ì ÷&é�ï+ï+ç�ëñ�ê�å�ç ì�ì ó�î�å�÷	ê�ä+ã�ågò í ä+÷ í ä+å�ã�î�èL÷&é ì ç7òBé ì ê í ç�åmî�õSð�ç�èLã�óOê í ç�÷�ã�ï+ã�è ì î ì ç�ë�æ�ï+î ì ê í ç�åmî�õ�ðuç�èLã�óä+åOó�ç&é ì ä+ð�ï � ÷�ã�ï+ã�è�ç�ëSå�ãGë�ç ì ø.ûLò%ãgü�ç�å�ç	ê�ä+÷Kã�æ�ç�è�é*ê�ã�è ì ò%ç�è�çBî ì ç�ëSê�ãgã�ðOê�é�ä+å�å�ç	òDC ä+å�ë�ä�úGä+ë�î�é�ï ì CFE
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l|�&sut���r0pB}�t�{~��rh}�t�v�}Fq+}�v�y&su�Fp8sut�v�v�}Fq�r0mopo}F�&r0p8{~��r���n���y���s {~}�n�t��8�+n���yd{~}�n�t�pS��r0morhpor0��r0lV{~r0v�{~n
��mon+v�y�l0r%nu��po��mo}�t���p��S}F{~� ��mon��&su��}���}�{��)}Ft�l0mor9supo}�t��=��mon���n�m^{~}�n�t&su�����={~n=v�r0l0mor9supo}�t��=nu��{~��r
��{~t�r0pop���y�t�lV{~}�n�t)¡�t�nu{~r�{~�&s {T��r��&s9q�r�w�}�t�}�wx}F¢9s {~}Fn�t�£��/¤Bmo}���}Ft&s {~n�m���r0t�r0m~s {~r0v�{~��r�}�t�}F{~}�su�
��n���y���s {~}�n�thnu� i?¥�¥�¥ m~sut�v�n�w¦pon���yd{~}�n�t�pS¡���r0t�r0p|£��6�
��}�p6��n���y���s {~}�n�t��
sup4v�}�p^{~mo}���yd{~r0vxsuw�n�t��
{~��r���mon+l0r0popon�mop�sul0l0n�mov�}�t���{~n§{~��r�l9su��l0y���s {~r0vRqusu��y�r0p�nu� αi ¨ p0�X©4sul�����mon+l0r0popon�m�l0mor9s {~r0v
s/�d�dr0v§t1y�wh��r0mTnu�
t�rV�ª��r0t�r0m~s {~}�n�t�pTsut�v§morV{~y�mot�r0v��&t&su�4��nu��y���s {~}�n�t«{~n/{~��r�n�mo}���}Ft&s {~n�m0�
�
�1y�p0¬ β(x) = x �h�
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sut�v[��n�mo�-��n�mol0r/��}�w�}�{|s {o}�nut�pzt�nu{�su���
su������}�l9s {~}Fn�t�p���r0mor���r0m^��n�mow�r0v[n�t=rVq�r0m^�[l0n�t�po}�v�r0mor0v
����s {o��n�mow�� ¹ tz�(su����rSÃ+� i ��rbpoy�w�w�sumo}�¢0r4�S��}�l|�xsu������}�l9s {~}�nutT�bsup�{~r0p^{~r0vxn�t��S��}�l|�z����s {o��n�mow��
Ä ����morVq+}�s {~}�n�t�v�r0v��xp^{|sut�v�p;��n�mBv�r0v�}�l9s {~r0v%t�rV{`��n�mo��por0��w�r0t1{;}�t1{~r0mol0n�t�t�rVlV{~}�n�t�¬(sut�v«��y����
��n�m
��y�����}�l�t�rV{���n�mo�/s9qusu}���su����r8��n�m
nu{~��r0mb{~m~s Å�l;}�t�{~��r;r��d��r0mo}�w�r0t1{~p
{~}�w�ru�

�
��r�w�su}�tT��n-su�1nu�d{~��r�r��d��r0mo}�w�r0t-{~p(�bsup({~nBsu�����F�;v�}Fq+}�po}����Fr6{|supo�;w�n1v�r0�1}�t���m~sulV{~}�l0r�sut�v
{~n�q�r0mo}F�À��l0n�momor0lV{~t�r0pop;nu�@}F{~pB��mor0v�}�lV{~}�n�t�p0�;�
��rzq�r0mo}F�&l9s {~}�n�t��
sup�v�n�t�rz�-��l0n�w��&sumo}�t���{~��r
mor9su��sut�v�{~��r���mor0v�}�lV{~r0v�r��dr0l0yd{~}�n�t�{~}�w�r0pJnu�6pon�w�rhsu������}�l9s�{|}Fn�t/�S��r0t�v&s {|s�}�pJv�}�p^{|mo}���yd{~r0v
}�thl��1y�t��1p4nu��po}�¢0r0pJ¡ αi ¨ p|£�l9su��l0y���s {~r0v���mon�wXr0Æ1y&s {~}�n�t�pS¡ÇÃ+� i £ÉÈV¡ÇÃ+�Ê½�£��(�(nB��n�mowhy���s {~r�sut-�hnu��{~��r
su��n?q�r�r0Æ1y&s {~}�n�t�pJ��r�t�r0r0v�r0v�v&s {|sd¬�}Ç� ru�
�&sum~suw�rV{~r0mop Aj, Cj, Sj

��n�m j = 1, . . . ,m �S�
��r0mor�È
��n�moru¬+��rB�&suv�{~nhw�r9supoy�morJ{~��r0por��&sum~suw�rV{~r0mop@�&mop^{9�6�
��r�l0n�wxwzy�t�}�l9s {~}Fn�t��&sum~suw�rV{~r0mop���r0mor
w�r9supoy�mor0v��-��s���}�t�� È���n�t��x{~r0p^{9�B¤Bmo}���}�t&s {~numSpor0t-{B{~n�s���mon+lVr0pop~numBpon�w�r�suw�n�y�t1{Jnu�6v&s {|sd�
�
��r���m~n1l0r0popon�mB}�w�w�r0v�}�s {~r0����morV{~y�mot�r0v�{~��r0porhv&s {|sd� Ä p^�+w�w�rV{~m^�/nu��{|��r�lVn�w�wzy�t�}�l9s {~}Fn�t
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Ö[×8Ô?Ø�Ô^Ù+Ô`ÚbÛ$ÐDÜdÕ
ÚeÎ4Ñ;Õ;Ë�Ð@Ù�Ù+Ô`ÝhÞ ß?à-á

â�ãuä�å�æ á+çFß�è4é å�ã êoë�ì�íoî�ï�ð+ïJãuñ�ñ�å�ò�ó9ã ê~ò�ì�ô�ïãuñ�ñ�å�ò�ó9ã ê~òFì�ô
→

ïoæ9ãuíoó�õ/ë�ì�í ó0ì�îzö ÷^ì�ò�ô ó0ì�å�ì�íoò�ô�øñ�å�ã êoë�ì�íoî ãzñ&ã êoê~æ0íoô ñ�íoæ0ïoïoò�ì�ôù è õ�æVê~æ0íoì�ø�æ0ô�æ0ì�ú�ïXû+ú�ôýübì�íoþ1ï^ê|ã ê~ò�ì�ô�ï èé�ÿ������ æ ��ç�� ê~õ � æ0ï
	 è õ�æVê~æ0íoì�ø�æ0ô�æ0ì�ú�ï é�
 ï è�� ò�ô1ú�
 �bé�ÿ����ñ�ú�ä ç�� ê~õ ç � æ0ï � æ0ï

8è ô�ì � æ0ï(ìuë���	 � û é����ué�ÿ������ æ ��ç��8é û � æ0ï� è õ�ì�î�ì�ø�æ0ô�æ0ì�ú�ï é�
 ï è�� ò�ô��Jâ ����é � �� æ ��ç�� ê~õ ç � æ0ï � æ0ï � æ0ï
�
è õ�æVê~æ0íoì�ø�æ0ô�æ0ì�ú�ï é�
 ï è�� ò�ô���� ��� ã9ðuã �ñ�ú�ä ç�� ê~õ ç � æ0ï
 è õ�ì�î�ì�ø�æ0ô�æ0ì�ú�ï é�
 ï è!� ò�ô1ú�
 �"� ã9ðuã �� æ ��ç�� ê~õ ç � æ0ï
#zè õ�æVê~æ0íoì�ø�æ0ô�æ0ì�ú�ï ïoú�ñ�æ0íoó0ì�î�ñ�údê~æ0íoï$ 
 í~ã � � û # ��% è�é�ÿ���� ñ�ú�ä ç  ��&�'� � æ0ï

å�ò�ô�þ1ï
übãuï8ãuïoïoú�î�æ � ãuô � õ&ãuåFë�ìuë�ê~õ�æ;ê~ìuê|ãuå�ä�ò � ò�íoæ0óVê~ò�ì�ô&ãuå�ó0ì�î�îhú�ô�ò�ó9ã ê~òFì�ô�ê~ò�î�æBübãuïSê|ãuþuæ0ô
ãuï8ê~õ�æzú�ô�ò � ò�íoæ0óVê~ò�ì�ô&ãuå$ó0ì�î�îzú�ô�ò�ó9ã ê~òFì�ô�ê~ò�î�æ ç â
õ�æhê~ò�î�æ�ìuë4ê~õ�æzó0ì�îxîzú�ô�ò�ó9ã ê~òFì�ô�ãuô � ê~õ�æ
ãuî�ì�ú�ô-ê@ìuë � ã ê|ã�ü�æ0íoæ8ï^ê~ì�íoæ ��ç ù ëÀê~æ0í@ó0ì�å�å�æ0óVê~ò�ô�øTã;ô1ú�îzä�æ0í@ìuë�ïoú�ó|õ�ñ&ãuò�íoï $ ë�ì�í6ðuãuíoò�ì�ú�ï4ïoò)(0æ0ï
ìuë&ê~õ�æbî�æ0ïoï~ãuø�æ*% � ñ&ãuí~ãuî�æVê~æ0íoï

Sj

�
Cj

ü�æ0íoæ
ó9ãuå�ó0ú�å�ã ê~æ � ú�ïoò�ô�øBå�ò�ô�æ9ãuí(íoæ0ø�íoæ0ïoïoò�ì�ô ç6é íoì1ó0æ0ïoïoò�ô�ø
í~ã ê~æ

Aj
übãuïTî�æ9ãuïoú�íoæ � ãuïTãuô§ã9ð�æ0í~ãuø�æ�ìuë@ê~õ�æ�í~ã ê~ò�ì�ï�ìuë�ê~õ�æ�ó0ì�î�ñ�údê|ã ê~ò�ì�ô�ê~ò�î�æxãuô � ê~õ�æ

+ ú&ãuô-ê~òFê � ìuë � ã ê|ãhñ�íoì+ó0æ0ïoïoæ ��ç â
õ�æ;î�æVê~õ�ì � ìuë�ì�ädê|ãuò�ô�òFô�ø
β(x)

õ&ãuï
ä�æ0æ0ô/æ,
dñ�å�ãuò�ô�æ � ò�ô�ê~õ�æ
ñ�íoæVð+ò�ì�ú�ï�ïoæ0óVê~ò�ì�ô ç â
õ�æ�î�æ9ãuïoú�íoæ � ó0ì�î�îhú�ô�ò�ó9ã ê~ò�ìuô%ñ&ãuí~ãuî�æVê~æ0íoïhãuíoæ�ñ�íoæ0ïoæ0ô-ê~æ � ò�ô�â�ãuä�å�æ
á+ç-�+ç û1ê|ãuô � ãuí �.� æVð+ò�ã ê~ò�ì�ô�ï
ãuíoæ;íoæ0ñ�ì�í^ê~æ � ã ëÀê~æ0íbê~õ�æ

±
ïoò�ø�ô ç

â�ãuä�å�æ á+ç-� íoæ + ú�òFí~æVïhïoì�î�æ�ó0ì�î�î�æ0ô-êhãuô � æ,
dñ�å�ãuô&ã ê~ò�ì�ô ç  �ò�íoï^ê~å � � ê~õ�æ0ïoæ�ô1ú�îhä�æ0íoï�î�ã �
� ò0/�æ0íxë�íoì�î ï � ï^ê~æ0î ê~ì�ï � ï^ê~æ0î ãuô � ë�íoì�î ò�î�ñ�å�æ0îxæ0ô1ê|ã ê~òFì�ô ê~ì�ò�î�ñ�å�æ0îxæ0ô1ê|ã ê~òFì�ô ç â
õ+ú�ï �
ê~õ�æ � ïoõ�ì�ú�å � ä�æzú�ô � æ0íoï^ê~ì1ì � í~ã ê~õ�æ0í�ãuïBò�ô � ò�ó9ã ê~ì�íoïJê~õ&ãuô�ê~õ�æhú�åFê~ò�î�ã�ê~æTê~íoúdê~õ«ãuä�ì�údê�ó0ì�îzö
îhú�ô�ò�ó9ã ê~ò�ì�ô�ñ�æ0í^ë�ì�íoî�ãuô�ó0æ ç â
õ�æzðuãuå�ú�æ0ï;ìuë�ñ&ãuí~ãuî�æVê~æ0íoï�ó9ãuô%ïoò�ø�ô�ò01&ó9ãuô-ê~å � � æ0ñ�æ0ô � ì�ô«ê~õ�æ
ò�î�ñ�å�æ0îxæ0ô-ê~æ � î�æVê~õ�ì � ìuë�ó0ìuî�îzú�ô�ò�ó9ã ê~òFì�ô ç â
õ�æ0íoæVë�ì�íoæ;ê~õ�æ � ó9ãuô�ô�ìuêJä�æ�ê|ãuþ�æ0ô/ë�íoì�î õ&ãuí � ö
übãuíoæ�ïoñ�æ0óVò01&ó9ã ê~ò�ì�ô�ä�údêBïoõ�ì�ú�å � ä�æTë�ì�ú�ô � ú�ïoò�ô�ø�ê~õ�æTï~ãuî�æTî�æVê~õ�ì � ìuë�ó0ì�î�îhú�ô�ò�ó9ã ê~ò�ìuô�ãuï
ò�î�ñ�å�æ0îxæ0ô-ê~æ � ò�ô§ê~õ�æ�ãuñ�ñ�å�ò�ó9ã ê~ò�ìuô ç â
õ�æ�î�æ9ãuïoú�íoæ0î�æ0ô-ê~ïzü�æ0íoæ/ê|ãuþuæ0ô=ì�ô[ú�ô�å�ì-ã � æ � ó0ì�îzö
ñ�údê~æ0íoï $ ô�ì�ìuê~õ�æ0íTú�ïoæ0íhãuñ�ñ�å�ò�ó9ã ê~ò�ìuô�ï�ü�æ0íoæ�íoú�ô�ô�ò�ô�ø2% ç â
õ�æ�ðuãuå�ú�æ0ïTíoæ0ñ�íoæ0ïoæ0ô-êzì�ô�æ�ñ&ãuò�í;ìuë
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Cj[µ
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�Td Z ��Z�� �����

±
[�� ������'fTl_]_yzi)q�n�o�����o Y b_� ZTY

±
Y*Z e [��TY
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�Td Y*Z � e_���

±
b�e_����Hf�l�]_yzi)q�n�o6����o Y�Y�Y

±
� Y�Y*� �����

±
Y ���������f���q�s�q���apu�apq�n�o6����o �

±
e � � [ b�b_�

±
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±
Z � b �TY

±
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±
Y e Y � [�[ �

±
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±
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Cj
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s�q�o�v'q_r�ozn�j,��jk]_ozapo�]¨ozi)u���`)a�jpq�s�h�nTvwapy'i)o6u�q_v&]_^�`)a�vwqx��q�`)¤"ap±2n�i0l�]_`)apu�v&±2n�]_u�vwi0vNg�q_r�¤�]�v~]
]_oH¤�i)o�vwyzi)^�nTvwap¤xjpq�s�h�nTvwapyzo�]_u�¤�h�yzq2jpapozo�i0v���i0vw�xvw��a�ow]_s�a&ozh¥apap¤"]_o�r|q�yPozs¨]_`)`�]_s�q�n�u2vwo�q_r
¤�]�v~]. ¬��aA¤�i)ozjpn�ozozap¤"i0vHi)u"��apjDvwi)q�u � ¡ d\H��a�jpq�u2vwapu�vwo<q_r¥vw��aPr|q�`)`)q*��i)u��&¤�i{]_��yw]_s¦o�i)o�q�yz��]_u�i)²pap¤¦]_o�r|q_`)`)q*��opd��'i0³�apyzapu�jpa�^¥aDv���apapu
vw��a6a,�Th¥apjDvwap¤�a,�TapjpnTvwi)q�u�vwi)s�a6]_u�¤¦vw��a's�ak]�own�yzaps¦apu2v�¤�i0l�i)¤�ap¤�^�g¦vw��a6a,�Th�apjDvwap¤�a,�TapjpnTvwi)q�u
vwi)s�a� ´i´d a_dHyzap`{]�vwi0l�a�apyzyzq�y ¡ i)o6h�yzapozapu�vwap¤«q�u.vw��a�l�apy�vwi)jk]_`C]®�Ti)opdH\H��aA��q�yzi)²pq�u2v~]_`Q]®�Ti)o�oz��q®��ovw��aHozi)²paHq_r�vw��aPh�yzq�^�`)aps.d:��u¦�:i)��d�b�d-e'yzapozn�`0vwo�q_r�vw��aAµDozak]_yzj~�¦r|q�y�]&h�]�vzvwapyzuQµP]_h�h�`)i)jk]�vwi)q_uXq�u
h�`{]�vzr|q�yzs¶�U]_yzaHoz��q*��umd���u�]_`)`Tjk]_ozapo<ywap]_`�yzn�u�u�i)u��&vwi)s�a��P]_o�`)q�u���apy:v~��]�utv~��aHa,�Th¥apj,v,]®v~i0q�umd
��q�y6h�`{]�vzr|q�yzs � vw��acyzapozn�`0vwo6��apyzaXozi)s�i)`)]_ypdP\H��ac¤�i0³�apyzapu�jpaci)o6o�v~]_^�`)aX]�u�¤«]_yzq�n�u�¤ Z���· i)u
¸¹�N� � jk]_oza_d���u�vw��at�:�N� � jk]_ozacvw��aX¤�i0³�apyzapu�jpaX��]_o&^�i)����apy6l�]_yzi{]�vwi)q�um£�]_u�¤���yzq®��o&oz`)i)����vw`ºg
��i0vw�

V
r|yzq�sF]_h�h�yzqk��d<e ��· vwq Z � · d:��ut�:i)��d_b�d Z yzapozn�`0vwo�q_r�vw��a�µDjpq�s�h�yzapozozi)q�uQµ�]_h�h�`0i)jk]�vwi)q�u

q�u�h�`{]�vzr|q�yzs!�»]_yzacoz��q®��umd�¼�ak]_`:yzn�u�u�i)u��¨vwi)s�a��P]_o&`)q�u���apy6vw��]_u�vw��aca,�Th¥apjDv~]�vwi)q�umd�\H��a



½�¾6¿&À'Á:Â<Ã>Ä*Å@À<Ã�¿A½�ÁCÆD½�ÂFÇHÈJÉ'Æ*Ê:Æ�Ë�ÆNÌPÍQÂSÎTÇHÌUÀ<Ã�Ç�½�Â�Ë�Ë�ÆNÏXÐ Ñ*Ò�Ó

Ô:Õ_Ö�×)ØAÙ�Ú ÒTÛ<Ü:Ý Õ_Þ�ß�×)Øpà�á_â:ß�ãzá2äpØpàzàzå)æ�ç¨ãwÕ�èwØpàAé
Aj êß�×{Õ�èzâ|á�ãzÞ Õ_ß�ß�×)å)äkÕ�èwå)á�æ

Aj[µ
à~ë_ì�íî Û�ï�ð æ ïTñCò'ó¥ô�õ�ö àzØkÕ_ãzä~÷.â|á�ãÕ¦ß�Õ®èwèwØpãzæ øTÚ Ó�Ó
± ù Ú ù Òì Ñ�Û�ú Õ_ãzå)á ð à ô�òñ å)æ ð�Ý�ó�ô�õ�ö äpá�Þ�ß�ãzØpàzàzå)á�æ Ñ®û ù�ù ± ü_ùì ü Û�ú Õ_ãzå)á ð à ô�òñ å)æ ð�Ý�ó�ô�õ�ö äpá�Þ�ß�ãzØpàzàzå)á�æ û ü Ò ± ý ø�øò'Û�þ ì ö�ïTô ü ó�ô�õ�ö äpá�Þ�ß�ãzØpàzàzå)á�æ ø û ù ± ø ùÿ Û ÷�á�Þ�á�ç�Øpæ�Øpá ð à ô�ò à àzØkÕ_ãzä~÷.â|á�ã

�Uå)æ��6Ô ó�ö"ô�þ Õ¦ß�Õ®èwèwØpãzæ ù Ú � Ò � ± ù Ú ù�ù Ùÿ Û ÷�á�Þ�á�ç�Øpæ�Øpá ð à ô�ò à
�Uå)æ��6Ô ó�ö"ô�þ � á�å)æ Ñ�Ñ Ù_ø

±
øÜHÛ�ú Õ_ãzå)á ð à ô�ò à

�Uå)æ Ó�û�ó�� Õ ú Õ äpá�×)á�ãzå)æ�ç ü û ± Ù_ø� Û ÷�á�Þ�á�ç�Øpæ�Øpá ð à ô�ò àñ å)æ ð�Ý�ó�� Õ ú Õ äpá�×)á�ãzå)æ�ç ü ø ± ü�tÛ à ð ß�Øpãzäpá�Þ�ß ð èwØpãzà àzØkÕ_ãzä~÷.â|á�ãò ãwÕ
	 ï2õXÑ Õ¦ß�Õ®èwèwØpãzæ Ñ�Ñ�Ñ ý ± Ñ üò ãwÕ
	�Ô Ò�Ü Ó ù�ù Ñ*Ò�Ó
± ý� ãzå)ç�å0æ Ò ù�ù�ù Ñ ý Ò ± ü

ñ¹þ � � ë�� þ � � á�ã�
�Øpãzà�á_â<ãzØDè ð ãzæ�å)æ�çxãzØpà ð ×0èwà�÷�Õ ú Øtàzå)Þ�å)×)Õ�ã6Ö¥Øp÷�Õ ú å)á�ã�Õ_à&å)æ"èw÷�ØXß�ãzØ ú å)á ð à�Õ_ß��
ß�×)å)äkÕ�èwå0á�æmÚ ñ¹þ � � äkÕ_àzØ'å)à�Þ�á�ãzØ6à�è~Õ_Ö�×)Ø'Õ_æ�
¨ãzØkÕ_×¥Ø Ý Øpä ð èwå)á�æ¨èwå)Þ�Øpà<á�àzäpå)×)×{Õ�èwØpà�Õ_ãzá ð æ�
 Ñ ù Ú û�� Úþ æ�� þ � � äkÕ_àzØ�
�å���ØpãzØpæ�äpØcå)à6ç�ãzá���å)æ�ç���å0èw÷.èw÷�Øcàzå��pØAá_â�èw÷�ØAß�ãzá�Ö�×)ØpÞ â|ãzá�Þ Õ_ß�ß�ãzá Ý Ú6ø � èwá
Õ_ß�ß�ãzá Ý Ú Ñ*Ò�� Ú���á�ã�èw÷�ØXàwÕ_Þ�ØXÕ_ß�ß�×)å)äkÕ�èwå0á�æ"á�æ�ß�×{Õ�èzâ|á�ãzÞ ÿ ãzØp×{Õ�èwå ú ØAØpãzãzá�ã��HÕ_à 
�ØpäpãzØkÕ�àwå0æ�ç
â|ãzá�Þ Õ_ß�ß�ãzá Ý Ú û�û�� èwá�Õ_ß�ß�ãzá Ý Ú�Ù � ��å0èw÷

V
å)æ�äpãzØkÕ_àzå)æ�ç�Ú

þ æ!�:å)ç�ÚQÙ�Ú ý ãzØp×{Õ�èwå ú Ø¦Øpãzãzá�ã�â|á�ã#" � á�å)æ$"tÕ_ß�ß�×)å)äkÕ�èwå0á�æ­á�æ§ß�×{Õ®èwâ|á_ãwÞ ÿ Õ_ãzØ%
�å)àzß�×{Õ
	�Ø&
mÚ þ æ
Ö¥á_èw÷ ñ¹þ � � Õ_æ�
'� þ � � äkÕ_àzØpà�èw÷�Ø�
�å���ØpãzØpæ�äpØ�
�ØpäpãzØkÕ_àzØpàAâ|ãzá�Þ Õ_ß�ß�ãzá Ý Ú ý�ù � èwá�×)Øpàzà�èw÷�Õ_æ
ù Ú û�� Ú þ æ2è ð å0èwå ú Øp×�	 ó å0èQàzØpØpÞ�àCãzØkÕ_àzá�æ�Õ_Ö�×)Ø�èw÷�Õ�èCèw÷�ØpãzØ�àz÷�á ð ×�
AÖ�Ø�Õ�ç�á�á�
�äpá�å)æ�äpå�
�Øpæ�äpØ�Ö¥ØDè(��ØpØpæèw÷�Ø�Ø Ý ß¥ØpäDè~Õ�èwå)á�æ Õ_æ�
Jèw÷�Ø�Þ�ØkÕ_à ð ãzØpÞ�Øpæ�ètâ|á�ãtÖ�å)ç ú Õ_× ð Øpà¦á_â

V
ó Ö¥ØpäkÕ ð àzØ.ß�ãzá2äpØpàzàzå)æ�ç§Õ_æ�


äpá�Þ�Þ ð æ�å)äkÕ�èwå0á�æ èwå)Þ�ØpàxÕ_ãzØ�×)á�æ�ç Õ_æ�
 èwãwÕ_æ�àzå)Øpæ2è­é|á�ã�"Dæ�á�å)à)	*" ê Ø+��ØpäDèwà�Õ_ãzØ"äpá�Þ�ß¥Øpæ�àwÕ�èwØ&
â|á�ãpÚ þ æ,�:å)ç�Ú�Ù�Ú û ãzØp×{Õ�èwå ú Ø-
�å���ØpãzØpæ�äpØXÖ¥ØDè(��ØpØpæ­èw÷�ØcÞ�á�
�Øp×:Õ_æ�
�Ø Ý ß¥Øpãzå)Þ�Øpæ�è&â|á�ã."Däpá_×)á�ãzå)æ�ç�"
Õ_ß�ß�×)å)äkÕ�èwå0á�æ­á�æ�ß�×{Õ�èzâ|á�ãzÞ/�Uå)à�àz÷�á���æmÚ î àAå0è�äkÕ_æ§Ö¥Ø�àzØpØpæ'��å0èw÷�ç�ãzá0��å)æ�ç ú á�× ð Þ�Ø

V
è~÷�Ø



132�4 57698;:=<�>?5;:@4-1@6BA+138DCFEHG7A�I9A)J�ALKNM$8POQCFKR5;:SCS138TJ�J�ALUWV X
Y�Z

0

0.1

0.2

0.3

0.4
re

la
tiv

e 
er

ro
r

200 400 800 1000 1500 2000 2500 3000 4000

V [kB]
LIFO FIFO

[9\�]�^�_�`�a�bdc�e3f7\�gh`&_�`&i�j&`7k�`+lLmn`&`&ipo%q�r�`&s�t�i�r
o%`
t�u�^�_�`&o%`&i�l3q�iWv�swtxl�yzq�_�o{f?\�i}|+u�`
t�_�j�~Wyzq�_
t.v�txl�l�`&_�i$|St�v�v�s�\�j
txl�\�q�i*b

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

re
la

tiv
e

er
ro

r

200 400 600 800 1000 1200 1400 1600 1800 2000

V [kB]
LIFO FIFO

[9\�]�^�_�`�a�b �Qe3f7\�gh`&_�`&i�j&`7k�`+lLmn`&`&ipo%q�r�`&s�t�i�r
o%`
t�u�^�_�`&o%`&i�lFq�i}v�swtxl�yzq�_�o���\�i,|+j&q�o%v�_�`&uL�
u�\�q�i$|�t�v�v�s�\�j
txl�\�q�i*b

_�`&swtxl�\���`�`&_�_�q�_#r�`&j&_�`
t�u�`&upyz_�q�o�t�v�v�_�q
�hb�� Z�� l�q�s�`&u�u#l�~�t�iR� � t�i�r?l�~�`&i�\�i�j&_�`
t�u�`&u#l�q
t�v�v�_�q
�hb�� Z�� b@�@`
t�s$`��Q`&j&^Ql�\�q�i�l�\�o%`�mNt�u7s�q�i�]�`&_@^�v�l�q#� Z����7� t�i�r�yz_�q�o Y�Z���� q�i�\�l@mNt�u
u�~�q�_)l�`&_ l�~�t�i�l�~�`W`��Qv�`&j+l�txl�\�q�i*b��7u l�~�`&u�`�_�`&u�^�s�l�u r�\�gh`&_7yz_�q�o�l�~�`.v�_�`+��\�q�^�u q�i�`&u�yz^�_)l�~�`&_
j&_�\�l�\�j
t�s���`&_�\���j
txl�\�q�i�\�uFi�`&`&r�`&r*b
�(i�[9\�]�bha�b �#t�i�r�[9\�]�b�a�b �#_�`&swtxl�\���`-`&_�_�q�_�u�yzq�_�u�`
t�_�j�~�yzq�_�v�txl�l�`&_�i�t�v�v�s�\�j
txl�\�q�i�t�_�`�v�_�`��

u�`&i�l�`&r*bn�(i�l�~�`&u�`-`��Qv�`&_�\�o%`&i�l�u@i�q�l�q�i�s��pl�~�`Su�\��&`Sq�y9l�~�`Ss�q�t�r}mNt�u�j�~�t�i�]�\�i�]�k�^Ql7t�s�u�q�l�~�`
i�^�o.k�`&_�q�yTv�txl�l�`&_�i�u mNt�u�j�~�t�i�]�\�i�]pm@~�\�j�~,_�`&u�^�s�l�`&r,\�i�r�\�gh`&_�`&i�l

A/C
_�txl�\�q�b��(i'[9\�]�b*a�b �

_�`&u�^�s�l�upyzq�_}v�swtxl�yzq�_�o¡ ¢t�_�`�u�~�q0m@i*b£�@`+swtxl�\���`�`&_�_�q�_�u}]�_�q�m¤^�vRl�q X � � m@\�l�~R]�_�q�m@\�i�]
��q�s�^�o%`

V
t�i�r'm@\�l�~,l�~�`#\�i�j&_�`
t�u�\�i�]�i�^�oWk�`&_-q�yFv�t0l�l�`&_�i�u&b}¥F~�\�u-`��Qv�`&_�\�o%`&i�l�uSmN`&_�`#_�^�i

q�i�|+s�\���`�|Wu�^�v�`&_�j&q�o%v�^Ql�`&_-u)��u)l�`&o¦m@\�l�~'rQ��i�t�o%\�j
t�s�s§��j�~�t�i�]�\�i�]�s�q�t�r,u�q�v�_�`&r�\�j+l�`&r�j&q�o.�
v�^Ql�txl�\�q�i¨l�\�o%`pj&q�^�s�rHi�q�l�k�`�t�j&j&^�_�txl�`�b©¥F~�`&_�`+yzq�_�`}m@~�`&i©l�~�`�j&q�o%v�^Ql�txl�\�q�i¨r�q�o%\�i�txl�`&u
q���`&_Fj&q�o%oW^�i�\�j
txl�\�q�i,ª«yzq�_Nswt�_�]�`&_ni�^�oWk�`&_Nq�y9v�txl�l�`&_�i�u�¬Tl�~�`�_�`&swtxl�\���` `&_�_�q�_F]�_�q�m@uFk�^Ql�t�s�u�q
u)l�t�k�\�s�\��&`&u&b®­�`&]�txl�\���` `&_�_�q�_�unyzq�_nu�o#t�s�s�`&_Tr�txl�t�u�\��&`&u@t�_�` _�`&u�^�s�l�uNq�y$_�q�^�i�r�\�i�]W`&_�_�q�_N\�ipo%`
t0�
u�^�_�`&o%`&i�l q�y9��`&_)��u�~�q�_)l t�o%q�^�i�l�u�q�y9l�\�o%`�bn�(i�[9\�]�b�a�bda�_�`&u�^�s�l�u@yzq�_Fl�~�`-u�t�o%`�t�v�v�s�\�j
t0l�\�q�i
yzq�_@v�swtxl�yzq�_�o � c�t�_�`Su�~�q�m@i*bN¥F~�\�uFl�\�o%`�j&q�o%v�^Ql�`&_�u�t�i�r�l�~�`Si�`+lLmnq�_ � mn`&_�`�r�`&r�\�j
txl�`&r�l�q
l�~�`%`��Qv�`&_�\�o%`&i�l
bp¯�`%j
t�i�i�q�l�\�j&`�l�~�t�i'l�~�`%u�\��&`%q�yNl�~�`%r�txl�t���q�s�^�o%`�~�t
��`%i�q�\�iQ°�^�`&i�j&`



±3²�³ ´7µ9¶;·=¸�¹?´;·@³-±@µBº+±3¶D»F¼H½7º�¾9º)¿�ºLÀNÁ$¶PÂQ»FÀR´;·S»S±3¶T¿�¿�ºLÃWÄ Å
Æ�Å

33786 60786 87786 177788 377788

V [B]
0

0.1

0.2

0.3

0.4

0.5
re

la
tiv

e
er

ro
r

LIFO FIFO

Ç9È�É�Ê�Ë�Ì�Í�Î Æ�Ï3Ð È�ÑhÌ&Ë�Ì&Ò�Ó&Ì7Ô�Ì+ÕLÖnÌ&Ì&Òp×%Ø�Ù�Ì&Ú�Û�Ò�Ù
×%Ì
Û�Ü�Ê�Ë�Ì&×%Ì&Ò�ÕFØ�Ò}Ý�ÚwÛxÕ�ÞzØ�Ë�× Ð È�Ò,ß(à)Ø�È�Ò$ß7Û�Ý�á
Ý�Ú�È�Ó
ÛxÕ�È�Ø�Ò*Î

0

0.1

0.2

0.3

re
la

tiv
e 

er
ro

r

0 20 40 60 80 100

V [kB]

Ç9È�É�Ê�Ë�Ì�Í�Îdâ Ï3Ð È�ÑhÌ&Ë�Ì&Ò�Ó&Ì7Ô�Ì+ÕLÖnÌ&Ì&Òp×%Ø�Ù�Ì&Ú�Û�Ò�Ù
×%Ì
Û�Ü�Ê�Ë�Ì&×%Ì&Ò�ÕFØ�Ò�Ý�Ú�ÛxÕ�ÞzØ�Ë�×�Ç!È�Ò'ß+Ó&Ø�Ú�Ø�Ë�È�Ò�É�ß
Û�Ý�Ý�Ú�È�Ó
ÛxÕ�È�Ø�Ò�ãåäLÇBæ{Ó
Û�Ü�Ì�Î

Ø�Ò�Õ�ç�Ì-Ë�Ì&ÚwÛxÕ�È�è�Ì�Ì&Ë�Ë�Ø�ËFÖ@ç�È�Ó�ç�È�ÜFÚ�Ì&Ü�Ü@Õ�ç�Û�Ò Å â�épÎnÇ�Ø�Ë@Ü�×#Û�Ú�Ú
A/C

Ë�ÛxÕ�È�Ø�ê«ÞzÌ+ÖëÝ�ÛxÕ�Õ�Ì+Ë�Ò�Ü�ìnÕ�ç�Ì
Ý�Ë�Ø�Ó&Ì&Ü�Ü�È�Ò�É Õ�È�×%Ì&ÜBÖnÌ&Ë�ÌNè�Ì&Ë)íWÜ�ç�Ø�Ë)Õ®Ü�Ø�Ë�Ø�Ê�Ò�Ù�È�Ò�É Ì&Ë�Ë�Ø�Ë�Ü3Ó&Ø�Ê�Ú�ÙWç�Û
è�ÌFÈ�×%Ý�Ø�Ë)Õ�Û�Ò�Õ9È�ÒQî�Ê�Ì&Ò�Ó+ÌFØ�Ò
Õ�ç�Ì7Ë�Ì&ÚwÛxÕ�È�è�Ì�Ì&Ë�Ë�Ø�Ë&Î®ï�Ì&É�ÛxÕ�È�è�Ì7Ì&Ë�Ë�Ø�ËTÞzØ�ËNð�â-Û�Ò�Ù Æ�ñ Ý�ÛxÕ�Õ�Ì&Ë�Ò�ÜFÛ�Ë�Ì7×%Ø�Ë�Ì�Ù�È�ò%Ó&Ê�Ú�ÕTÕ�ØWÌ�óQÝ�ÚwÛ�È�Ò*Î
ô®Ë�Ø�Ô�Û�Ô�Ú�í!È�Õ.È�Ü�Û�Ë�Ì&Ü�Ê�Ú�Õ�Ø�Þ7Ò�Ø�Õ%Û�Ó&Ó&Ê�Ë�ÛxÕ�Ì�×%Ì
Û�Ü�Ê�Ë�Ì&×%Ì&Ò�Õ�Ø�Þ7Ý�Ë�Ø�Ó&Ì&Ü�Ü�È�Ò�É'Ë�ÛxÕ�È�Ø

A
ÞzØ�Ë�Õ�ç�È�Ü

Ó
Û�Ü�Ì&Ü&Î7õ3è�Ì&Ò�È�Ò�Ù�Ì&Ù�È�Ó&ÛxÕ�Ì&Ù�Ì&Ò�è�È�Ë�Ø�Ò�×%Ì&Ò�Õ�Ü�Ø�×%ÌWöNô;÷{Õ�È�×%ÌSÓ
Û�Ò�Ô�Ì�Ê�Ü�Ì&Ù�È�Ò�Ê�Ò�Ý�Ë�Ì&Ù�È�Ó+Õ�Û�Ô�Ú�Ì
ÖNÛ�í}Ô�ípÕ�ç�ÌSØ�Ý�Ì&Ë�ÛxÕ�È�Ò�É.Ü)í�Ü)Õ�Ì&×=Õ�Ø�Ë�Ê�Ò�Ü�Ø�×%Ì�×#Û�È�Ò�Õ�Ì&Ò�Û�Ò�Ó&Ì�Ý�Ë�Ø�Ó&Ì&Ü�Ü�Ì&Ü&ø�Ù�Û�Ì&×%Ø�Ò�ÜFÌ+Õ�Ó�Î
ù@Ì&Ü�Ê�Ú�Õ�Ü3ÞzØ�Ë®Û�Ò�Ø�Õ�ç�Ì&Ë3ú�È�Ò�Ù�Ø�Þ�Ì�óQÝ�Ì&Ë�È�×%Ì&Ò�Õ�Ü;Û�Ë�ÌNÜ�ç�Ø0ÖFÒ%È�Ò�Ç9È�É�Î�Í�Î û�Û�Ò�Ù�Ç9È�É�Î�Í�Î ûQÎ Ð Ê�Ë�È�Ò�É

Õ�ç�Ì&Ü�Ì@Ì�óQÝ�Ì&Ë�È�×%Ì&Ò�Õ�Ü®Ù�È�ÑhÌ&Ë�Ì&Ò�Õ®Ó&Ø�×%×.Ê�Ò�È�Ó
ÛxÕ�È�Ø�ÒW×%Ì+Õ�ç�Ø�Ù�Ü3ÖNÌ&Ë�Ì@Ê�Ü�Ì&Ù�Õ�Ø Õ�Ì&Ü)Õ;Õ�ç�ÌFÈ�ÒQî�Ê�Ì&Ò�Ó&ÌFØ�Þ
Ó&Ø�×%×WÊ�Ò�È�Ó
ÛxÕ�È�Ø�Ò�×%È�Ù�Ù�Ú�Ì+ÖFÛxË�ÌSØ�Ò�Ý�Ë�Ø�Ó&Ì&Ü�Ü�È�Ò�ÉpÕ�È�×%Ì-Û�Ò�Ù�Ë�Ì&ÚwÛxÕ�È�è�Ì-Ì&Ë�Ë�Ø�Ë&Î7üFç�Ì�Õ�Ì&Ü)Õ�Ì&Ù,Û�Ý�Ý�Ú�È§á
Ó
ÛxÕ�È�Ø�Ò�ÖNÛ�Ü�Ü�Ì
Û�Ë�Ó�ç�È�Ò�ÉpÞzØ�Ë�Ý�Û0Õ�Õ�Ì&Ë�Ò�ÜSÛ�Ò�Ù,Ó&Ø�×%×WÊ�Ò�È�Ó
ÛxÕ�È�Ø�Ò�×%È�Ù�Ù�Ú�Ì+ÖNÛ�Ë�Ì-ÖNÌ&Ë�Ì%ý�ô®ä�ø$ô3þSý'ø
Ü�ç�×%Ì&×¤Ú�È�Ô�Ë�Û�Ë)í�Û�Ò�Ù�è�Ì&Ò�Ù�Ø�Ë�Ü�Ý�Ì&Ó&È�ÿ�Ó�Ü�Ø�Ó�ú�Ì+Õ-È�×%Ý�Ú�Ì&×�Ì&Ò�Õ�ÛxÕ�È�Ø�Ò*ÎSüBÌ&Ü)Õ�Ü�ÖNÌ&Ë�Ì�Ó+Ø�Ò�Ù�Ê�Ó+Õ�Ì&Ù�È�Ò
ôBØ��&Ò�Û�Ò���Ê�Ý�Ì&Ë�Ó&Ø�×%Ý�ÊQÕ�È�Ò�É¨Û�Ò�ÙRï�Ì+Õ(ÖNØ�Ë�ú�È�Ò�ÉHönÌ&Ò�Õ�Ì&Ë}Ê�Ü�È�Ò�É�����ä%æ Ë�È�É�È�Ò�ð ñ�ñ�ñ Û�Ò�Ù�ä��Fý
�Qô
	�Îpä(Ò!Û�Ú�Ú9Õ�Ì&Ü)Õ�Ü.Í}Ý�Ë�Ø�Ó&Ì&Ü�Ü�Ì&Ü�ÖnÌ&Ë�Ì#Ê�Ü�Ì&Ù*Î}Ç9È�É�ÎBÍ�Î û�Ý�Ë�Ì&Ü�Ì&Ò�Õ�Ü�Ë�Ì&ÚwÛxÕ�È�è�Ì.Ì&Ë�Ë�Ø�Ë�ÜSÞzØ�Ë�æ Ë�È�É�È�Ò
ð ñ�ñ�ñ Ü�Ê�Ý�Ì&Ë�Ó&Ø�×%Ý�ÊQÕ�Ì&Ë&ÎNù@Ì&ÚwÛxÕ�È�è�Ì�Ì+Ë�Ë�Ø�Ë�Ü�Û�Ë�Ì�Ù�È�ÑhÌ&Ë�Ì&Ò�ÕFÞzØ�Ë@Ù�È�ÑhÌ&Ë�Ì&Ò�Õ�Ó+Ø�×%×.Ê�Ò�È�Ó
ÛxÕ�È�Ø�Ò}×%Ì+Õ�ç�á
Ø�Ù�ÜSÛ�Ò�Ù,Ô�Ì&Ü)Õ-Ë�Ì&Ü�Ê�Ú�Õ�Ü%ê Å Î û0áLðQÎ ��é�ì@ÖnÌ&Ë�Ì%Û�Ó�ç�È�Ì+è�Ì&Ù,ÞzØ�ËSý�ô®ä�Î$Ç�Ø�Ë Ü�ç�×%Ì&×¤Ú�È�Ô�Ë�Û�Ë)í�Ë�Ì&ÚwÛxÕ�È�è�Ì+Ü



��
������������������������! "���$#&%�'� �(� *)+ �,.-/�102#&,3���4#4���
)�)+ �576 8:9<;

-0,06

-0,04

-0,02

0

0,02

0,04

0,06

0,08

0,1

0,12

0,14

0 2 4 6 8 10

number of patterns

re
la

ti
ve

er
ro

r

V=370kB V=750kB V=1100kB V=1500kB

=�>@?�A�BDC�E+F G2H�I�>KJLCMBDCMN�OMC�PQC"R�STCMCMNVUXW+Y�CMZQ[\N�Y
UXC:[\]DA�BDCMUXCMN^R�W�N`_�Za[bRDcdW�BDUfe$>@Ng]hCM[\BDOji`cdW\B
_k[bRDRhCMBDNl[\_�_�Z@>@O:[bRh>KW�NmF

-0,10

-0,05

0,00

0,05

0,10

0,15

0,20

0 10 20 30 40 50

number of patterns

re
la

ti
ve

er
ro

r

V=370kB V=700kB V=1100kB V=1500kB

=�>@?�A�BDC�E+FnE+H�I�>KJLCMBDCMN�OMC�PQC"R�STCMCMNVUXW+Y�CMZQ[\N�Y
UXC:[\]DA�BDCMUXCMN^RoW�Np_�Za[bRDcdW�BDU$q ; >@N7]DC:[\BDOjipcdW\B
_k[bRDRhCMBDNl[\_�_�Z@>@O:[bRh>KW�NmF

CMBDBDW�BXSTCMBDC 8�rts�u G^vwP�A2Rx>KRyBDCM]DA�ZKRhCMYzcdBDW�U{>@UX_�BDCMO">@]D>@W�N|W\c4OMW�UXU7A�N�>@O:[bRh>@W\N�]D_QCMCMY3UXC:[ s
]DA�BDCMUXCMN^R:F~}�BD>@?�>@N u��\��� >@]p[l]Dik[\BDCMY�UXCMU�W�B*��Uy[\Oji�>@N�C�Rhi�CMBDC"cdW�BDCxOMW�UXU7A�N�>@O:[bRh>KW�N~W���CMB
]Di�UXCMUfZ@>@P�Bh[\B*�V>@]&��CMB*�xc�[\]*R�[\N�YgR�[\�\CM]�[\P�W�A2R�[\N`W�BDY�CMB�W\c�Uy[\?�N�>KRhA�Y�C�Z@CM]D]�Rhik[\N`>@NgW\Rhi�CMB
UXC"Rhi�W+Y�]MF.qTCMO:[\A�]DC�OMW�UXU7A�N�>@O:[bRh>KW�NgPQC"R�STCMCMN�_�BDW+OMCM]D]DCM]�R�[\��C4W�N�ZK�VcdC"S�UX>@Z@ZK>K]DCMOMW�N�Y�]�>KR�>@]
N�W\Rp_�W�]D]D>@P�Z@CyRhW�UXC:[\]DA�BDCx>KR7_�BDCMOM>@]DCMZK��F~=�>@?�F�E+F r _�BDCM]DCMN^Rh]XBDCMZa[tR�>��^CyCMBDBDW�BD]7cdW�B7��q&���2� ;
]DA�_�CMBDOMW�UX_�A2RhCMBMFg�&i�Cy]Di�UXCMU�Z@>@P�Bh[\B*��>@]�N�W\R�[��b[\>@Za[\P�ZKCpcdW�B�R�i�>K]�_�Za[bRDcdW�BDU�P�CMO:[\A�]DCy��q&�
�2��_�Za[bRDcdW�BDU�>@]�Pk[\]DCMY�W�N�Rhi�Cp>@Y�C:[VW\c.[VOMZ@A�]*RhCMB4W\c�STW�BD�<]*R�[bRh>@W�NmF���Z@]DWxcdW�B�Rhi�>@]�Uy[\Oji�>@N�C
Rhi�C�PQCM]*R�BDCM]DA�ZKRh]TS.CMBDC4[\O�i�>@C"�^CMYxcdW�B&�l�o��Fk�&OMOMA�Bh[\O"�VcdW�BTRhi�>@].UXC"Rhi�W<Yx>@].W�A2Rh]*R�[\N�Y�>@N�?�[\N�Y
Rhi�C�CMBDBDW�B4>@]�Z@CM]D]�Rhik[\N 8 vVFy�+W+O���C"R�[\N�Y~���4�{>@U�_�Z@CMUXCMN^R�[bRh>KW�N�STCMBDCy[\Z@]DWg�<A�>KRhCp_�BDCMOM>@]DC
[\N�Y`BDCMZa[bRh>K��C�CMBDBDW�BD]&S.CMBDC4>@NgBh[\N�?�C�cdBDW�U u RhWX�^vVF

����� �¡ M¢/£.¤g¢/¢¥ "¦�§©¨�§gª«£T¦�§g£T¬M¤g¢¥ "¦�§`¢

­¥C"R
A�]oW�P�]DCMB*�^C�Rhik[bR�>@NpUXW�]*R�W\c�Rhi�C�O:[\]DCM]
BDCMZa[bRh>K��C.Y�>KJLCMBDCMN�OMC�P�C"R�STCMCMNyRhi�C&UXW+Y�CMZk[\N�Y�Rhi�C
UXC:[\]DA�BDCMUXCMN^R�>@]

≈ 30
v¡[\N�Y�Z@CM]D]MF�®~CXPQCMZ@>@C"��CpRhik[bR4Rhi�C�OMW�>@N�OM>@Y�CMN�OMCXW\c
Rhi�C�UXW+Y�CMZ�[\N�Y

Cj¯2_�CMBD>@UXCMN^R�[\Z<BDCM]DA�ZKRh]�O:[\N7P�C
>@UX_�BDWt��CMY�>Kc�UXW�BDC
C"JLW�B*R�>@]!Y�C"��W\RhCMY7RhW�P�C"RDRhCMB�A�N�Y�CMBD]*R�[\N�Y�>@N�?
Rhi�CXOMW\UX_�A2Rh>@N�?gCMN<�+>@BDW�N�UXCMN^R:°![\N�Y~UXW\BhCpO:[\BDC"cdA�Z@ZK��]DC"RDRh>@N�?`A�_±Rhi�CXCj¯2_�CMBD>@UXCMN^Rh]V²dC\F ?�FX>Kc
STC�ik[���C�UXW�BDC�OMW\N<RhBDW�ZQW�NXRhi�C�OMW�UX_�A2RhCMB
]DW\c³R�S.[\BDC�]DA�>KRhC�´jF�}�NXRhi�C�W\Rhi�CMB
ik[\N�YVY�>KJLCMBDCMN�OMCM]
P�CMZ@W�S 8�� vµ²dO"c�F�=�>@?�FtE+F u °�=�>@?�FbE+F 9 °\=�>@?�FbE+F �2°�=�>K?�FbE+F r ´¥>@N�Y�>@O:[bRhCoRhik[bR!Rhi�CMBDC.[\BDCT[\_�_�Z@>@O:[bRh>KW�N�]



¶�·�¸�¹�º�»�¼�½�¾�¹�¼�¸�¶�º!¿"¶�»$À&Á�Â�¿�Ã�¿*Ä+¿�Å.Æ/»1Ç2À&Å3¹�¼4À4¶�»
Ä�Ä+¿�È7É Ê:Ë^Ì

0

5

10

15

20

25

30

35

40

0 2000 4000 6000
KB

%

mpi

pvm

socket
shmem

Í�Î@Ï�Ð�ÑDÒ�Ó+Ô Õ2Ö�×�ÎKØLÒMÑDÒMÙ�ÚMÒ�ÛQÒ"Ü�ÝTÒMÒMÙVÞXß+à�ÒMáQâ\Ù�à
ÞXÒ:â\ãDÐ�ÑDÒMÞXÒMÙ^Ü�ß�Ùlä�ÑDÎ@Ï�Î@Ù Ì�å�å�å Ô

0

1

2

3

4

5

6

7

8

0 2000 4000 6000
KB

%

mpi

pvm

socket

Í�Î@Ï�Ð�ÑDÒ�Ó+Ô æ2Ö�×�ÎKØLÒMÑDÒMÙ�ÚMÒ�ÛQÒ"Ü�ÝTÒMÒMÙVÞXß+à�ÒMáQâ\Ù�à
ÞXÒ:â\ãDÐ�ÑDÒMÞXÒMÙ^Ü�ß�Ùgç�è&éëê2ì
í+Ô

â\Ù�à`î�áaâbÜDïdß�ÑDÞ�ãTÝ�ð�ÒMÑDÒ4Ühð�Ò4à�ÎKñ+Î@ãDÎ@Û�á@Ò�Ü�â\ãDòVÞXß<à�ÒMá¥Î@ã�â\ÚMÚMÐ�ÑhâbÜhÒ\Ô
çóÜoÚ:â\ÙpÛ�Ò.ß�Û�ãDÒMÑ*ñ�ÒMàpÜhðkâbÜ�Ühð�Ò.ÞXß�ÑDÒTÐ�Ù�ÎKïdß�ÑDÞ�ã*ô+ã*ÜhÒMÞõÝTÒ&Ð�ãDÒMà�â\Ù�à7Ühð�Ò.ÞXß�ÑDÒ
Ühð�Ò.ã*ô+ã*ÜhÒMÞ

Ý.â\ãpà�ÒMà�Î@Ú:âbÜhÒMàöÜhß�ß�Ð�Ñ7Òj÷2îQÒMÑDÎ@ÞXÒMÙ<ÜhãMøoÜhð�ÒVÛ�Ò"ÜDÜhÒMÑ7Ühð�ÒVÚMß�Î@Ù�ÚMÎ@à�ÒMÙ�ÚMÒVÝ�ÎKÜhðùÜhð�ÒVÞXß+à�ÒMá
Ý.â\ãMÔ
è.â\ãDÎ@Ù�Ïpß�ÙxÜhð�Ò�Òj÷2î�ÒMÑDÎ@ÒMÙ�ÚMÒ�ÝTÒ4Ï^â\Î@Ù�ÒMàxÎKÜ&Ú:â\ÙgÛ�Ò�ß�Û�ãDÒMÑ*ñ�ÒMà`ÜhðkâbÜ&Ú:â\á@á@Î@Ù�Ï7ß�îQÒMÑhâbÜhÎ@Ù�Ïpã*ô+ã*ÜhÒMÞ
â\Ù�àxÑDÐ�Ù^ÜhÎ@ÞXÒ�ÒMÙ^ñ+Î@ÑDß�Ù�ÞXÒMÙ^Ü&ãDÒMÑ*ñ+Î@ÚMÒMã&Î@ãTß�Ù�Ò�ß\ï!ÒMÑDÑDß�ÑTãDß�Ð�ÑDÚMÒMã�Î@ÙVß�Ð�ÑTÑDÒMãDÐ�áKÜhãMÔ�Íkß�ÑTÒj÷�â\ÞXî�á@Ò\ø
ÑDÒ"ïdÒMÑDÒMÙ�ÚMÒMã4Ühßxà�Î@ãDò`úká@ÒMã�ß�Ñ�ÞXÒMÞXß�Ñ*ô�â\á@á@ß<Ú:âbÜhÎKß�Ù�î�ÑDß+ÚMÒMà�Ð�ÑDÒMã4Î@Ù^ÜhÑDß+à�Ð�ÚMÒMã�Ï�ÑDÒ:âbÜ4â\ÞXß�Ð�Ù<Ü�ß\ï
Ð�Ù�ÚMÒMÑ*Ü�â\Î@Ù^Ü�ô�â\Ù�à~à�ÒMîQÒMÙ�à�ÒMÙ�Ú:ÒVß�Ù±Ühð�ÒyÛQÒMðkâ�ñ+Î@ß�Ñ4ß\ï&ß\Ühð�ÒMÑ4ãhßbï³Ü�Ý.â\ÑDÒXÐ�ãDÎ@Ù�Ï`Ühð�ÒXÚMß�ÞXî�Ð2ÜhÒMÑMÔ
û&ð�Î@ã�Ý.â\ã�â\á@ãDßxÜhð�ÒXÚ:â\ãDÒ�ïdß�Ñ�á@ß�Ù�ÏgÞXÒMãDãhâ\Ï�ÒMã4ïdß�Ñ�Ý�ð�Î@Újð±Ühð�Ò�Ò"üXÚMÎ@ÒMÙ�Ú"ô�ß\ï.Ú"ß�ÞXÞpÐ�Ù�Î@Ú:âbÜhÎKß�Ù
à�ÒMÚMÑDÒ:â\ãDÒMàpâ\ã/ãDß+ß�Ù�â\ã/Ühð�Ò�ÞXÒMãDãhâ\Ï�Ò
ãDÎ@ýMÒ�Òj÷2ÚMÒMÒMà�Ò:à�ïdÑDÒMÒ�ÚMß�ÑDÒ
ÞXÒMÞXß�Ñ*ô�ãDÎ@ýMÒ\Ô!þ�Î@Ñ*ÜhÐkâ\á�ÞXÒMÞXß�Ñ*ô
Ý.â\ã�Ð�ãDÒMàlÛ^ôxÜhð�Ò4ß�îQÒMÑhâbÜhÎ@Ù�Ï�ã*ô+ã*ÜhÒMÞ�ÜhßXð�ß�á@àgÛ�Î@Ï�àkâtÜjâ7ñ�ß�á@Ð�ÞXÒMã&Ühß�Û�Ò4ÚMß�ÞXÞ7Ð�Ù�Î@Ú:âbÜhÒMàmÔ�ç�Ù
ãDÐ�Ú�ð�ãDÎKÜhÐkâbÜhÎ@ß�Ù�ã�Ühð�Òxâ\ãDãDÐ�ÞXî2ÜhÎ@ß�Ù�â\ÛQß�Ð2Ü7Ühð�ÒVá@Î@Ù�Ò:â\Ñ�à�ÒMîQÒMÙ�à�ÒMÙ�Ú:Ògß\ï&Ühð�ÒxÚ"ß�ÞXÞpÐ�Ù�Î@Ú:âbÜhÎKß�Ù
ÜhÎ@ÞXÒVß�Ù�Ühð�Òxñ�ß�á@Ð�ÞXÒVß\ï�àkâbÜ�â�Ý.â\ã�Ù�ß\Ü�ïdÐ�áKúká@áKÒMàmø
â\Ù�à�ÚMß�ÞXÞpÐ�Ù�Î@ÚMâbÜhÎ@ß�ÙùãDî�ÒMÒMà�à�ÒMÚMÑDÒ:â\ãDÒMà
Ý�ÎKÜhð~àkâbÜ�âgãDÎ@ýMÒ\Ôxû&ð�Î@ã�ß�Û�ãDÒMÑ*ñ\âbÜhÎ@ß�Ùùâ\î�î�á@Î@ÒMã�â\á@ãDßgÜhß`Ühð�ÒXà�ÒMî�ÒMÙ�à�ÒMÙ�ÚMÒxß\ï.î�ÑDß+ÚMÒMãDãDÎ@Ù�Ï`ÜhÎ@ÞXÒ
ß�Ù�Ühð�ÒXñ�ß�á@Ð�ÞXÒ�ß\ï&àkâbÜ�â2Ö�Î@Ù±Ý�Î@à�ÒXÑhâ\Ù�Ï�ÒMã�ß\ï&àkâbÜ�âgãDÎ@ýMÒMã�Ühð�ÒVâ\ãDãDÐ�ÞXî2ÜhÎ@ß�Ù�ß�Ù~á@Î@Ù�Ò:â\ÑDÎKÜ�ô�ß\ï
Ühð�Î@ãyïdÐ�Ù�Ú"ÜhÎ@ß�ÙÿÞyâ:ô�Û�Òlñ+Î@ß�áaâbÜhÒMàmÔ$×�Î@ã*ÜhÑDÎ@Û�Ð2ÜhÎ@ß�Ùzß\ï�Ühð�Ò�ÑDÒMãDÐ�áKÜhãxÚ:â\Ù3ÛQÒ±â\Ù�ß\Ühð�ÒMÑxÑDÒ:â\ãDß�Ù
ïdß�Ñ�à�Î@ãhâ\Ï�ÑDÒMÒMÞXÒMÙ^Ü�ß\ï�Ühð�Ò7ÑDÒ:â\á�ÑDÐ�Ù�Ù�Î@Ù�ÏyÜhÎ@ÞXÒ7â\Ù�à�Ühð�Ò7Òj÷2î�ÒMÚ"Ü�âbÜhÎ@ß�ÙmÔ�û&ð�Î@ã�â\î�î�á@Î@ÒMã�ÒbÔ Ï�Ô4Ühß
� ãDÒ:â\ÑDÚ�ð7ïdß�Ñ�â�îkâbÜDÜhÒMÑDÙ � â\Ù�à ��� ß�Î@Ù � â\î�î�á@Î@Ú:âbÜhÎ@ß\Ù�ãMÔ!ç�Ù�Ühð�ÒTÞXß+à�ÒMá<à�Î@ã*ÜhÑDÎ@Û�Ð2ÜhÎ@ß�Ù4ß\ïkÜhð�ÒTÑDÒMãDÐ�áKÜhã
Î@ã4Ð�Ù�ÎKïdß�ÑDÞ�â\Ù�à~â\Ù<ô�ïdÑhâ\Ú"ÜhÎ@ß�Ù±ß\ïTÜhð�Ò�Ühß\Ü�â\á�ñ�ß�á@Ð�ÞXÒpß\ï.àkâbÜ�âgÎ@Ù�à�Ð�ÚMÒMã�ãDß�ÞXÒ�ÑDÒMãDÐ�áKÜhãMÔyû&ð�Î@ã
Þyâ:ôgÙ�ß\Ü�Û�Ò4Ühð�Ò�Ú:â\ãDÒ�Î@Ù`ÑDÒ:â\á@ÎKÜ�ôVÛ�ÒMÚ:â\Ð�ãDÒ7ÑDÒMÚMß�ÑDà�ã�ß�Ñ�ÜhÒj÷+Ü�îkâbÜDÜhÒMÑDÙ�ã�Þyâ:ôgÛQÒ7â\Û�Ð�Ù�àkâ\Ù^Ü�Î@Ù
àkâbÜ�â7ïdß�Ñ&ß�Ù�Ò�î�ÑDß+ÚMÒMãDãDß�ÑMø�âbÙ�à`Þyâ:ôVÛ�Ò�â\Û�ãDÒMÙ^Ü�ïdÑDß�Þ Ühð�Ò4àkâbÜ�â7ïdß�Ñ&â\Ù�ß\Ühð�ÒMÑ�î�ÑDß<ÚMÒMãDãDß�ÑMÔ.ä�Ð�Ñ



�����	��

����������������
��������������� 
�"!#�%$'&(�*)+��$,���-�-���.!/!#�%021 35464

798+:;7=<?>A@B7=CEDGF�HI7=<?7J:;7=<"KML6<?@B7=NOL6CQP�DGR/7=<?C/7�D2C/7�D%HIL6<?SUTWV�R/7YX[Z=Z=7=F?F\DG>A@B7]DGL^DGR/>AF�S_>AC/NOL[K
C/7�D�H'L6<?S]>AF`C/L[D.N/7�DG7=<?@B>AC/>AF"DG>AZ[T�a�bAF?LcDGR/7�F?L[KdD�H'X[<?7�<?e/C/C/>AC/f->ACg:hX[<GX[bAbA7=b+H�>iDGRBL6e/<�:/<?L6f6<GX[@BF
j 7[T f/T�>ACEDG7=<?<?e/:+DcN/<?>ik67=<?F=lmL6:U7=<GXnDG>AC/foF"p#F"DG7=@q>ACrf67=C/7=<GX[bds�Z5X[e/F?7=FcDGRhXnDc:/<?L_Z=7=F?F?>AC/f^F?:;7=7=Nt>AF
C/L[D'F"DuX[v/bA7[T�a�F�X\<?7=F?e/biD'v;L[DGRYZ=L6@B@2e/C/>AZ5XnDG>iL6CJX[C/NoZ=L6@B:/e+DG>AC/f\:hX[<GX[@g7�DG7=<?F'>AC/Z=bAe/N/7�F?L6@B7
X[@BL6e/CEDoL[K�e/C/Z=7=<"DuX[>AC_D�p6l�H�R/>AZuR,Z5X[C,vU7t7=F"DG>A@JXnDG7=NwvEp�DuR/7rknX[bAe/7xL[K-DGR/7=F?7t:hX[<GX[@B7�DG7=<?F
F"DuX[C/NhX[<?N^N/7�k#>yXnDG>AL6CzT�V�R/7-F"DuX[C/NhX[<?N^N/7�k#>yXnDG>AL6CYL[K Cj

X[C/N Aj
:hX[<GX[@B7�DG7=<?F'L6C^@BL6F"D�L[K�DGR/7

:/byXnD?KML6<?@BF	H'X[F\bi7=F?F�DGRhX[COX[:/:/<?L58{T^|+T | 3 L[KIDGR/7B:hX[<GX[@B7�DG7=<ck[X[bAe/7[To}�7�k#>yXnDG>AL6CtL[K�F"DuX[<"DGe/:
DG>A@B7	:hX[<GX[@B7�DG7=<?F j Sj

sI>AF�@2e/ZuRWv/>Af6f67=<=l+7�kE7=C~X[F�@2e/Z9RWX[F��+T �]>AC^Z5X[F?7-L[K
:/byXnD?KML6<?@�� 3 T
� CwDGR/>AFYZuRhX[:+DG7=<oHI7x:/<?7=F?7=CEDG7=N*<?7=F?e/biDGFYL[K�798+:;7=<?>A@B7=CEDGFoL6C�X[:/:/bip#>AC/fQN/>ik#>AF?>Av/bA7^DuX[F?S

DGR/7=L6<"pY>ACY:/<GX[Z�DG>AZ=7[T � D�RhX[F'v;7=7=C^N/7=@BL6C/F"DG<GXnDG7=NoDGRhXnD'DGR/7c@BL_N/7=b{>AF'Z5X[:hX[v/bA7	L[K
X[Z=Z=e/<GXnDG7=bip
N/7=F?Z=<?>Av/>AC/f�DGR/7�<?75X[bA>iD�p6T
V�R/7=<?7cX[<?7�X[bAF?L\Z5X[F?7=FIH�R/7=CJDGR/7�:/<?7=N/>AZ�DG>AL6C/F.L[KzDGR/7�@BL_N/7=b{X[<?7�C/L[D
FGXnDG>AF"K�X[Z�DGL6<"pcp67�D�X[C/N�DGR/7=F?7'Z5X[F?7=F�F?R/L6e/bAN\C/7=7=N2KMe/<"DGR/7=<
X[ChX[bip#F?>AF=T�V�R/7'Z=L6bAbA7=Z�DG7=N\798+:U7=<?>A7=C/Z=7
f6>ik67=F�<?>AF?7cDGLJX]v;7�D?DG7=<�e/C/N/7=<?F"DuX[C/N/>AC/fJL[K
N/>AF"DG<?>Av/e+DG7=N^:/<GL_Z=7=F?F?>AC/fJ7=CEk#>A<?L6C/@B7=CEDGF�X[C/NW@JX5p
R/7=bA:2>A@B:/<?L�kE7�DGR/7IDGR/7=L6<?7�DG>AZ5X[b#@BL#N/7=bAF=T�a�C/L[DGR/7=<�Z=L6C/Z=bAe/F?>AL6C\KM<?L6@�DGR/7'798+:;7=<?>A@B7=CEDGF�>AF�DGRhXnD
DGR/7�:hX[<GX[@B7�DG7=<?F A l C X[C/N S N/7=:U7=C/NYL6CBDGR/7�F?:U7=Z=>i�hZ�>A@B:/bi7=@B7=CEDuXnDG>iL6CgL[KmX[:/:/bA>AZ5XnDG>iL6CBX[C/N
L6C\Z9R/L6F?7=C2Z=L6@B@]e/C/>AZ5XnDG>iL6C-:/byXnD?KML6<?@WT(V�R/7=<?7�KML6<?7.DGR/7=F?7':hX[<GX[@B7�DG7=<?F�Z5X[C/C/L[D�v;7.DuX[S[7=C\KM<?L6@
RhX[<?N+H'X[<?7gL6<cX[:/:/bA>AZ5XnDG>AL[CrF?:;7=Z=>i�hZ5XnDG>AL6Ctv/e+D-F?R/L6e/bANtvU7g@B75X[F?e/<?7=NxH�>iDGRxDGR/7]v;7=C/ZuR/@JX[<?S_F
>A@B:/bA7=@g7=CEDG7=N^>ACoDGR/7-FGX[@B7	H'X�p^X[F�DGR/7�X[:/:/bA>iZ5XnDG>AL6C/F=T



� �������^��� �

����� � ���o�

���W�G�/�A���I�6�?�Y�I���9 /¡[¢B�A�/�=£^¤[¡[�?�A�6¥/��¡[�?¦U�=§��G���[¨�£/�i¤#�A�?�A©/ªA�.«"�6©W¦/�?�#§=�=�?�?�A�/¬/­.®O�-¨M�#§=¥/�?�=£~�6�
�G�/�]�A¢B¦h¡[§��	�[¨.¢B�=¢B�6�"¯~ªA�A¢B�°�G���6�r�G�/�]�?§9�/�=£/¥/ªA�]ªA�=�/¬[�G�z­2±m�A�/�5¡[�	¦/�?�6¬6�G¡[¢B¢g�A�/¬J¢B���G�/�#£/�
�I�=�?�g¥/�?�=£x�G�o¢B�#£/�=ª�¤n¡[�?�A�6¥/�	§=�6¢B¦/¥+�G�A�/¬Y�"¯#�"�G�=¢B�c���i�G�x£/�i²{�=�?�=�E�c�_�A�/£/�c�[¨.¢B�=¢B�6�"¯WªA�A¢2³
�i�G�=­�´��/�\�?�=�?¥/ªi�G���[¨`�?�A¢2¥/ªy¡n�G�i�6�/���I�=�?�\¦/�?�=�?�=�E�u��£t¡[�/£r£/�A�?§=¥/�?�?�=£z­�µ��i¤#�A�?�A©/ªA�-±m�E¡[£~´��/�=�6�"¯
¶ µ	±#´�·��'¡[�g¥/�?�=£¸�G�x¹h�/£¸�G�/�o�?�/�6�"�G�=�"�g¦;�6�?�?�A©/ªA�Y�?§9�/�=£/¥/ªA�oªA�=�/¬[�G��¡[�/£¸�G�x¢B�A�/�A¢g�iº=�J�G�/�
�?�=�?�6¥/�?§=�]�?�=»_¥/�A�?�=¢B�=�_�G�=­-´��/�]�?�=�?¥/ªi�G�-¡[ªi�G�Y�?�/����¤6�=�?�G¡n�G�AªA�i��¯W�[¨Iµ	±_´¼���/�A§9�x�=�"�u¡[©/ªA�A�?�/�=�c¡
ªA�A�/�B©;�����'�=�=�~�?§u�/�=£/¥/ªA�A�/¬J¡[�/£^§=�6¢B¢2¥/�/�A§5¡n�G�A�[�o�6¦+�G�A¢B�iº5¡n�G�A�[�z­

���O½I�h¡[¦+�G�=��¾Y�I�]§=�6�/�?�A£/�=�?�=£¿�"¯#�"�G�=¢B�c���i�G�t�?�A�/¬6ªA�\ªA��¤E�=ª��[¨.ªA�A¢B�°�G�=£r¢B�=¢B�6�"¯6­��À�c�'¡[�
�?�/�������G�h¡n�J�?§9�/�=£/¥/ªi�A�/¬O£/�i¤#�A�?�A©/ªA�^ªA�E¡[£��A���"¯#�"�G�=¢B�B���i�G��ªA�A¢g�°�G�=£Á¢B�=¢B�6�"¯¸�A�JÂ�Ã
³��h¡[�?£z­
���E�G�=�?§=�6�/�/�=§��G�A�6�x�G�6¦;�6ªA�6¬[�A�=���[¨.¡Y�"�u¡[�=Äm¡[�/£x©/�A�/�6¢B�y¡nªm�G�?�=�]¥/�/£/�=�	���I�o£/�i²{�=�?�=�_�	£/�A�"�G�G�i©/¥#³
�G�A�6�Á�"�u�G¡n�G�=¬[�A�=�B�I�=�?�r�"�G¥/£/�A�=£z­��À�B��¡[�J�?�/�����Å�G�h¡n�J�A���/�6¢B�6¬6�=�/�=�6¥/�B�"¯#�"�G�=¢B�o¡[�/£Å©/�A¬
§=�6¢B¦/¥+�u¡n�G�A�6�h¡[ªiª°¯o�A�E�G�=�/�?�i¤6�\¡[¦/¦/ªA�A§5¡n�G�A�[�/��¦;�=�"¨M�6�?¢J¡[�/§=���[¨
�G�/���"¯#�"�G�=¢B�	�A��ªA�A¢B�°�G�=£^¢J¡[�A�/ª°¯
©E¯x�G�/�g¦/�?�_§=�=�?�?�6�\¡[�/£¿§=�6¢B¢2¥/�/�A§5¡n�G�A�[�x�?¦;�=�=£/�\ªA�A¢g�°�5­]Æh�6�c�?¥/§u�Q¡^�"¯#�"�G�=¢B�-�G�/�g¢B�=¢B�6�"¯
ªA�A¢g�°�u¡n�G�i�6�/��£/�#�=���/�[���h¡5¤6�\�?�A¬6�/�i¹h§5¡n�_���A�+Çh¥/�=�/§=�\�6�^�G�/���?§9�/�=£/¥/ªA��ªA�=�/¬[�G�z­I´��/�\�6¦+�G�A¢2¥/¢
¦/�?�#§=�=�?�?�6�Y¡[§��G�i¤n¡n�G�A�6�Á�6�?£/�=�g¨M�6�B¡¿�"�u¡[�%³��/�����I�6�?���[¨	�/���G�=�?�6¬6�=�/�=�6¥/�Y¦/�?�_§=�=�?�?�6�?�J�'¡[�Y¡[ªA�?�
§=�6�/�?�A£/�=�?�=£z­�È
 +¦;�6�/�=�E�G�y¡[ª{�6¦+�G�A¢B�iº5¡n�G�i�6�J¡[ªA¬6�6�?�°�G�/¢É¡[�/£Y¦;�6ªi¯#�/�6¢B�y¡[ªÊ³Ë�G�i¢B���/�=¥/�?�A�"�G�A§=�I�h¡5¤6�
©;�=�=�B¦/�?�=�?�=�E�G�=£Y¡[�/£B§=�6¢B¦h¡[�?�=£z­
�À�I¡[¦/¦U�5¡[�?�=£g�G�h¡n�`�G�/���?�/�6�"�G�=�"�.�G§u�/�=£/¥/ªA��ªA�=�/¬[�G�g§=�6¥/ªA£g©U�
¡[§u�/�A��¤6�=£x���i�G�r�/�=¥/�?�A�"�G�A§=�	©h¡[�?�=£x�6�x§=�6¢B¢2¥/�/�A§5¡n�G�i�6�W�G�G¡[�/�"¨M�=�	�G¡n�G�[­-Ì����I��¤E�=�=Äz�A�r§=�=�"�u¡[�A�
�?�i�G¥h¡n�G�A�6�/�=Ä6¡[ªA�?�c�[�G�/�=��¦h¡[�G¡[¢B���G�=�?�=ÄE�?¥/§u�J¡[��§=�6¢B¦/¥+�G�A�/¬	�G¡n�G��¡[�/£]¢B�=¢B�6�"¯�©/¥+²{�=�?��¢J¡5¯\©U�

Í5Î_Ï



Ð�Ñ�Ò	Ó�Ô
Õ�ÖØ×#ÙÅÚ�Û
ÜrÜWÒ	Ö�Ý Þ5ßEà

áAâBã;ä6å"æuç[èEæ5é
êÀæIë�ç[ì�ç[íAì?ä2ì?î/ä�ë�èYæGîhçnæ�ê%ï�ðYç[íAñ6ä6å?á°æGî/âÉã/å?ä6ã;ä6ì?ò=óoáAèxô õ[öø÷záAìIä6è/íiùJç\î/ò=ú/å?áAì"æGáAû[é
êÀæ�ë'ç[ì�ã;ä6ì?ì?áAü/íAò'æGä�ì?î/ä6å"æGò=ègæGî/ò�ì?û9î/ò=ó/ú/íAò�íAò=è/ñnæuîgüEù]ú/ì?áAè/ñ�íAáAè/ò5ç[å�ã/å?ä6ñ6åGç[âBâBáiè/ñcç[ã/ã/å?äEç[û9îzé

ê�èwýIîhçnã+æuò�å ß ëIòWì"æGú/ó/áAò=óÁì"ù#ì"æGò=âBìgë�áiæGîÁî/áAò=åGç[å?ûuî/áAû5ç[í'âBò=âBä6å"ù6éQþOòWó/ò=âBä6è/ì"æGåGçnæGò=ó
æGî/ò]ä6å?áAñ6áAè~ä[ÿIì?ú/ãUò=å?íAáAè/ò5ç[å	ì?ã;ò=ò=ó/ú/ãQç[å?áAì?áAè/ñJÿMå?ä6â âBò=âBä6å"ù~î/áAò=åGç[å?ûuîEùráAèxó/áAì"æGå?áAü/ú+æGò=óxì"ù#ì �
æGò=âBì=é���î/ògáAè��hú/ò�è/û=ògä[ÿ�æGî/ò]âBä#ó/ò=í
ãhç[åGç[âBò�æGò=å?ìcä6èxæGî/ò]ãUò=å"ÿMä6å?âJç[è/û=ò]ä[ÿ�æGî/ò]û=ä6âBã/ú+æGáAè/ñ
ì"ù#ì"æGò=â îhç[ìIü;ò=ò=èYì"æGú/ó/áAò=ózé��	�Bû=áAò�è/û�ùJä[ÿmó/áAì"æGå?áAü/ú+æGò=óJã/å?ä#û�ò=ì?ìGáiè/ñ2ó/á�
#áAì?áAü/íAò�íAäEç[ó/ì�áAèJâ2ú/íiæGá �
áAè/ì"æuç[íAíAâgò=èEæ	ç[è/órä6ú+æ � ä[ÿ � û�ä6å?ò�âBä#ó/ò=ì�ëIò=å?ò2û=ä6âBãhç[å?ò=ózé
�Wú/íiæGá � áiè/ì"æuç[íiíiâBò=èEæ�ã/å?ä#û=ò=ì?ì?áAè/ñ^ç[ã �
ã;ò5ç[å?ì�æGägü;ò�ç[ó�
nç[è_æuç[ñ6ò=ä6ú/ì�ÿMä6å�å?ò5ç[ì?ä6èhç[ü/íiùYì?ò=íAò=û�æGò=ó~íAäEç[óoûuî#ú/è��_ì�ì?á��=ò=ì=é

ýIîhç[ã+æGò=å-õBë'ç[ì	ó/ò�
6ä[æGò=óxæGäJæGî/ò2ì"ù#ì"æGò=âBì	ë�áiæGîríAáAâgá°æGò=ó~û=ä6âBâ2ú/è/áAû5çnæGáAä[è~ü/ú��{ò=å?ì=é
��î/ò
áAâBãhç[û�æ�ä[ÿ
û=ä6âBâ2ú/è/áAû5çnæGáiä6èoü/ú��{ò=å�ì?á��=ò

D
ä6èoæGî/ò-ã;ò=å"ÿMä6å?âJç[è/û=òcä[ÿ
ó/á�
#áAì?áAü/íiò	íAäEç[óoã/å?ä#û=ò=ì?ì �

áAè/ñJáAè�
[çnåGáiä6ú/ì	ó/áiì?æGå?áAü/ú+æGò=ó~è/ò�æ%ëIä6å��_ì	ë'ç[ì	ò��/ç[âBáAè/ò=ózé	ê�èEæGò=åGç[û�æGáAä6è/ì�ä[ÿ�ì?ò�
Eò�åuçní�ì?û5çnæ?æGò=å?áAè/ñ
ç[íAñ6ä6å?á°æGî/âBì�ë�áiæGîgû=ä6âBã/ú+æuçnæGáAä6è/ì�ú/è/ó/ò=å�íAáAâBá°æGò=ó2û=ä6âBâ]ú/è/áAû5çnæGáiä6è2ü/ú��{ò=å�ì?á��=ò�îhç�
Eò�üUò=ò=èYç[è �
ç[íiù��=ò=ózé�þ¿ò2ä6ü/ì?ò=å�
6ò=óxì?ò�
6ò=å?ò]ãUò=å"ÿMä6å?âJç[è/û=ò\íAáAâgá°æuçnæGáiä6è/ì�áAè/û=ú/å?å?ò=órüEù^æGî/ò�æGå?ò=ò\ì"æGå?ú/û�æGú/å?ò=ì=é
êÀægë'ç[ìBì?î/äøë�èÁæGîhçnæBáAè��hú/ò�è/û=òWä[ÿ�æGî/òWíAáAâgá°æGò=ó�û=ä6âBâ2ú/è/áAû5çnæGáiä6è¸ü/ú��{ò=åBì?á��=ò^âJç[è/áiÿMò=ì"æGìgáAè
ì?ò�
6ò=åGç[í(ë'ç5ù#ì=é'êÀæ�ë�ç[ì�û=ä6è/û=íiú/ó/ò=ó��UæGîhçnæ�ò�
6ò=è~ÿMä[å�ü/áAñgâBò=âBä6å"ùoü/ú��{ò=å?ì�áiæ�áAì�å?ò=û=ä6âBâBò=è/ó/ò=ó
æGägáAâBã/íAò=âgò=è_æ'æGî/ò-íAáAâgá°æGò=óoì?á��=ò-ä[ÿ�æGî/ò-âBò=ì?ìGç[ñ6ò=ì=é

ê�èBýIîhç[ã+æGò=å à æGî/ò'å?ò=ñ6ú/íyç[å
â2ú/íiæGá � áiè/ì"æuç[íAíiâgò=èEæ�ó/á�
#áAì?áAü/íAò��"ä6ü]ã/å?ä_û=ò=ì?ì?áAè/ñ	ë�ç[ì�û=ä6è/ì?áAó/ò=å?ò=ózé
þOò�ì"æGú/ó/áAò=óWæGî/ò\áAè��hú/ò=è/û=ò�ä[ÿ�æGî/ò�è_ú/â2ü;ò=å�ä[ÿ�áAè/ì"æuç[íAíAâgò=èEæGì�ä6èWæGî/ò�ì?ûuî/ò=ó/ú/íAò\íAò=è/ñ[æGîzé �(ëIä
�_áAè/ó/ì.ä[ÿ{ã/å?ä#û=ò=ì?ì?ä6å?ì.ëIò=å?ò�û=ä6è/ì?áAó/ò=å?ò=ó��#ã/å?ä#û=ò=ì?ì?ä6å?ì.ë�áiæGîgÿMå?ä6èEæ � ò=è/óJç[è/ógë�áiæGî/ä6ú+æ�ÿMå?ä6èEæ � ò=è/ózé
êÀæ.ë'ç[ìIì?î/ä�ë�èJæGîhçnæIâ2ú/íiæGá � áAè/ì"æuç[íiíiâgò=è_æ�ã/å?ä#û=ò=ì?ì?áAè/ñ\û5ç[èYì?î/ä6å"æGò=èJæGî/ò�ì?ûuî/ò=ó/ú/íAò�íAò=è/ñ[æGîJú/ãBæGä
e−1

e

û=ä6âBãhç[å?ò=óræGäYæGî/ò]ì?û9î/ò=ó/ú/íAò]íAò=è/ñ[æGîtç[ûuî/áAò�
6ò=ó¿áAèrì?áAè/ñ6íAò � áAè/ì"æuç[íiíiâBò=èEæ	ã/å?ä_û=ò=ì?ì?áAè/ñ/é���î/ò
áAè��hú/ò=è/û=ò'ä[ÿ/æGî/ò'è_ú/â2ü;ò=å
ä[ÿUáAè/ì"æuç[íAíiâBò=èEæGì�ä6è2âBò=âBä6å"ù-å?ò"!_ú/áAå?ò=âBò=èEæGì
ë'ç[ì`ç[íAì?ä�ì?î/ä�ë�èzé	�(ëIä
âBò�æGî/ä#ó/ì	ä[ÿ�æGî/ò]íAäEç[óró/áAì"æGå?áAü/ú+æGáAä6è~ëIò=å?ò]ã/åGò�ìGò�è_æGò=ó��më�áiæGî#
[ç[å?áyç[ü/íAò2ç[è/ó#$��+ò=ó¿ì?á��=ò]ä[ÿ�æGî/ò
íAäEç[órã/áAò=û=ò=ì=é�êÀæcë'ç[ìcì?î/ä�ë�èxæGîhçnæ	æGî/ò=å?ò]áAìcçJæGåGç[ó/ò � ä%�QüUò�æ%ëIò=ò=ètæGî/ò2ìGûuî/ò=ó/ú/íAò]íAò=è/ñ[æGîtç[è/ó
âBò=âBä6å"ùYå?ò"!_ú/áAå?ò=âBò�è_æGì=é

& áAèhç[íAí°ùoáAèrýIîhç[ã+æGò=å
'gáAè~çBì?ò"!_ú/ò=è/û=ò2ä[ÿ`ò��+ã;ò=å?áAâBò=èEæGì�ëIò\ó/ò=âBä6è/ì"æGåGçnæGò=óWæGî/ò(
#áyç[ü/áAíAá°æ�ù
ç[è/óWã/åGç[û�æGáAû5ç[ü/áiíAá°æ%ùJä[ÿ�æGî/ò-ó/á�
#áAì?áAü/íiò	íAäEç[óoâBä#ó/ò=íËé



)+*-,/.103254627.18:9�. ; <>=?2A@CBED FHGJI�03BE9�K

LNM"OQP%R�STPVU�W%X"Y�M�P%Z\[%SQO�M"Y"]^[`_ P%a�b�Y�acP d>[�X	[e]�f�b�X"M"Y"a�b�[`_ W M�P%[`_g[�X"[`_ Pihj[k_lM"O�[eR�SQY"dmZ^[eZ�fnP%O�a�[eo�X"b
O�p`_la�[ef�Y"q�hnr�XTstbuO�[eM"Z�O�[eR�M"[eair�XTsvd>[�w�Y"f�bxZ�O�M"Y�Sy_ P%O�M�P%a�bnP�z|{}]^Y"X"a�b�Y~Z�OQP%��Syr�X"M"a�b�Y���P%w�Y"atZ^[��
U�Y"w�r�a�X"M�r��%[ed>Z���SQY"O�a�b�Y>U�Y"R�S-_�R�STP%a�b�Y#M�P%Z^Y�_la�b��td>[�X�r1[e]�f�b�X"M�Y"a�b�[V_gY�U�Z\[eO�SQO�M"Y"]�a�Y�U�w�[
Z�O�M"Y�Sy_kP%O�M�P%a�b�P~_lR�Z^p�hjX"M"Y"R�a�r�X�s/Z�O�[e]�f�Y"d>p`_�[e]�f�b�X"M"Y"a�b�[`_kr�XTs�z��}fnP�SQY"qe[�Z^[%SQO�M"Y"]�a�Y
RQW�P%f�qe[��
O�riSQd�rtb�P%Z�f�b��VP%X�U�Y%����SQpeO�Y�Z^[%SQOQP��\W3_kr��%[eO�M�r�R�STP%�
U�Y"w�a�[�X"M"Y"o�a�b�Y�_lb�Y"f�Y�Z�O�[�X"Y"R�[eO�p`_(z3{�Z�OQPV�
X"[`_kP�a�b�Y3R�M�r�]��ib�X�s5P%f�qe[eO�riSQd>p`_�O�pV_la�[ef�Y"q�hnr�XTsA_kr�d�P%q�P�U�Y"w�acP%�N[iw�Z^[`_lb�Y"w�a�b�Y"qe[#d>[�w�Y"f��
Z�O�M"Y�Sy_kP%O�M�P%a�b�P�z	��M"X"M"Y"qep�hj[`_ Y�d>[�w�Y"f�Y%�`d>b�d�[ b�XTs
w�[e��h�P%w�a�[eo�X"b��VRQWka�b�Y"Z�O�M�r�wcP�SQa�Y�M"Y	_lM"qef��"w��
acP1b�XTs�MVhj[e�"[ea�[eo��Ab|SQOQ��w�a�[%oQ�6P%acP%f�b�M�rez��}fnP�SQY"qe[1b�R�SQY"a�b�Y�U�YNZ^[%SQO�M"Y"]cP1[eZ�OQP%X"[V_ P%a�bnP?w�fnP
_kr�]�OQP%a�r�X�s�M�P%R�SQ[eR�[`_kP%�/Z�O�[eR�Syr�X�s/d>[�w�Y"f�b�����SQpeO�Y(]^�"wcW�Z^[eZ�OQP�_la�Y(b�h�P�Sy_ Y
w�[�P%acP%f�b�M�r%z

L�SQY�U>Z�OQP%X�r?O�[eM�_ P%��P%d�r?d>[iw�Y"f�Z�O�M"Y�Sy_kP%O�M�P%a�bnPNM�P%wcP%��U�Y"w�a�[eO�[�w�a�r�XTs�z��}fnPNM�P%wcP%�
U�Y"w�a�[eO�[�w�a�r�XTs1wcP%a�Y/d>[eq�W#M"[eR�STP%�/Z^[�w�M"b�Y"f�[%a�Y-acPvw�[V_g[ef�acWtf�b�X"M"]^����OQP%qed>Y"a�SQp`_ bk��P%�"w�r
��OQP%qed>Y"a�S}d>[e�"Y|]�r���Z�O�M"Y�S�_ P%O�M�P%a�r�a�b�Y"M�P%f�Y"�"a�b�Y%z�¡/[�w�Y"fuM�P%wcP%a�bnP
U�Y"w�a�[eO�[iw�a�Y"qe[3M"acPVU�w���U�Y
_lb�Y"f�Y�M�P%R�SQ[eR�[V_ P%��_�Z�O�M"Y�Sy_ P%O�M�P%a�b��Nw�����r�XTsAM"]�b�[eO�p`_JwcP%a�r�X�sNZ^[ed>bnP%O�[`_kr�XTs��xZ�O�M"Y"R�M"���ib��
_ P%a�b��5]cP%M/wcP%a�r�XTs�� _¢_kr�]�OQP%a�r�X�s1Z�O�[e]�f�Y"d�P%XTs?P%f�qeY"]�O�rAf�b�a�b�[`_gY�U��£R�r�d~��fnP%X�U�P%XTs��gX"M�r7_
Z�O�M"Y�Sy_kP%O�M�P%a�b��5[e]�OQP%M"p`_(z7¡/[iw�Y"fkM�P%wcP%a�bnP>U�Y"w�a�[eO�[�w�a�Y"qe[vd>[e�"acP#M�P%R�SQ[eR�[`_kP��-w�[vd>[�w�Y��
f�[`_kP�a�bnP6O�pe�"a�r�XTs�SQ[eZ^[ef�[eqeb�b}Z^[�h�W%X"M"Y"��_¤R�r�R�SQY"d�P%XTs¥O�pV_la�[ef�Y"q�hnr�XTs�STP%�ib�XTs6U�P%��h�P%��X"��XTs
Z�O�[�X"Y"R�[eO�p`_(�\q�_lbnP%M"wcP���Z�b�Y"O�o�X"b�Y"���cw�O�M"Y�_ P��\�iOQP�Syr�X"M�r-s�b�Z^Y"O��%[eR�SQ�ib�z

¦ Y"f�Y"d§Z�OQP%X�r7U�Y"R�SvM"]cP%wcP%a�b�YN_lZ^hnri_l��O�pe�"a�Y"qe[¨O�[�w�M�PVU���[eqeOQP%a�b�X"M"Y"��ZcP%d>b��"X"b�[`_kr�XTs
acPv_kr�wcPVU�a�[eo��#Z�O�M"Y�Sy_ P%O�M�P%a�bnP�M�P%wcP%�vU�Y"w�a�[eO�[�w�a�r�XTs�z�©�[iw?�i_ P%qe�-_lM"b���SQ[�SQO�M�r5O�[iw�M�P�U�Y
[eqeOQP%a�b�X"M"Y"�AZcP%d>b��"X"b�[`_kr�X�s�ª�ZcP%d>b��"��s�b�Y"OQP%O�XTs�b�X"M"acW��^U�Y"w�a�[eZ^[eM"b�[ed>[`_ W�ZcP%d>b��"��[#[eqeOQP%a�b��
X"M"[ea�r�d«O�[eM"d>bnP%O�M"Y([eOQP%M|R�r�R�SQY"d�M|[eqeOQP%a�b�X"M"[eair�dEO�[eM"d>bnP%O�Y"d ]�����[eO�p`_��%[ed>a�b��VP%X�r`U�air�XTs�z
©¬O�M"Y"w�R�STP�_lb�[ea�YgM"[eR�STPihnr|R���[eO�d~�^hj[V_ P%a�bnPkZ�O�[eqeOQP%d>[`_kP%a�bnP f�b�a�b�[`_gY"qe[�w�fnPlO�pe�"a�r�XTs�R�r�R�SQY"d>p`_

­�®i¯



°	±�²�³}´�µ�¶¸·�¹1º	»�¼#¼/²�¶�½ ¾�¿�À

ÁeÂ�Ã�Ä�Å"Æ"Ç"È�Ä�Á`ÉkÊ�ÅTË�Ì3ÍyÅ�ËNÎ�ÁeÆ�ÉlÄnÏ%Æ�Ð%È�Ä�Ç"Ñ+Ò�Ç"Ó�Ô|ÔTÐ%ÕiÄ�Ö�Î�Æ�Ê�×�Æ"ÄnÐiØ Å"Æ"Ù"Ú�Å"ÄgÁeÂ�Ã�Ä�Å"Æ�Ç"ÛN×�Á/Ö^ÁeÓ�Æ"Å"Æ"Ç"ÜeÝeÃ�Þ
È�Ê�Å�Ë>Ö�Î�ÁiÅ"Ç"Ó�ÁeÎ�ÝVÉ(ß�Ð%Â�Ê�Å"Æ�Ð%Ó�Ö�Î�Æ"Ç�Ô�É Ð%Î�Æ�Ð%È�ÄnÐ
Æ�Ð%×cÐ%È�ÄnÐ�Â�ÊcØiÒ�Ð%Õ�ÈcÐVÒ�Ñ>È�Ä�Ç�Ò�Ó�Æ�ÊeÌ¬à¬Î�Æ"Ç"×�Ó�ÔTÐ�ÉlÄ�ÁeÈ�Ç
ÄcÁeÑ>Ý`ÉlÄ�ÁeÈ�ÇkÆ"ÁeÓ�ÔTÐiØnÊ�Ó�Ê�Ñ~á�ÃnÐ%Å�Ò�ÇkÉlÖ^ØnÊiÉlá>ÉlÄ�Ç"Ã�á�Î�Ýeâ"È�Ê�Å�Ë�ÖcÐ%ÎQÐ%Ñ>Ç�ÔQÎ�Ý`É?Ó�Ê�Ó�ÔQÇ"Ñ>Ý`É¨ÈcÐ Ò�Ð%Õ%ÁeÚ�ã
Î�ÁeÆ�ÉlÄnÏ%Æ�Ð%ävÌ

à¬Î�Æ"Ç"×�Ó�ÔTÐ`ÉlÄ�ÁeÈ�Á-Î�ÝVÉlÈ�Ä�Ç"â�ÉkÊ�È�Ä�ÕiÄ¬Î�Æ"Ç"Å"Æ�ÊiÉlÄ�Ó�ÔyÊ�Å�ËNÇ"ÕiÓ�Ö^Ç"Î�Ê�Ñ>Ç"È�ÔQÝVÉ(ßuÕ�ÔQÝeÎ�Ç�Ö^ÁeÕ�Ð%Æ"á�Ò�Ï�ß�â"Ç
Ñ>Á�×�Ç"ÃeÆ�Ð%×cÐ%È�ÄnÐ�Ò�Ç"×�È�ÁeÎ�Ái×�È�Ç"ÜeÁ�×�ÁeÂ�Î�Æ"Ç£ÈcÐ%×cÐVÒ�Ç�Ó�Ä�Ù¬×�Á�Ñ>Ái×�Ç"Ã�ÁVÉ Ð%È�ÄnÐgÖ^Ç�ÉlÈ�Ç�ÒxÕiÃnÐ%Ó�Ê(Ð%Ö�Ã�Ä�ÕVÐ%Å�Ò�Ä�ß
Ð�Ö�Î�Æ"Ç�ÉlÄ�×�ÊiÉ Ð%È�ÄnÐ�Ñ>Á�×�Ç"Ã�á�ÓQÏ�Æ"ÜeÁ�×�È�Ç(Æ(Î�Æ"Ç"Å"Æ�ÊiÉlÄ�Ó�ÔyÊ�ÑCÅ"Æ�Ð%Ó�Ç"ÑEÁeÂ�Ã�Ä�Å"Æ"Ç"ä�Ì



å æ�ç�è�æ�é¸ê¸ë�ìîí�ïñð

ò�ó"ô(õiö�öQ÷�øúùeùVûkûkû(ü öQýe÷\þ%ÿeÿ�ü ý�����ü
ò �Vô(õiö�öQ÷�øúùeù�����ö	��
�öQõ�ý��
�%ü ������ü ���������������eü ������ü
ò ��ô(õiö�öQ÷�øúùeùVûkûkû(ü �
�������������%ü ý�����ü
ò �%ô(õiö�öQ÷�øúùeùVûkûkû(ü ����ö	��ýe÷���
�ü �"ý��/ü
ò þVô(õiö�öQ÷�øúùeùVûkûkû(ü ������ö	��������ö	����ü ����ö�ü
ò ��ô(õiö�öQ÷�øúùeù���ý������ ����ü ��ö!
"�#��ý�����ü ������ü
ò $Vô&%�')(�*	+-,/.!01'2*�+"3#425�(�*76
+"'289(�3#0:+"3<;=*	.!>!(�6@?<AB'C+"'289(�3D(E5F8G3H').C,"*�+"I 4�JK�L
"��������
"�NM�O#ö	����õ������P
"�

���#��ýQ����ü J<�%ÿeÿeÿ�ü	õiö�öQ÷�øúùeùVûkûkû(ü �L
"��������
"��ü �"ý���ù��LM�O�ü õiö	�/ü
ò O�ô:RTSVU7SVU�WYX:Z[WY\]S_^�`]ab`]`]c)WedeZ[WgfihbjVkml�^�jVnoWgpFZ[WqS_nbrtsbhuS_nbvwWexeZ&yzZ|{V
"�	
"�~}

�����&
"�����������	
�ö	��������ýB�"ý���öQý�������������ý��tý���öE}yý"��})�"ý������B� �	�H
������P
�ö	��ý���ü��)����*!(->!.!.	;"8G3B,�4�(E5
�	�K�K� �w+"*�+"IGI�.�Iq�]8�4�A�+"I�8 �-+"'289(�3�+"3<;���*�+7?H�B89>!4=%���6@?H(-4�8GAB6���ó-M�M�ML�7J
÷�÷�ü�ML$��îó`ÿ"��ü
õiö�öQ÷�øúùeùVûkûkû(ü ö	���P
"�/ü ��ö	�7��
"�"ü �����\ù��w�o�(ù�÷H
%÷<������ù�÷H
%÷��P�	
�ó%ü ÷<�#��ü

ò M�ô:RTSV�]�/S_^/Wu eZ¡pFZ_�gý���������ö	��ý��B}¢
�û�
"���lýe÷�ö	���:��������£/�������P�����~ý"��ýe÷����	
�ö	��ý�����
"���¤����ý������B}
��ý�������ý�����ö	��ý����b��ý���öQõ���������ö	��������ö	��ý���ý"�¥
���� �B�����������o��ýL
"�~ý��Q
"������ö	�	
"�E�|÷���ýB��������ý��	ö	�������"ü
�	�K�K�§¦ *�+"3#4P+/>�'289(�3#4¨(�3q�w+�*�+"IGI�.�Iu+"3<;&©i8�4�'2*782ª�AB').	;Q%��-4�').�6¨4:«"J\þq��ó-M�M�OL�7J#�/�"M��/��óeóeü

ò�ó`ÿ�ô:RTS�¬BS_cGnb­�hoWT®bZ[W°¯1^�cGabnbvwWTf&Z ±¢yzZ[WwS_nbr�²@jV³¥­��B¬/S_´/´/c)W°fQZµ����ý"�	������ý����¶��ý�����ö	��ý����
��ý��·������
"����ö!�����°����öyûgý����/�£ý"� ÷���ýB��������ý����o��ýL
"�Q��õH
"�������i
i��� �B��������� �b¸�ý���ü �	�K�K��¦ *�+"3#4�¹
+/>�'989(�3#4:(�3�ºo(�6@?<AB').�*	4°»�¼�J�ó�ÿg�9½���öQý������(ó-M�M"�/�7J�óeó-O"���\óeóPM���ü

óP�LM



¾�¿¢¾�À]¿�ÁiÂ°Ã°Ä�ÅKÆQÇ È�É"Ê

Ë È�È�Ì:ÍTÎ�ÏBÎ_ÐGÑbÒ�ÓoÔHÕbÖ[ÔBÎ_Ñb×µØ@ÙVÚ¥Ò�ÛBÏ/Î_Ü/Ü/Ð)Ô�ÝQÖ�ÞFÖ#ß�à�á¢â)ã�ä�å�æ�ç/è	æ�é1ê�ãLë"éiá�ìHë"ä�å�ç�í°î[ã�äuë°ç�æ�è¢ï�ã�ä�ð
ã"î#á�æ�ç�á�ã�äué�ä�å ñLæ�çiò�ä�ãBó�æ�á�á�ã�ä�á�ôBõ	öKöKöø÷#ù�ú"û#üPú/ý�þ2ÿ���û#ü���û����-ü�þ��
	¨ü���
 ú"û
ú"û�����������ù7û���þ2ÿ9ý!ü
����� É��¢È����#È��7ô

Ë È� �Ì:ÍTÎ�ÏBÎ_ÐGÑbÒ�ÓoÔmÕbÖ[Ô@Î_Ñb×�Ø@ÙVÚ¥Ò�ÛBÏ/Î_Ü/Ü/Ð)Ô�ÝQÖ@ÞeÖ"!@å�áEè!ä�å$#�à#è	æ�é�ó�ã�%
ò�à#è!ë�è	å�ã�ç�î[ã�ä&ë&#�à�á
ç�æ�è¢ï�ã�ä�ðYï°å è	ì=ó�ã�%'%:à�ç�å�óPë�è	å ã�çµé�æ�ê�ë)(�ô'*)ç,+�ù-�-ý����-�"ÿGû�.�ü/�10&þ324� ��576 þ328�9��û�0:��ù-��û¥ý��/��û
õ7û�0:��ù
	
ú"þ2ÿ���û;�¡ý�ÿ���û¥ý��!ü¤ú�û��<���-ü�þ��
	¨ü=�2ß�ë"ê è	å$%Qã�ä�æ �?> ! � È����#È�� �A@ ã�ì�çCBTã�ò�ð/å�ç�áEDTç�å~â
ñLæ�ä�á�å è�( � ò�ò¡ô�F"Ê���GHFBÈ)I�ô

Ë È�J�Ì:ÍTÎ�ÏBÎ_ÐGÑbÒ�ÓoÔKÕbÖ[Ô_ÎVÑb×øØ@ÙVÚ¥Ò�Û/ÏBÎ_Ü/Ü/Ð)ÔVÝQÖKÞeÖKDTê è	å$%¤ë�è	æ1ò�æ�äEî[ã�äL%¤ë"ç�ó�æ¨ê�å$%
å~è	áwî[ã�ä@ç�æ�èEâ
ï�ã�ä�ð/á1ã"î�ê�ãLë"é á�ìHë"ä�å�ç�ízò�ä�ãBó�æ�á�á�ã�ä�á�ô'*¢ç,+�ù-�-ý����-�"ÿGû�.M�10&þ324� �ONON7� �9��û�0:��ù-��û¥ý��/�"û õ7û 6
0:��ù
	
ú"þ2ÿ���û<�¡ý�ÿ���û¥ý��!ü¨ú"û��P���-ü�þ��
	¨üQ��R·ä�å�ç�ó�æ�è	ã�ç ��ST@H� È����O �� � ò�ò¡ô�FU�7IUGHF7���#ô

Ë È)I"Ì:Í@Ò<ÛWVVÒ�X/ÎbÎVÛ·Ô8Y�Ö Z [H\1ü��UZ^]7� 6 
Yÿ`_��-� õ7ûHþ��a.b��ùdc_ÿGû��	ú"ùd+�ù-�-."ù�ú7	e���7Zf]7��ù � È����LÉBô
îGè	òhgfi�i�îGè	ò¡ô æ�á�ô æ�ê�æ"ô è	à�æ"ô ç�ê3i�ò�àj#�i�ê�òhk°á�ã�ê ñLæ"ô

Ë È�É�Ì:Í@ÓbÎ_Û]Î_×�l@ÎAm"ÔoneÖ[Ô�Î_Ñb×�ÍTÎ_ÛpX/ÎAq/Ô�ÞeÖ'rwó�ó�æ�á�á1è	å$%
æ�%
å�ç�ås%
åstPë�è	å ã�çgî[ã�ämé�å�áEè!ä�å$#�à#è	æ�é
%&à�ê è	ås%
æ�é�å�ëTë"ò�ò�ê å�óPë�è	å�ã�ç�á�ôj
Mu�Z�þ2ÿ3	/�-�"ÿ2úF÷����UZ üwú"û��wvx[O[�Z�ÿ9ý	ú"þ2ÿ���û#ü �7�O�  �i7J��� "Ê�Ê�ÊO� �  7JLÉ�G
 �É7y#ô

Ë È�y�Ì:Í@ÓbÎ_Û]Î_×�l@ÎAm"ÔxneÖ[ÔwzFÖ�Þ&ÓbÙ�q�ÒuÔ�Î_Ñb×�Ø@ÙVÚ¥Ò�ÛBÏ/Î_Ü/Ü/Ð)ÔwÝQÖM!@å ñBå�á�å$#�ê�æQê�ãLë�é=è	ì�æ�ã�ä1(�g{r
ç�æ�ï�òHë"ä	ë"é�å�í�% î[ã�äwê�ãLë"ézá�ó!ì�æ�é�à�ê�å�ç�íQå�çzé�å�áEè	ä�å$#�à#è	æ�ézá1(BáEè	æ:%
á�ôKè	ã
ë"ò�ò<æPë"ä �  "Ê�Ê�JBô

Ë È�F�Ì:Í@ÓbÎ_Û]Î_×�l@ÎAm"Ô|neÖ[Ô&Þ&ÓbÙ�q�ÒuÔ{zFÖ[ÔiÎ_Ñb×}Y Î_ÑbÐ)ÔKneÖ�~�ò#è	å$%¤ë"êwá�æ:�/à�æ�ç�óPå�ç�í�ë"ç�é ë"ä¢â
ä	ë"ç�í�æ:%
æ�ç/è@å�çYé�å á�è	ä�å$#�à#è	æ�égá�å�ç�í�ê�æ7â)ê æ�ñLæ�ê]è	ä�æ�æ¨ç�æ�è¢ï�ã�ä�ð/á@ï°å è	ìYó�ã�%'%:à�ç�å�óPë�è	å ã�çqé�æ�ê�ë�(Bá�ô
õ	öKöKö ÷#ù�ú"û#üPú/ý�þ2ÿ���û#ü{��ûM+wú"ù�ú7Z3Z$�
Zbú"û��'�iÿ�ü�þ2ù7ÿ��:uBþ��-�/���-ü�þ��
	¨ü 57� �M���Bæ�ò#è	æ:%�#<æ�ä¨È����7Ib� �
��y���G��OF7y#ô

Ë È���Ì:Í@ÓbÎ_Û]Î_×�l@ÎAm"ÔhneÖ[Ô·Þ&ÓbÙ�q-ÒbÔAzFÖ[Ô]Î_Ñ_×�Y Î_ÑbÐ)ÔWneÖ > à�ê è	å~â)å ç�áEè!ë"ê�ês%Qæ�çLè°ê�ãLë"éeé�å�áEè	ä	ås#�àBâ
è	å�ã�ç å�ç=è	ä�æ�æ
ç�æ�è¢ï�ã�ä�ð/á¨ï°å è	ì é�æ�ê�ë)(Bá�ôgõ	öKöKö ÷�ù�ú"û#üPú/ý�þ2ÿ���û#ü���û;vT��ù-�-ü�[�ú/ý��Fú"û��zöxZ$�!ý 6
þ2ù���ûHÿ9ý|���-ü�þ��
	¨üE� �7�  ���r@ò�ä�å�êVÈ����LÉ�� � É�É�É�G#É7yOFBô



�x�����W�
�K�����T���P� �����

� ���U�����?�A�W�A �¡��A¢7£�¤�¥�£|¦{�?§�¨�©p£|ªQ¥�£T«¬�A­?®�£w¤�¥�£��A­? °¯�§�±�©��b²��A³b³b®�£�´P¥8µh¶�·4¸-¹7º�»^¼3½�¾
¹7¼3¿�¼$À
¼�Á:»$¸�»$Â)ÃO¹�À�¼3½EÄjÃ7ÅLÃ7»3»$¸
»4Ã7½�¹{¹7¼$À
Æ�Å�¼�Á:º�Æ�¸-¹KÀ
Ç�À
Æ�¸
ÈEÀ
É�Ê�Ë�Ë�Ë,ÌxÍ�Î'ÏjÐHÑ-Ò:Ó9Ô�Í�Õ:Ö$Ò
Ñ�×{ØoÓLÒ:ÙLÙ:Ú
ÛWÍ�Ù�Ü�ÝßÞ7Î'Ö`Ñ-Í�Ù�ÌxÜEÚW������àHÉ

� á7â �����?�A�W�A �¡��A¢7£�¤�¥�£�ão®�£åä'¥�æ�¥�£x�A­? ç¯|�A A�p�Aè��p®3¨��?­p�A­x£9´P¥�Ô�Õ�éjÒ:êjÐjÝ$Ö$ëjì<êjÖsí�Ö$ÙLÖ$îjÝ$Ò
Ý$ÍOÞ7êïÖ$ë�îjÐjÙQëjÒ
Ñ�ðxÍ�ÓLñbÙQð�ÖsÑ-éòÞ7ÓLîjÖsÑ-Ó-Þ7Ó1×8ÏjÓLÍ�Õ:Ò:ÙLÙLÍ�Ó�ÓLÒ:Ý$Ò)Þ7ÙLÒóÑ-Ö$Î'Ò:Ù:Éõô9ÂUÈ�Ä�º�Æ�¸
Å-À=Ã7½�¹
ö=Ã7Æ�·4¸
È'Ã7Æ�¼�¶�ÀK÷o¼3Æ3·QøxÄOÄ�»^¼�¶-Ã7Æ�¼�ÂU½HÀKù�úOÚ�û�ü�������àOý�Ú4����þHû�û�É

� á �:�����?�A�W�A �¡��A¢7£h¤�¥�£?ão®�£hÿ�¥�£p�A­? �� §�£���¥���¥��Të�Ñ-éjÒ|Ö$ë��4ÐjÒ:ëjÕ:ÒKÍ
	AÙ1Ñ�Þ7Ó1Ñ���ÐjÏ�Õ:Í�Ù1Ñ-Ù�Ö$ë
ÙLÕ�éjÒ:êjÐjÝ$Ö$ëjì<êjÖsí�Ö$ÙLÖ$îjÝsÒ{Ý$ÍOÞ7êjÙ|Í�ë;îjÐjÙ ëjÒ
Ñ�ðxÍ�ÓLñbÙ:É�
��������jÅLÃ7½HÀ)Ãb¶
Æ�¼�ÂU½8ÂU½��åÃ7ÅLÃ7»3»$¸
»9Ã7½�¹
�K¼$À
Æ�Å
¼�Á:ºbÆ�¸-¹Pµ�Ç�À
Æ�¸
ÈEÀ����7Úh� á ü á7â�â�â ý�Ú�� á
��� þ���� â ��É

� á�á �����?�A�W�A �¡��A¢7£x¤�¥�£å�A­?  ¤{®3¨)¡T�A­p�A A�p���{£ �'¥&Ô�Ðjî!��Í�ÏHÑ-Ö$Î/Þ7Ý�ÙLÍ�Ý$ÐHÑ-Ö$Í�ëjÙ ÐjÙLÖ$ëjìóÖ$ëOÑ-Ò"�
ì�Ò:Ó{Þ7ÏjÏjÓLÍ$#HÖ$Î/ÞUÑ-Ö$Í�ë=Ñ-Ò:Õ�éjëjÖ&%bÐjÒ:Ù'	�Í�ÓEÙLÕ�éjÒ:êjÐjÝ$Ö$ëjìMêjÖsí�Ö$ÙLÖ$îjÝ$Ò'Ý$ÍOÞ7êjÙEÍ�ëCêjÖ$Ù1Ñ-ÓLÖ$îjÐHÑ-Ò:êCîjÐjÙ
ëjÒ
Ñ�ðxÍ�ÓLñbÙ:É(
������)�jÅLÃ7½HÀ)Ãb¶
Æ�¼�ÂU½ ÂU½òµ�Ç�À
Æ�¸
È+*{ö=Ã7½ Ã7½�¹òô�Ç�Á�¸
Å�½�¸
Æ�¼�¶�ÀMù!,UÚwàòü á7â�â ��ý�Ú
à ��â þ�à��H��É

� á �U���.-b��/b©4¡�®10W³�£32�¥�£T�A­? °ª��h§�³b A§h¡�¨�è�®�£|«ï¥dÔ�Õ�éjÒ
êjÐjÝ$Ö$ëjì=êjÖsí�Ö$ÙLÖ$îjÝ$Ò541Í�îjÙ{Í�ë"éb×�Ï�Ò:Ó6�
Õ:Ðjî�Ò:Ù:É7�åÃ7ÅLÃ7»3»$¸
»oô9ÂUÈ�Ä�º�Æ�¼3½�¾'ú!�"ü������O��ý�Ú����
8b��þ����O�7àHÉ

� á 87���.-b��/b©4¡�®10W³�£�2�¥3£;�A­?  ª��h§�³b A§h¡�¨�è�®�£¬«ï¥:9åéjÒ�Ï�Ò:Ó�	�Í�ÓLÎ/Þ7ëjÕ:ÒïÝ$Ö$ÎPÖ`Ñ-Ù;Í
	�Ñ�ðxÍ;�
êjÖ$Î'Ò:ëjÙLÖ$Í�ë4Þ7Ý?ëjÒ
Ñ�ðxÍ�ÓLñMÍ
	9Ý$ÍOÞ7êMÙLé4Þ7ÓLÖ$ëjì�ÏjÓLÍ�Õ:Ò:ÙLÙLÍ�ÓLÙ:É=<pÂUº�½�¹OÃ7Æ�¼�ÂU½"Â�>Qô9ÂUÈ�Ä�º�Æ�¼3½�¾óÃ7½�¹
��¸�¶
¼$À
¼�ÂU½<µh¶
¼�¸
½�¶�¸�À|ú!�7Úh�Qü�������àOý�Ú?��þ�����É

� á �����.-b��/b©4¡�®10W³�£@2�¥�£��A­? ¬ª��h§�³b A§h¡�¨�è�®�£�«ï¥BA�Ö$Ù1Ñ-ÓLÖ$îjÐHÑ-Ò:ê{ÏjÓLÍ�Õ:Ò:ÙLÙLÖ$ëjìKÍ
	�êjÖsí�Ö$ÙLÖ$îjÝ$ÒC41Í�îjÙ
ð�ÖsÑ-éPÕ:Í�Î'Î�ÐjëjÖ$Õ)ÞUÑ-ÖsÍ�ë�Ù1Ñ�Þ7Ó1Ñ-ÐjÏ'Õ:Í7ÙLÑ-Ù:ÉD�K¼$À�¶
Å-¸
Æ�¸9øxÄOÄ�»^¼�¸-¹Kö=Ã7Æ3·4¸
È'Ã7Æ�¼�¶�À5E;FMü������Oû�ý�Ú á �
þ
8j��É

� á àU���.-b��/b©4¡�®10W³�£G2�¥�£�ª���§�³b A§h¡�¨�è�®�£�«ï¥�£��A­? IH70Wè�©���£@H|¥BJóÞ7ë4Þ7ì�Ò:Î'Ò:ëOÑ�Í
	@K�Ò:ÙLÍ�ÐjÓLÕ:Ò:Ù
Ö$ë'Ø�Þ7Ó-Þ7Ý$Ý$Ò
Ý�Ôb×�Ù1Ñ-Ò:Î'Ù:É�Ê�ëMLKÃ7½�¹OÁ�Â�Â�N�ÂU½O�åÃ7ÅLÃ7»3»$¸
»�Ã7½�¹P�K¼$À
Æ�Å�¼�Á:º�Æ�¸-¹P�xÅ-Â�¶�¸�À�À
¼3½�¾�üRQxÒ:ÓLÝ$Ö$ë!�
SwÒ:Ö$êjÒ:Ý$î�Ò:ÓLìjÚ á7â�â�â ý�ÚUTHÉCQWV�Þ
X:Ò
ð�Ö$ÕZY7ÚU[{ÉpËoÕ�ñ7Ò:Ó:Ú�Q�ÉpØoÝßÞUÑ-Ò)Þ7ÐhÚpÞ7ëjêIAEÉD9?Ó1×�Ù1Ñ-Ó-Þ7Î<Ú?ËoêjÙ:ÉsÚ
Ô�ÏjÓLÖ$ëjì�Ò:Ó:Ú4ÏjÏhÉ á à���þ!�;8j��É



\�]6\_^D]a`PbWcWd3e�fhg ikj�l

m l�nko�p.qsr�tsuwv�x1yDzG{}|�~�{�������zs���Bv��k��x�{���~�{��'�Ux1�Cr��U��{}�.~�{Ir��U�)�P�������C�Dr��'{}��~
�!�"�?�Z�?�?�&�&�?� �¡�?�£¢!�&¤¥�&¦?�£�=§¨�
¤¥©I�&�ª� l�« �?�&¬h�Z�?¤¥�&­��w�
�®¬=�Z¤¥�B¯}°P±&²�³a´¨µa¶�µh·�¸�¸@¹º±»µ�¼¾½ ¿
¶1ÀwµaÁ
Â ¿�¶R±»³¨²+ÃZÄwÅ ia«6Æ�Ç»È �?�?� i�É�É�É�Ê Å Æ�j�Ë�j
Ì ¯

m l
Í;o�p.qsr�tsuwv�x1yDzG{h|�~�{=������zs���Bv��k��x�{=��~�{'r��U�Î�Ir��C��x1u?v�x1yDzG{=��~ÐÏ �£¢!�&¤¥�&¦?�&�Ñ§¨�
¤¥©
¤¥�"�?�Z�?�?�&�&�?� « �Z­��?�Z�ZÒ�§3�
�?�M¢��ZÓ¥�£Ôw�$�;§��&­��B¯®Õ7¿
´¥¿
¹1¹&µa¹�Ö®× Â ¸@Ø!¶R±1Ù!Ú=Û!Ü Ç6i�É�É�É�Ê Å Í�n�Ë!É�Í ¯

m l
É;o�p.�CuGz�r��B�7{?ÝÞ~�{@p.�Uß@r��_{G��~�{G�Ir�àsr�v��k��x�{@��~�{?r��U��áCr�âaãDy�{wäM~?å Ó¥Ó¥�Z���?�æ�
Ó��
�?��­���§ «
­
ç « �Z­�Ó¥�OÒw�
Ó��
�&�&�Z���Z­�¬=Ò?��§��&�?�?¯ å ��Õ�Õ�·.½èÛ�é�é�êkë.ìCí'Ö�îïÛsð�Ûsñ Ç»l
Ì�Ì�l�Ê Å�òP¯Cóô¯��a§'�
�»¯£Å
õ �B¯£Å��!Ò?Ó¥�&�?���ZÓ «÷ö �ZÓ¥�æ�;�?Å�Ò?ÒB¯ l
É�ÉkË!Æ�Ì�ø ¯

m Æ�Ì;o'ù3úCr���{UûU~�äM~�{Up.úCr��Dr���v3r�â
{�üM~�{Cr��U�ý��ú����kuC{���~�õ�þ ÒG�ZÓ¥�&¬=�Z�s§¨�
�B¤�§��?��ÿ�­����æ�
Ó¥���
¤¥���Z�O¬O�;§�Ó¥� þs« ¢��Z�a§�­�Ó5Ò?Ó¥­s�?�?�a§��Z­�¬=Ò?��§¨�;§��&­��?¤P�?¤¥�&�?�¾�?�£¢!�&¤¥�&¦?�&�h�&­��
��Òw�
Ó��
�?�&��¬ ­��}�?�&¤ «
§�Ó��£¦?��§¨�a� ¦?�?¤3�?�a§���­�Ó¥©s¤Z¯��U�Z�"�B¯DòW�ZÒB¯��Wò «�� �?�
	���
 ö «6Ï 	���� Ì!i Å � ÒG�Z�I�!­��?Ó¥�Z��	C�
¦@­ «
Ó��;§�­�Ó�ÿ�Å Ï �ZÒw�
Ó�§�¬=�Z�s§W­
ç õ �£�Z�a§�Ó¥�&�$�
�D�
�?����­�¬=Ò?��§��ZÓ õ �?���&�?�Z�ZÓ¥�&�?�?Å
�7�?���.�;§��&­��w�
��� �?� «
¢��ZÓ¥¤¥�£§�ÿM­
ç��!�&�?���
Ò@­�Ó¥�
ÅG�!�&�?���
ÒG­�Ó¥�
Å�� ­k¢��Z¬�¦@�ZÓ l
Ì�Ì�Ì ¯

m Æ�iZo'ù3úCr��ByD�Dr��C�����®{BûU~�{Gr��U���3��ß�uG�s�!r�zszsx�{@�h~B�M~�� Ò�§��&¬=���Z�£�?�P�a­�¬=Ò?��§��&�?�+�
�?�=�Z­�¬ «
¬'�?�?�&�$�;§��&­
���Z­�¤�§�¤��&�I¤¥�&�?���&�=�&�a¢��Z��§�Ó¥�Z�O�?�a§���­�Ó¥©s¤Z¯��C�Z�"�B¯�òW�ZÒB¯ n���Í Å���­��&�&�Z���=­
ç õ � «
���&�?�Z�ZÓ¥�&�?�¡�
�?���.Ò?Ò?�&�&�Z���!�Z�&�Z�?�Z�
Å®�s§¨�;§�� � �?�£¢��ZÓ¥¤¥�£§�ÿI­
ç�� �!�#"®­�Ó¥©��;§h�s§�­���ÿ$
�Ó¥­!­�©GÅ
�!�ZÒ�§��Z¬'¦G�ZÓ i�É�É�n ¯

m Æ�lko'ù3úUuG�&%7{�'�~ ("ù�~�{�r����)�.��ß�uG�s�!r�zszsx�{��h~®�M~+Ï �&¤�§�Ó��£¦?��§¨�a� �Z­�¬=Ò?��§¨�;§��&­����7�£§�� �Z­�¬ «
¬'�?�?�&�$�;§��&­
� �?�Z�æ�$ÿ�¯�*,+-+-+/.?´¥¿
Ù�²$¿s³a¶R±»×;Ù�²=×;Ù ·.µa´�×�²�¸?¿s³¨µ=¿
Ù@¼0+�¹&µ¨³a¶R´¨×;Ùw±»³�î21�²a¶�µ Â ²'Û�Ä
Ç6i�É�Í�Í�Ê Å n
Ì�ÌkË�n!ikl ¯

m Æ�Æ;o'ù3úUuG�&%7{�'�~ ("ù�~�{�r��U�3�.��ß�uG�s�!r�zszsx�{��h~7�M~MÏ �&¤�§�Ó¥�&¦?��§��Z�I�Z­�¬hÒ?��§"�k§¨�£­�� ç�­�Ó5�M§�Ó��a�
�?�a§���­�Ó¥©4�W�£§��h�Z­�¬=¬��?�?�&�$�;§��£­��'�?�Z�æ�$ÿ!¤Z¯5*,+-+-+6.�´¥¿
Ù�²$¿s³a¶R±»×;Ù�²3×;Ù=·.µa´�×�²�¸?¿s³¨µ3¿
Ù@¼7+�¹&µ¨³aÁ
¶R´¨×;Ùw±»³Þî21�²a¶�µ Â ²5Û
8;Å ÆÑÇ:9 �$ÿ i�É�É�Ì�Ê Å j!i�iaË�j!i�ø ¯

m Æ��
o'ù3���C�
ê
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�L¤<���-�L���L¨2�£ 4¤�·6�£�����L¨2���������2�0�
V ¥
C ���L�L��¡2 ����6���L�
�L�§¤�¡b��¨2���0��¦��6¡2�6���2 £ �©= ��L�6�b¥
Cj ���L�L��¡2 ����6���L�
�L�&������¤�¡2µ j ¤�¡®¨2�\�L�6�4��¦��6¡2�6���2 ¯ �©= ��L�6�b¥
Cmax �Q 4¢i¨2�6ª2�2���´���6¡2¦��L¨�¥
C inf

max �Q 4¢i¨2�6ª2�2���´���6¡2¦��L¨®¤�¡b�� �©= ��L�6��º£¤<�L¨b�2¡2��¤���¤<�4�6ª®�0�6������©�¥
Csat

max �Q 4¢i¨2�6ª2�2���´���6¡2¦��L¨®¤�¡b�� �©= ��L�6��º£¤<�L¨®�L���i�����0�6�0����©­ 4¤�·6�§�6»C�@�����L� V ¥
C1

max �Q 4¢i¨2�6ª2�2���´���6¡2¦��L¨������£ 4¤�¡2¦����J�K¤�¡2 ��i���<�<���6¡C�£�2�4�C¢6�6 4 4¤�¡2¦2¥
Cn

max �Q 4¢i¨2�6ª2�2���´���6¡2¦��L¨������£�³�2�<�L¤¼�½¤<¡2 ��i�����<���6¡q���2�4�C¢6�6 4 4¤�¡2¦�º�¤<�L¨ n  ��L�6�2 ´¥
¾�¿�À
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C
′n
max × Cn

max

CV Ø
C∞

max ÙQÚ4ÛiÜ2Ý6Þ2ß2à�Ý´à�Ý6á2â�ãLÜ�ä�å�æ£ç³ß2à<ãLè¼Ù½è<á2Ú�ãié�à�à<ç�Ý6áqã�ê2æ4åCÛ6Ý6Ú4Ú4è�á2â�ë�è<ãLÜ n = ∞ Ú�ãLÝ6ê2Ú Ø
D ÙQÚ4è�ì6Ý§å�ä�Û6å�ç0ç³ß2á2è�ÛEé
ãLè�å�á�í2ßYî�Ý6æ�è�á®Ü2å�ç0å�â�Ý6á2Ý6å�ß2Ú£Ú�ï=Ú�ãLÝ6ç Ø
D′ Ù�Ú4è�ì\Ý¯å�ä�Û6å�ç0ç�ß2á2è<ÛEé
ãLè�å�á�í2ßYî�Ý6æ�è�á­é&Ü2å�ç0å�â�Ý6á2Ý6å�ß2Ú�Ú�ï=Ú�ãLÝ6ç Ø æ4Ý6àFé
ãLè<ðqÝ�ãLå&ãLÜ2Ý¯Ú4è�ì6Ý�å�ä�ãLÜ2Ý
ð�å�à�ß2ç0Ý V Ø
Di ÙQÚ4è�ì6Ý&å�ä�Û6å�ç0ç�ß2á2è�ÛEé
ãLè<å�á�í2ßYî�Ý\æ¯å
äÏê2æ4åCÛ6Ý6Ú4Ú4å�æ Pi è�á�Ü2Ý\ãLÝ6æ4å�â�Ý6á2Ý6å�ß2Ú¯Ú�ï=Ú�ãiÝ\ç Ø
δ ÙQÚ4è�ì6Ý§å�äÏé�ÛJÜCß2á2ñ�è�á®Ú4è�ç0ê2à�Ý�ç³ß2à<ãLè¼Ù½è<á2Ú�ãié�à�à<ç�Ý6áqã�é�à�â�å�æ4è<ãLÜ2ç Ø
G ÙQâqé�è�á�ä�æ4å�çòç³ß2à<ãLè¼Ù½è<á2Ú�ãié�à�à<ç�Ý6áqã£ê2æLåCÛ6Ý6Ú4Ú4è�á2â Ø
h ÙQáCß2ç³í'Ý6æ£å�äÏàFéEï�Ý6æ4Ú�è�á®é�í2è�á2å�ç0è�é�à'ãLæ4Ý6Ý Ø
m ÙQáCß2ç³í'Ý6æ�å�ä�ê2æ4åCÛ6Ý6Ú4Ú4å�æ4Ú Ø
n ÙQáCß2ç³í'Ý6æ�å�ä�Ú�ãLÝ6ê2Ú¯è�á�ç�ß2à<ãLèóÙKè<á2Ú�ãié�à<à<ç0Ý6áqã£ê2æ4å=Û6Ý\ÚLÚ4è�á2â Ø
nmin ÙQç0è�á2è�çaß2çòé�Þ2ç0è�Ú4Ú4è�í2à�Ý�áCß2ç³í'Ý6æ�å�ä�Ú�ãLÝ6ê2Ú¯è�á�ç�ß2à<ãLèóÙKè<á2Ú�ãié�à<à<ç0Ý6áqã£ê2æ4å=Û6Ý6Ú4Ú4è�á2â Ø
n∗ Ù�å�êYãLè�ç­é�à2á=ß2ç³í'Ý6æQå�ä±Ú�ãLÝ6ê2Ú-è�á0ç�ß2à<ãLèóÙKè<á2Ú�ãié�à<à<ç0Ý6áqã�ê2æ4å=Û6Ý6Ú4Ú4è�á2âaãLå³é�ÛiÜ2è�Ý\ð�Ý¯ãLÜ2Ý¯ç0è�á2è�çaß2ç
Ú4ÛiÜ2Ý6Þ2ß2à�Ý´à�Ý6á2â�ãLÜ Ø
p ÙQÞ2Ý6â�æ4Ý6Ý´å�äÏé�á2å=Þ2Ý§è�ábé�í2è�á2å�ç0è�é�à'ãLæ4Ý6Ý Ø
P0 ÙQå�æ4è�â�è<á@é
ãLå�æ Ø
Pi ÙQê2æ4åCÛ6Ý6Ú4Ú4å�æ¯áCß2ç�í�Ý6æ i Ø
P Ù�ãLÜ2Ý§Ú4Ý\ã¯å�ä�ê2æ4å=Û6Ý6Ú4Ú4å�æ4Ú
ρ = C

A ÙQÞ2Ý\ô@á2Ý6Þ¬å�á2à<ï­ä�å�æ£Ü2å�ç0å�â�Ý6á2Ý6å�ß2Ú£Ú�ï=Ú4ãLÝ6ç�Ú Ø
σ = S

A Ù-Þ2ÝJô@á2Ý6Þ¬å�á2à<ï­ä�å�æ�Ü2å�ç0å�â�Ý6á2Ý6å�ß2Ú�Ú�ï=Ú�ãLÝ6ç0Ú Ø
S ÙQÛ6å�ç0ç�ß2á2è<ÛEé
ãLè�å�á*Ú�ãié�æ�ãLß2ê®ãLè�ç0Ý�è�ábé�Ü2å�ç0å�â�Ý6á2Ý6å�ß2Ú�Ú�ï=Ú�ãLÝ6ç Ø
S ′ = S

CV ÙQÞ2Ý\ô@á2Ý\Þ¬å�á2à<ï­ä�å�æ£Ü2å�ç0å�â�Ý6á2Ý6å�ß2Ú�Ú�ï=Ú�ãLÝ6ç0Ú Ø
Sj ÙQÛ6å�ç0ç³ß2á2è�ÛEé
ãLè�å�á�Ú�ãié�æ�ãLß2ê®ãLè�ç0ÝGä�å�æ£à�è�á2ñ j è�á®Ü2Ý\ãLÝ6æ4å�â�Ý6á2Ý6å�ß2Ú¯Ú�ï=Ú�ãLÝ6ç Ø
swp ÙQÚ�ë�é�êbê'å�è�áqã�è�ábé�Ü2å�ç0å�â�Ý6á2Ý6å�ß2Ú�Ú�ï=Ú�ãLÝ6ç Ø
swpi ÙQÚ�ë�é�ê¬ê�å�è�áCã£å�ä�ê2æ4å=Û6Ý6Ú4Ú4å�æ Pi Ø
Ts Ù¹ãLÜ2Ý�ãLè�ç0Ý£í�Ý\ãoë-Ý6Ý6á­ãLæLé�á2Ú4ç0è�Ú4Ú4è�å�á2Ú#å�ä�Û6å�á2Ú4Ý6Û6ßYãLè<ðqÝ¯Þ@é
ãié§ÛiÜCß2á2ñCÚQãLå§ãLÜ2Ý�ÚLé�ç0Ý�ê2æ4å=Û6Ý6Ú4Ú4å�æ
è�á®ç³ß2à<ãLè¼Ù½è<á2Ú�ãié�à�à<ç�Ý6áqã£ê2æ4å=Û6Ý6Ú4Ú4è�á2â Ø
V Ù�ãLå�ãié�à�Ú4è�ì6Ý§å�ä�ãLÜ2Ý§à�åqé�Þ�õ


