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û2ô�ü5ø ú�ô�üH�$ö�ùÆô4õh� ù"ýÏÿ���	ÿ���bû2ô�ú�ú�ù2û"ý&� ù2ö�ö��
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U��$ö<ý�ú+��6 ÷�ý�ù��W� ù"ý�� 
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m + 1

æ�×�Ú(è�âà&ç Þ�à+â[Ü�ß�Û+Û+â�à+Û
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K�L�M�N
K9O�P�Q
Q
K�N Pi RTS9U�V P�Q K!WYX[Z�P�\Y]^X�]*M U P�O�P�Q Q
P�L_XTX[K(M�N
K9O�P�Q
Q
K�N
Q�]!N
P`\�P�L�K!X[P�\ba_c α0, · · · , αm R
αi U Q�X[Z�PFWdN[]!O�X U K�L�K!WHX[Z�PFe�K�f�g�hiP V j Z U O�Z U QAQ
P�L_XkX[KbM�N
K9O�P�Q
Q
K�N Pi R`S g�hlK!W ]!fmf αi

M U P�O�P�Q
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K�L�hiP�LoXFud\�P�Q
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Q
Z�K�g�f�\tavP*Q
g�O�ZtX[ZY]^X`X[Z�P*f�P�L�r!X[ZtK!WxX[Z�P(Q
O�Z�P�\�g�f�P!y1\�P�L�K!X[P�\z]!Q Cmax

U Q�X[Z�P{Q
Z�K�N8X[P�Q8X*M|K�Q
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P�O�X U K�L�Q j P U L_X[N
K9\�g�O�PzQ
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P�P
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K�g1X U L�r�X[K�MvK�f�K�r U P�Q���]IQ8X�]!N�y|]!LzK�N
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P�P R
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Q
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]!M�M�f U O�]^X U K�L R� Z�PAK�N U r U LY]^X[K!N P0
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K9O�P�Q
Q
K�N
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P�M�N
P�Q
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P�M�N
P�Q
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Z X j K�� U L�\�QIK!W&M�N
KoO�P�Q
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\ j ]^N[P^y j Z U O�Z�]!f�f�K j Q WdK�N X[N[]!L�Q
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Ö�×
m = (p+1)h ØÙEÚ�Û'Ü�Û/Ý#Ü�Û p(p+1)i−1 Þ�Ü�ß?à'Û ×�× ß
Ü ×�Ö�áNâ Ý:ã
Û'Ü 1 ≤ i ≤ h ØCäWå�Ü^æ
ß7Ý â�Ö�×�ç ßUè á�éé�Ö�×Sç Ü Ö�ê å ç&Ö ß á ß#ë ç Ú�Û â ß7Ý é α0, . . . , αh

Ý#ì ß á æ ç Ú�ÛWÞ�Ü�ß�à-Û ×�× ß#Ü ×EÖ�á;â Ý3ã
Û'Ü ×EíNç ß h Ü�Û × Þ%Û'à ç&Ö2î Û â ã
ï× å�àOÚ ç ÚXÝ ç/× àMÚ�Û é å â Û â Û á æ ç Ú Cmax
Ö�× ì Ö�á�Ö ì Ý â Ø

ðEñqðEñqð ò,óYô�õ÷ö�ó�øcùFúTûó^ùFúZü�ýþüCö�ÿUõ÷ö
� ß
Ü ê�Ö�á ß
ì Ö Ý â
ç Ü�Û'Û ×ç�� ß é�Ö�� Û'Ü�Û á7ç�� Ý3ã × ß#ë%Ý#à ç&Ö2î Ý ç&Ö�á æ ç Ú�Û â Ý3ã
Û'Ü × ÚXÝ î Û ê Û'Û á Þ�Ü�ß
Þ%ß × Û é�� ÙEÚ�Û
á Ý ç å�Ü&Ý â ß
Ü é Û'ÜEß#ë ç Ú�Û â Ý3ã7Û'Ü × à3Ý â�â Û é	��
����
�����������
��������������! #" ��$#% &('*) ïXÝ á�éuç Ú�Û�ß
Ü é Û'Ü
ß#ë é Û'à'Ü�Û3Ý ×�Ö�á æ á å�ì ê Û'Ü)ß#ë÷Þ�Ü�ß�à'Û ×�× ß
Ü ×�Ö�áGç Ú�Û â Ý:ã
Û'Ü�à3Ý â�â Û é+������,�
����-���.��
��/���������0�!"�" ��$
% 1�2*) Ø � Ö æ�Ø & Ø 3 × Ú�ß �/×�é�Ö Ý#æ
Ü&Ý#ì × ß#ë à'ß
ì ì,å á�Ö à3Ý ç&Ö ß á Ý á�é à'ß
ì Þ�å ç Ý ç&Ö ß á ë ß
Ü ×Sç Ü&Ý ç Û'æ Ö Û ×� #" � ï
"�" � ï^Ü�Û × ÞcÛ'à ç&Ö2î Û â ã
Ø54 á� #" � � àMëZØ � Ö æ�Ø & Ø 3 � Ý $6$ â Ý3ã
Û'Ü × Ý#Ü�ÛaÝ#à ç&Ö2î Ý ç Û é Ö�áoç Ú�Ûuß
Ü é Û'ÜGß#ë ç Ú�Û
æ
Ü�ß �/Ö�á æ é�Ö�×Sç Ý á à'ÛEë Ü�ß
ì ç Ú�Û/ß
Ü Ö æ Ö2á Ý ç ß
Ü â Ý3ã
Û'Ü)Ý á�é Ü�Û'à'Û Ö2î Û ç Ú�Û â ß7Ý é ë ß
Ü ç Ú�Û'ì × Û â2î Û × Ý á�é ë ß#Ü
ç Ú�Û Ö Ü é Û × à'Û á�é Ý á7ç&× Ø74Tì ì Û é�Ö Ý ç Û â ã Ý4ë ç Û'Ü�Ü�Û'à'Û Ö2î�Ö�á æ ç Ú�Û â ß7Ý é Þ�Ü�ß�à'Û ×�× ß
Ü ×,×Sç Ý#Ü ç Þ�Ü�ß?à'Û ×�×�Ö�á æ
ç Ú�Û Ö Ü × ÚXÝ#Ü�ÛWß#ë ç Ú�Û â ß7Ý é ï � Ú Ö�â Û ç Ú�ÛUÜ�Û ×Sç`Ö�×�× Û á7ç`ç ß ç Ú�Û*ë ß â�â ß �/Ö�á æ â Ý:ã
Û'Ü × ØCÙEÚ?å × ï�Þ�Ü�ß?à'Û ×�× ß
Ü ×
×Sç Ý#Ü ç à'ß
ì Þ�å ç&Ö�á æ Ö�áQç Ú�Û,ß
Ü é Û'ÜUß#ë ç Ú�Û â Ý3ã
Û'Ü á å�ì ê Û'Ü'Ø84 á9"�" � ×Sç Ü&Ý ç Û'æ#ã � à-ëZØ � Ö æ�Ø & Ø 3 � ê $6$
ç Ú�Û â Ý3ã7Û'Ü ×U×Sç Ý#Ü ç à'ß
ì Þ�å ç&Ö�á æ Ö�áQç Ú�Û,ß
Ü é Û'Ü h, h − 1, . . . , 1 Ø�Ù�ßaÝ#à ç&Ö2î Ý ç Û × ß
ì Û â Ý3ã7Û'Ü i

ç Ú�Û
Ö�á7ç Û'Ü�ì Û é�Ö Ý ç Û â Ý3ã
Û'Ü × 0, . . . , i − 1

ç Ü&Ý á�× ë Û'Ü ç Ú�Û â ß7Ý é ç ß â Ý3ã
Û'Ü i ï ê å çeé ß á ß ç à'ß#ì Þ�å ç Û#Ø:4 ç
� Ý ×*é Û'ì ß á�×Sç Ü&Ý ç Û éQÖ�á % 1�2*) ç ÚXÝ ç#"�" � Ö�× ß
Þ ç&Ö ì\Ý â Ý#à ç&Ö2î Ý ç&Ö ß áa× Û<;?å�Û á à'ÛNë ß#Ü ê�Ö�á ß
ì Ö Ý â%ç Ü�Û'Û ×
� Ú�Û á ç Ú�Û'Ü�Û Ý#Ü�Û á ß�ì Û'ì ß
ÜSã â�Ö ì Öbç Ý ç&Ö ß á�×GÖ�á ç Ú�ÛQà'ß
ì Þ�å ç Û'Ü × ã ×Sç Û'ìRØ=4 ç ÚXÝ × Ý â�× ß ê Û'Û á
é Û'ì ß á�×Sç Ü&Ý ç Û é�Ö�á % Õ(> ) ç ÚXÝ ç Ö2ç Ö�×Gá ß ç ß
Þ ç&Ö ì\Ý â�� Ú�Û á Þ�Ü�ß?à'Û ×�× ß
Ü × ÚXÝ î Û â�Ö ì Öbç Û é ì Û'ì ß
ÜSã
ê å � Û'Ü × Ø@?nÛRà-ß á�×�Ö�é Û'Ü Ö2ç Ý â�× ß Ö�á�A Û'à ç&Ö ß á Õ Ø & Ø & Ø�B�ß ç Ú â Ý3ã
Û'Ü Ý4à ç&Ö2î Ý ç&Ö ß á ß
Ü é Û'Ü × à3Ý á ê Û
Ý#Þ�Þ â�Ö Û é ç ß ç Ú�Ûpß
Ü é�Ö�á Ý#ÜSã ç Ü�Û'Û ç ß
Þ%ß â ß
æ#ã
ï ç ß�ß�ØC?nÛ � Ü Ö2ç Û Ý ê ß
å çRÖ2çaÖ�á ì ß
Ü�Û é Û ç Ý Ö�â�Ö�á
A Û'à ç&Ö ß á 2 Ø & Ø & Ø�ä ê�× Û'Ü î Û ç ÚXÝ ç\ç Ú�Û â Ý3ã
Û'Ü\Ý#à ç&Ö2î Ý ç&Ö ß á ß
Ü é Û'Ü é ß�Û ×\á ß ç Ý#Þ�Þ â ã ç ß ç Ú�Û ×Sç Ý#Ü
Ö�á7ç Û'Ü�à'ß á�á Û'à ç&Ö ß áaê Û'à3Ý#å × ÛNÝ â�â Þ�Ü�ß?à'Û ×�× ß
Ü × Ý#Ü�Û é�Ö Ü�Û'à ç&â ãuÝ#à'à'Û ×�×�Ö�ê�â Û�ë Ü�ß
ì ç Ú�Ûeß
Ü Ö æ Ö�á Ý ç ß#Ü'Ø
ÙEÚ�Û)Ý#à ç åXÝ â à'ß
ì ì,å á�Ö à3Ý ç&Ö ß áWÖ�á7ç Û'Ü�à'ß á�á Û'à ç&Ö ß á�×��/Ö�â�â4ê ÛCì ß é Û â Û é å ×�Ö�á æ ç Ú�Û ç Ú�Ü�Û'Û ç ß
Þcß â ßED

æ Ö Û ×Eé Û × à'Ü Ö�ê Û é Ý ê ß î Û#Ø
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4 á ì ß ×Sç ß#ë ç Ú�Û � ß
Ü6X × Ü�Û'æ7Ý#Ü é�Ö�á æ é�Ö2î�Ö�×�Ö�ê�â Û�YSß ê�× ï ×�Ö�á æ â ÛZD Ö�á�×Sç Ý â2â ìGÛ á7ç Þ�Ü�ß?à'Û ×�×�Ö�á æ;ÚXÝ ×*ê Û'Û á
Ý ×�× å�ì Û é Ø�ÙEÚ Ö�× ì Û3Ý á�×`ç ÚXÝ ç Û î Û'ÜSãuÞ�Ü�ß�à'Û ×�× ß
Ü/Ü�Û'à'Û Ö2î Û ×/Ö2ç&× Þcß
Ü ç&Ö ß á ß#ë ç Ú�Û â ß7Ý é ß á�â ã\ß á à'Û#Ø
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¹�º�»(¼x½6¾�¿.ÀÂÁ.ÃÅÄÇÆ�ÈÊÉ6ÉÌËZÍÆ�½PÉÌÎÐÏ(½pÑ:¼xÒ�É�º�ÓÔº�ÈxÕPÉZÆ�Ò�Ò�ÑÖ¾<ÈÊÉp×x½6Ï.Ë<¾<Õ6Õ6º�Èx»xÀ

ØÔÎ�×x½6Ï.Ë<¾<Õ6Õ6Ï(½6Õ#½6¾<Ë<¾<º�Ù(¾�ÚÆEÉZÆÖÑ�Ï(½6¾tÉ�ÍÆ�È7Ï(ÈxË<¾�Û�É�Íx¾Ç×x½6Ï.Ë<¾<Õ6Õ6º�Èx»Üº�ÕÌË{Æ�Ò�Ò�¾<Ú9ÝwÞ.ßáà!â�ã�â�äfå�àÔæ�ß�ßáÝÜç�äà!À
è/¾9Ë<Ï(ÈxÕ6º�Úx¾<½�É�Íx¾9½6¾<»(¼xÒ Æ�½+É�é.×L¾-Ï�ÎêÑw¼xÒ�É�ºáÓ�º�ÈxÕPÉZÆ�Ò�Ò�Ñ�¾�È�É�Úxº�Ù.º�Õ6º�ëxÒ�¾�ìPÏ(ëí×x½6Ï.Ë<¾<Õ6Õ6º�Èx»�º�ÈîÉ�Íxº�Õ
ï Ï(½6ð�À�Ø�È-É�Íxº�Õ�Ñ�Ï�Úx¾<ÒJÚÆEÉZÆ	Æ�½6¾�Õ6¾<ÈÊÉêÉ�Ï7É�Íx¾�×x½6Ï.Ë<¾<Õ6Õ6Ï(½êÑÜÆ�ÈÊéñÉ�º�Ñ�¾<Õ�Æ�ÈxÚ-É�Íx¾Ü×x½6Ï�Ë<¾<Õ6Õ6Ï(½6Õ
Æ�½6¾#½�¾�×L¾{ÆEÉ�¾<ÚxÒ�é+Æ�Ë�É�º�Ù�ÆEÉ�¾<Ú+º�ÈÜÉ�Íx¾8Õ�Æ�Ñ�¾#Ï(½6Úx¾<½<À�òpÍx¾8Ò�ÏÊÆ�ÚÜº�Õ�Õ6¾<È�Épº�È

n
Ë�é.Ë<Ò�¾<Õ<ÛxÕ6Ï:É�ÍÆEÉpÆEÎ�É�¾<½

Õ6¾<ÈxÚxº�Èx»ÇÆ#×xº�¾<Ë<¾mÉ�Ï#É�Íx¾mÒ Æ�ÕPÉ�×x½6Ï.Ë<¾<Õ6Õ6Ï(½
Pm

É�Íx¾mÈx¾ôó.ÉJ×xº�¾<Ë<¾mº�Õ�Õ6¾<ÈÊÉ�É�Ï#ÉZÍx¾�õ½6ÕPÉ�×x½6Ï.Ë<¾<Õ6Õ6Ï(½
P1
À

ö Õ�Æ^½6¾<Õ6¼xÒ�Év¾�ÙÊ¾�½6é�×x½6Ï�Ë<¾<Õ6Õ6Ï(½�»(¾�É�Õ�Æ�Èê¾<÷�¼Æ�Ò.È�¼xÑ:ëL¾<½vÏ�ÎxÚÆEÉZÆÌ×xº�¾<Ë<¾<ÕvÉ�Ï^×x½6Ï.Ë<¾<Õ6Õ<À�Ø�È:ÆÌÕPé.ÕPÉ�¾<Ñ
ï º�É�ÍxÏ(¼fÉpË<Ï(Ñ�Ñ:¼xÈxº�Ë{ÆEÉ�º�Ï�ÈÜÎÐ½6Ï(ÈÊÉPÓ�¾<ÈxÚ�É�Íx¾tÏ(½6º�»(º�ÈÆ*É�Ï(½ P0

ÕPÉZÆ�½PÉ�ÕpË<Ï(Ñ�×x¼fÉ�º�Èx»:º�É�ÕmÕ6ÍÆ�½6¾tÏ�ÎvÉ�Íx¾
Ò�ÏÊÆ�Ú@ÆEÎ�É�¾<½:É�Íx¾�Ë<Ï�Ñ�Ñw¼xÈxº�Ë{ÆEÉ�º�Ï(ÈxÕ ï º�É�Í@Æ�Ò�Òm×x½6Ï�Ë<¾<Õ6Õ6Ï(½6Õ P1, · · · , Pm

À ö È�¾ôóxÆ�Ñ�×xÒ�¾�ÄÇÆ�È�É6É
ËZÍÆ�½PÉwÎÐÏ(½:½6¾<»(¼xÒ Æ�½:Ñw¼xÒ�É�ºáÓ�º�ÈxÕPÉZÆ�Ò�Ò�ÑÖ¾<È�É:×x½6Ï.Ë<¾<Õ6Õ6º�Èx»9º�È5Íx¾�É�¾<½6Ï(»(¾<Èx¾<Ï(¼xÕÖÕ6é.ÕPÉ�¾<Ñøº�ÕwÕ6ÍxÏ ï È�º�È
¹�º�»xÀ¿.ÀÂÁ.À

Ø�ÈÜ»(¾<Èx¾<½�Æ�ÒL×x½6Ï�Ë<¾<Õ6Õ6Ï(½6ÕmË{Æ�ÈÜëL¾#Æ�Ë�É�º�ÙEÆEÉ�¾<ÚÜÚxº�ùú¾<½6¾<ÈÊÉ�È�¼xÑwë�¾<½ÅÏ�ÎúÉZº�Ñ�¾<ÕÅÆ�ÈxÚÜº�ÈÜÆ�È�éÖÏ(½6Úx¾<½<À
òpÍxº�ÕÌð�º�ÈxÚ�Ï�Î�º�½6½6¾<»(¼xÒ Æ�½pÆ�Ë�É�º�ÙEÆEÉ�º�Ï(È�º�ÕpÈxÏ�ÉÌÉ�Íx¾ÇÕ6¼xë.ìP¾<Ë�É#Ï�ÎvÉ�Íxº�Õ ï Ï(½6ð�À

ö Ò�Õ6Ï:º�È+Ñ:¼xÒ�É�ºáÓ�º�ÈxÕPÉZÆ�Ò�Ò�Ñ�¾<ÈÊÉÅ×x½6Ï.Ë<¾<Õ6Õ6º�Èx» ï ¾8Æ�Õ6Õ6¼xÑ�¾8ÆêÈxÏ(Èxû<¾<½6Ï:ÕPÉZÆ�½PÉ�¼x×ÜÉ�º�Ñ�¾�Àvèüº�É�ÍÜÉ�Íx¾
û<¾<½6Ï+ÕPÉZÆ�½PÉ�¼x×	É�º�Ñ�¾�º�É^º�Õ#×�Ï(Õ6Õ�º�ëxÒ�¾�É�ÏÜ×x½6Ï*Ù(¾�É�ÍÆEÉ8Ë<Ï(Ñ�Ñ:¼xÈxº�Ë{ÆEÉ�º�Ï(ÈxÕ^Õ6ÍxÏ(¼xÒ�Ú	ëL¾êÚxÏ(Èx¾:º�È	É�Íx¾
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PSJQR�LtagjSjSy*TWJ`L�xQbOXqVWTWRURUPSJQ\GZGP_LON!R�Ltagb�LOdQx]VWXYR�LOR�N|agR�i�TWTWJ8R�LOdQhQPSTWh8agJQh]y.au��PSy%dQy¤x�XYRURUPSiQjST�\`agPSJ
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ø�ï�ðoð��lð
ú! `ù�ú õ��
L
îúì�÷�ö

ù�ýS÷�ì'ÿoð"�,ø�ú#�®ð(îö�ð���ýÊù�ï$�
ù�ÿoÿ�îúì��,ø&÷�ì�ù�úö
ò%�<ù�ÿoÿ¤îúì��,ø&÷�ì�ù�úöD÷�ù�üï�ù&�
ð
ö�ö�ù�ï�ökì'ú
F
õ ø�öm÷

∑

i∈F Si =
∑

i∈F ai ≤ L
ò('±ú�÷�ûð#ù�÷�ûð
ï<ûAø�ú���÷�ûð#üï�ù��
ð
ö�ö�ù�ï�ödì'ú�ö�ð$÷

F
ÿ�îöm÷)�
ù�ÿoüî�÷�ð±ø&÷

õ ð,ø�öm÷
V −αmV ≥ L

îúì�÷�öZù�ý��<ù�ï*�|ò�+Ëð
ú��
ð�,��<ðÎûAø-��ð ∑

i∈F ai =
∑

i∈F Bi ≥
∑

i∈F αi ≥ L
ò

þZù�í�ð$÷�ûð
ï.�<ðDûAø���ð ∑

i∈F ai = L
,Aø�ú��9÷�ûðDø�úö/�<ð
ïËì'ú103254�6879687;:�<cì'öSø õ ö�ùkü®ù�ö�ì�÷�ì���ð�ò

2

=">@? ACBED�F.G H�I5J�K)F�L8LMJNIPOQKSR8BUTVOVR8B�J�W LMF�X�Y�F�WZK)F[B�W L]\�L]R8F�^_L

` BURbadc�B�^eBUR8F�Gf^eF�^eJNIb\

ô ú�÷�ûì'ö±ö�ð��$÷�ì'ù�úg�<ðküï�ù�ü®ù�ö�ðkø>úð�� ÿoð$÷�ûù&�cù�ý(hAú��ì'úí(ö�ù õ î�÷�ì'ù�úöi�Sì�÷�û�í�îAø�ï�ø�úl÷�ð
ð���ù�ü�÷�ìkj
ÿ�ø õ ì�÷ � ýÊù�ïD÷�ûð>üï�ùl� õ ð
ÿ ù�ýSö*��ûð��î õ ì'úí�ì��"ì'ö�ì�� õ ð õ ùlø��ö5ì'úfúð$÷m�<ù�ï*�+ö¤ù�ýSüï�ù&�
ð
ö�ö�ù�ï�ö$�Sì�÷�û
õ ì'ÿkì�÷�ð��cÿoð
ÿoù�ï � ø&ú��%�
ù�ÿoÿ¤îúì��,ø&÷�ì�ù�ú�öm÷�ø�ïm÷�îüc÷�ì'ÿoð
ö
ò¤þÁûðoÿoð$÷�ûù&��ì'úl÷�ï�ù��î��
ð
ö`ÿ�ø&÷�ûðUj
ÿ�ø&÷�ì��,ø õ üï�ù�í�ï�ø�ÿoÿkì'úí�÷�ùk÷�ûðDï�ð,ø õ ÿ ù�ý��ì��"ì'ö�ì�� õ ð õ ùlø��(÷�ûð
ù�ï � ò)nfð5ø�úAø õ�� �
ðÅ÷m�<ùoúð$÷m�<ù�ï*�
÷ � ü®ð
ö ó öm÷�ø�ï`ø�ú��%�ì'úù�ÿoì'ø õ ÷�ï�ð$ð�òkþÁûðkì'ÿoü õ ì��,ø&÷�ì�ù�úö±ù�ý<ÿoð
ÿoù�ï ��õ ì�ÿoì�÷�ø&÷�ì�ù�úö±ýÊù�ï#÷�ûð¤ü®ð
ïmj
ýÊù�ï�ÿ�ø�ú��
ð`ø�ï�ðÅöm÷�î��ì'ð��vò



o�prqtsiu5v(wyx�z|{8}({Mu5vS~{C�g��u5py{��m�$���8v|~1vS~��.wr}|�8vV��v(� �l�

�����.�/� �)���	�

�������*�*�����V�@�������@���Q�l�*���l�� ��3�@�l�¢¡£���@�¥¤��l���¦�� ���¤����@���r�� �§¥¤��l��¨����@����©£�� �§Z�@�����r�*���¦��ª��E�-«
 ����l���i¤��l��¨����E���@���l ¥�� �§¤��l���$�� ���¤����@���l Z���r¨£���@�*��¡�ª���¬¢���$���*�*�����N�@�����r�@�����*��&���� �¤��$��®
�*�� �§��� ��Z�@����ª��¯��§g�@�Z�@���°¨��*��¤����*�*�l�*�Q���

P1, . . . , Pm

©5�� �§%���t±�²���§]¬�³t���N¨��*�l¡�ª����´¤��� �¡!�
®��l�*�$��ª9���@��§Z���r�¦ª��� ������¢¨��*�l�l�@���¶µ8·¹¸�¸�º1µ¹»;®��l��µ8·¹¸&�E���r¸��� ��lª��Nº¥�����l�/¼ZµM��½l��ª;¾U¿
À(ÁÃÂbÂMÄÅÀ
���� ����°��Æ��

Cmax�*��¡�Ç/��¤��r�@��¿

αiV Ai +
i

∑

j=1

(Sj + αjV Cj) ≤Cmax
®��l�

i = 0, . . . ,m
»ÉÈ�¬�Ê3¾

αiV ≤Bi
®��l�

i = 0, . . . ,m
»ÉÈ�¬ � ¾

m
∑

i=0

αi =1
»ÉÈ�¬ È¯¾

αi ≥0
®��l�

i = 0, . . . ,m
»ÉÈ�¬ Ë&¾

µM�������"�U²�¨�ª9���� C�@�����¡£�-½l�¥®��l�*�¦��ª9����¬|���1���*�¥�@������ �������Æ��Z�*¤E����§���ª��ª��� ����E�
Cmax¡¯¼g±� �§��� ���½���ª������N��®S½����*�9��¡�ª����

αi, Cmax
�*��¤E�%�@������¿V¡¯¼Ì��&�����@���l ���»�È�¬�Ê3¾t����¤U�%¨��*��¤����*�*�l�

¤��l��¨�ª����@���V ����Qª9���@���i�@���� ����
Cmax

©8¡¯¼g��&�����@���l ��"»ÉÈ�¬ � ¾i ��Z¨��*��¤����*�*�l�Q���N���*�*���l ���§%���l�*�
ª��¯��§��@���� $�@���.�*��Æ��¢��®£���@�5�������l�/¼l©¯��¤�¤��l�*§��� ��i�@�V��&�����@���l ¥»ÉÈ�¬ È¯¾5��ª�ª&�@���¢ª��¯��§�®��@��¤��@���l ��	��§�§
��¨��@�¦�@���t�@���E��ª]ª��¯��§]¬�ÍÎ ��@���V��&�����@���l �»ÉÈ�¬�Ê3¾S®��l�

i = 0 Ï �N����½¯� ∑0
j=1(Sj + αjV Cj) = 0

©
¡£��¤������*�Q ��°¤��l���$�� ���¤����@���l ����. �����§���§]¬

µ8·|¸�¸�º1µ%�����
m + 2

½����*�9��¡�ª����¢�� �§
3m + 4

¤��l ��/�E�@���� &�@��¬	Ð.���V�*�lª����@���l ���®5µ8·|¸�¸�º1µ
���S�V¨£�l�� ¯�S�� 

m+2
«Î§������� ��*���l ���ª��*¨���¤���¬SÑ)�l ��/�@�@���� ¯�@�t»ÉÈ�¬�Ê3¾U©�¬�¬�¬�©Ò»ÉÈ�¬ Ë&¾��*���/�@�*��¤��(�@���r���*���N��®

��§������*�*��¡�ª��(�*�lª����@���l ��b�@�V�i¤��l ¯½l�U²¦¨£�lª�¼�����§��*�l ]¬5ÍÓ�	���5Ô& �� Ï  $�@�����5�@���¢�l¨��@���$���Å�*�lª����@���l Q���
ª���¤����@��§��� °�l ��r��®Ò�@���r¨£�lª�¼�����§��*�l "¤��l�* ����*��¬(Õr �®��l�/�@�� ����@��ª�¼l©¯�@���rª��&¤����@���l °��®Ò�@���r�l¨��@���$���
§���¨£�� �§��.�l "�@���t¨��*�l¡�ª����Ö�� ��/�E�� �¤��V�� �§� ��$¤�ª��l�*��§�«Ó®��l�*�Ö�U²�¨��*���*�*���l Z��®

αi
�*�������.¨!�l�*�*��¡�ª���¬

Ð.���tª��� ������(¨��*�l�l�@�����(¤��� �¡£�i�*�lª�½l��§��� "¨£�lª�¼� ��l���9��ª��@������©&��¬ ��¬	�� 
O(m3.5L)

�@�����Q× Ë¯Ø�©�Ù�Ë�Ú
���*�� ��$�@���t�� ¯�@���*���l�)¨!�l�� &�¢�����@���&§���© Ï �����*� L

���)�@���tª��� ����@����®M�@���V�/�@�*�� ��$�� �¤���§��� ��°��ª�ª!�@���
¨����@�������@���*��»

Ai, Ci, Si, Bi, V
¾i��®)µ8·Û¸�¸�º1µ	¬8µM�� ������t¨��*�l�l�@�����t¤��� Ì¡£�°�*�lªÜ½¯��§Ì¡¯¼g�"�� ¯¼
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ò�ó�ô�õ�ö�÷Vø�ùlú"û�ö�üZû�ü�ø¥õ�ö�÷�ý�ü�þ*ý�ø¥÷�ù&ø�ý�þ�ÿ��iõ�õ]õ�ö�ü�ý�û��¢ò��*ù����@û�ú�ú°ö�ü�����ù��*ú$ó�õ9û
	@ö�ùlü�þ¢ö�ü�	��ö�þ��)ù����
�)ý��*ý�þ*ùlõ��¯ý�ø#ô������������ �
!�"#�¯ý���ÿ ð ÿ $&%('*)�+-,Sû1ò�ó�ô�õ�ö�÷�ø�ùlú"û�ö�ü�õ�ö�ü�ý�û��Qò��@ù����@û�ú�ú�ö�ü��÷�ù&ø�ý�ÿ
. ó��	ú�ý/	��ù�ø°ö�þ	ú�ù��*ý�	@ö�ú�ý10Î÷�ùlü�þ*ó�ú�ö�ü��tô�ó�	Sö�		ö�þSû�õ�þ*ùVú�ù��*ý2�*ùlô�ó�þ3	4	��û�ü5	6��ý27982:5��ý�ó��*ö�þ3	@ö�÷
ò��*ùlò£ùlþ*ý�ø¥ö�ü;% < ñ +�ÿ>=)ùlü�þ*ö�ø�ý��@?BA�û�ú�ò�õ�ý ñ �C�*ùlúD% < ñ +�ÿ
EGFIH�JLKBMCN ÿ m = 4 O ö�ÿ ý�ÿP�)ýQ��ûR�lý$ù��*öS�lö�ü�û
	@ù��rû�ü�øT)Zû�ø�ø�ö�	@ö�ù�ü�û�õ8ò��*ù�÷�ý�þ*þ*ù��*þ6UUÿWVX�*ù�÷�ý�þ*þ*ö�ü��
�@û
	@ý�þ"û��*ý�Y A0 = 1, A1 = 5, A2 = 4, A3 = 3, A4 = 2 ÿZ�[��û�ö�õ9û�ô�õ�ý�ú�ý�ú�ù��3�#þ*öS\�ý�þ"û��*ý�Y
B0 = 10, B1 = 20, B2 = 45, B3 = 15, B4 = 30 ÿ�=)ù�ú�ú¦ó�ü�ö�÷�û
	@ö�ùlü]�@û
	@ý�þ¢û��*ý C1 = 4, C2 =

3, C3 = 2, C4 = 1 ÿ2�iõ�õMþ3	Eû��3	@ó�ò^	@ö�ú�ý�þrû��*ý Si = 0 ,_��ù�� i = 1, . . . , 4 ÿ V ` 'R$�$�ÿ28��Zþ*ùlõ���ö�ü��
:�:�acb&b[V��)ýQù�ô�	Uû�ö�üdY

ò��*ù�÷�ý�þ*þ*ù�� Bi αiV
÷�ùlú�ú$ó�ü�ö�÷�û
	@ö�ùlü�÷�ùlú�ò�õ�ý1	Eö�ùlü ÷�ùlú�ò�ó�	Eû
	@ö�ùlü�÷�ùlú�ò�õ�ý/	@ö�ùlü

P0
'R$ 'R$ $ 'R$

P1

ð $ '�< e�$ ' ñ <
P2

) < ñ $ 'R<�$ ð�f $
P3

'�< '�< '*g�$ ðlð <
P4

ñ $ ñ $ ð 'R$ ð�f $
h ��ö�þSþ*÷6��ý�ø�ó�õ�ýG��û�þ Cmax = 270 ,�û�ü�ø"ö�þ(þ���ù��3	@ý��4	��û�üi	��ýrùlü�ýj��ùló�ü�ø"ô��]7982:�û�õS�lù��*ö(	��ú ö�ü
% < ñ +Mô��k<$ó�ü�ö�	@þ.ù��[	@ö�ú�ý�ÿ h ��ö�þ.ö�þ¢þ*ù°ô£ý�÷�û�ó�þ*ýl	��ýVùlò�	@ö�ú"û�õ�ö(	m��ù��nb[Vo:�:�acb;��ù��@ú$ó�õ9û
	@ö�ù�ü�ö�þ
�ló�û��@û�ü�	@ý�ý�ød,p�j��ý��*ý�û�þ27982:�ö�þ¢ûW�Éû�þ3	���ý�ó��*ö�þ3	@ö�÷�ÿ h ��ýtõ�ý�ü���	��ù��d	6��ýiþ*÷6��ý�ø�ó�õ�ýVö�þ)ø�ý/	@ý��*ú�ö�ü�ý�ø
ô��&	��ýZ÷�ùlú�ò�õ�ý/	@ö�ùlü�ù��i÷�ùlú�ò�ó�	Eû
	@ö�ùlü�þ$ùlü ò��*ù&÷�ý�þ*þ*ù��*þ P2

û�ü�ø P4
ÿ P1, P2

ú�ý�ú�ù��*ö�ý�þ¦û��*ý
ü�ù�	Q��ó�õ�õ��Ìó�	@ö�õ�ö�\�ý�ø]ÿ#qrù�	@ýr	��û
	$ö�üL	��ý�ö�ü 	@ý��3��û�õP%('R$�, ð 'R$
+ P0

ö�þ�ü�ù�	¦÷�ùlú�ò�ó�	@ö�ü��1ô�ó�	¦ùlü�õ��
÷�ùlú�ú$ó�ü�ö�÷�û
	@ö�ü���ÿ

2

sPN t�uwv_t
JLH�xzy�N{JLvI|[NpM~}~x[�
qrùR�l,
�)ý���ö�õ�õlø�ö�þ*÷�ó�þ*þz	��ýSö�ü���ó�ý�ü�÷�ýSù���ú�ý�ú°ù��3�Vþ*öS\�ýSùlüW	��ýSò!ý��3��ù��*ú"û�ü�÷�ýSù���þ3	Eû��bü�ý/	m�)ù����&þ�ÿ

� ý�ú�ù&ø�ý�õ�ý�øCûþ3��þ3	@ý�ú ù���ö�ü�ö�	@ö9û�	@ù���û�ü�ø��ö�ø�ý�ü�	@ö�÷�û�õ)ò��*ù&÷�ý�þ*þ*ù��*þ5��ö�	� Ai = A ` 'R?B0
e�,�÷�ùlü�ü�ý�÷/	@ý�ø#ô���ö�ø�ý�ü�	@ö�÷�û�õ(÷�ùlú�ú$ó�ü�ö�÷�û
	@ö�ùlü%õ�ö�ü��&þl��ö�	��þ�	Eû��3	@ó�ò Si = S = 0.001 , Ci =

C ` 'R?B09e�ÿ h ��ýÌþ*öS\�ý�þ�ù��$û*��û�ö�õ9û�ô�õ�ý1ú�ý�ú�ù��3���)ý��*ýÌý��&ó�û�õ B ùlü�û�õ�õrò��*ù�÷�ý�þ*þ*ù��*þ1û�ü�ø�	��ý
ù��*öS�lö�ü�û
	*ù���ÿB����ý�û�þ*ö�ô�õ�ýiþ*ùlõ�ó�	Eö�ùlü�ù��zb[VCú"û*��ü�ù�	.ý1A�ö�þ3	��j��ý�ü�	��ýtþ*ó�ú ù��bô�ó��Òý/�.÷�û�ò�û�÷�ö�	@ö�ý�þ
ö�þ¢þ*ú"û�õ�õ�ý��4	��û�ü V ÿ � ��ý�ü¥û���ý�û�þ*ö�ô�õ�ýiþ*ùlõ�ó�	@ö�ùlü"ý1A�ö�þ3	@ý�ø��)ý��*ý�÷�ù��*ø�ý�ø�	��ýtô£ý�þ3	�þ*ùlõ�ó�	@ö�ùlüi��ù��
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�� �¡Q��¢X£¤�¡5  ¥�¦Q§¨¡�©P��¢4ª�©��p«�¡�¬�¬���©�¬P¢C©���¦£¤�¡Q©®� �¯�¡ 1, . . . , 10 °C±  �«�²S¥�³ ±  �¯i£¤�¡Q��© ± ¯ ±  �®
£��©6´1µ¶ ¤�¡>©�¡�¬�¥�²�£¬z��¢�¦i� ³�¡�² ±  �¯@®�©�¡�«���²S²S¡�«/£¡�³ ±  �· ± ¯�µR¸�µ � µn¹P W£¤�¡>¤���© ±Sº �� �£6®�² ®�» ± ¬[¼>¡>¤�®*½�¡>¬ ±Sº ¡���¢
£¤�¡�ª�©���§�²S¡�¦ V ¾ �� ¿£¤�¡P½�¡�©3£ ± «*®�²d®�» ± ¬>¼�¡�¤�®*½�¡�¬�«1¤�¡/³�¥�²S¡l²S¡� �¯�£¤ Cmax

µ4ÀX²S��£¬>¢C��©�¦i¡�¦i��©3Á
¬ ±Sº ¡�¬Q¢C©���¦ B = 10 £� B = ÂRÃ4Ä ®�©�¡�ª�©�¡�¬�¡� �£¡�³dµÅ· ± ¯�µz¸�µ � ° ®�´Wª�©�¡�¬�¡� �£¬]¬�«1¤�¡�³�¥�²S¡�²S¡� �¯�£¤
¢C��©j§�¥�ÆÇ¡�©�¬G¬ ±Sº ¡�¬G¡1»�ª�©�¡�¬�¬�¡*³ ±  k£¤�¡�®�§�¬���²S¥�£¡l£¡�©�¦i¬ ° ¡�¯�µ ±  ^§�Á £¡�¬6´1µjÈG¬ ± £@«*®� c§¨¡l½�¡�© ±�É ¡�³
¼ ± £¤ B = 10 ¼>¡W«*®� ^¬���²�½�¡lª�©���§�²S¡�¦i¬2¼ ± £¤^¬ ±Sº ¡l¥�ª^£� V = 100 �� k£¡� cª�©�� «�¡�¬�¬���©�¬�µ ¶ ¼>�
¦i��©�¡�©�¡/¢C¡�©�¡� �«�¡5² ±  �¡�¬@³�¡� ���£¡�³ZÊ/¬®
£�Ê�®� �³�Ê ±  �¢�Ê�®
©¡�³�¡�ª ± «/£¡�³ ±  T· ± ¯�µ¨¸�µ � ° ®�´1µPË ±  �¡�Ê/¬®
£�Ê
©�¡�ª�©�¡�¬�¡� �£¬i®c¬3Áp¬3£¡�¦Ì¼ ± £¤L£��£6®�²�¦i¡�¦i��©3Á#¬ ±Sº ¡�¬5¡6»�®�«/£²�ÁL¡�Í ¥�®�²>£� V µ ¶ ¤ ± ¬Q¦i¡*®� �¬W£¤�®
£
B = V

m+1
®� �³T¦i¡�¦i��©3Ác§�¥�ÆÇ¡�©�¬l®�©�¡iÎ*Ï�Ð~ÑpÒÏ�ÐmÓÔ�µQÕp«6¤�¡�³�¥�²S¡5²S¡� �¯�£¤ ±  #®¿¬®
£¥�©®
£¡�³#¬3Áp¬3£¡�¦

± ¬ Csat
max =

∑m
j=1(S + V

m+1
C) + V

m+1
A µ�Ë ±  �¡�Ê ±  �¢�Êl©�¡�ª�©�¡�¬�¡� �£¬l¬�«6¤�¡�³�¥�²S¡5²S¡� �¯�£¤ C inf

max ±  
®T¬3Áp¬3£¡�¦Ö¼ ± £¤×ÑpØ�ÙÛÚÝÜ]ÚÝÐmÓÔ#ÜrÓ/ÜrÞ
Ò1ß
µLàm �£¤ ± ¬Q«*®�¬�¡k¦i¡�¦i��©3ÁL¬ ±�º ¡ ± ¬Q§ ± ¯T¡� ���¥�¯�¤�£�#¤���²S³
®� �Á¿²S��®�³�¬2®� �³�¼�¡�«*®� k«*®�²S«�¥�²á®
£¡G£¤�¡�³ ± ¬3£© ± §�¥�£ ± �� ¿��¢[£¤�¡�²S��®�³k®�«�«���©�³ ±  �¯Q£�Q£¤�¡l«�²S®�¬�¬ ± «*®�²
³ ± ½ ± ¬ ± §�²S¡Q²S��®�³T£¤�¡���©3Á#¦i¡/£¤��p³�¬iâ ÂRÄ�¾ ¸�ã�ä-µ ¶ ¤�¡rª�²S��£¬���¢�ª�©��p«�¡�¬�¬ ±  �¯^£ ± ¦i¡�¬P¢C��©lª�®�©3£ ± «�¥�²á®�©
¦i¡�¦i��©3Á¿¬ ±Sº ¡�¬@®�©�¡l²S�p«*®
£¡�³k§¨¡/£m¼>¡�¡� {² ±  �¡�¬WÊ ±  �¢�ÊP®� �³&Ê/¬®
£�Ê
µ4ÈG¬ ± £j«*®� ^§¨¡l¬�¡�¡� c² ±  �¡]Ê/¬®
£�Ê
®�ª�ª�©���®�«6¤�¡�¬�² ±  �¡^Ê ±  �¢�Ê]®
£ V ≈ ÂRÃ � µ�·���©l§ ± ¯�¯�¡�©�½���²S¥�¦i¡�¬�£¤�¡]£9¼>�c² ±  �¡�¬�¢C��©�¦å®^æ ±  �³;��¢
Ð~ÑpØ�ØÇÓ/Ù ±  c¼j¤ ± «6¤T¬�«6¤�¡�³�¥�²S¡5²S¡� �¯�£¤c¢C��©@£6¤�¡Qª�®�©3£ ± «�¥�²á®�©@¦i¡�¦i��©3Ák¬ ±Sº ¡Q¦5¥�¬3£ É £*µ ¶ ¤�¡Q¼ ± ³�£¤
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± £¬�¥�ª�ª¨¡�©5² ±  �¡i©�¡�ª�©�¡�¬�¡�  £¬Q£¤�¡�¬3Áp¬3£¡�¦Ì¼j¤ ± «6¤Å¤�®�¬@è3¥�¬3£]®�¬Q¦5¥�«6¤Å¦i¡�¦i��©3ÁL®�¬Q �¡�¡�³�¡�³Å£�
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£�¢C��©P¬�¦r®�²S²zª�©���§�²S¡�¦i¬ ° ¼j¤�¡� 
V ± ¬�²S¡�¬�¬2£¤�®�  ÂRÃ � ´ ¾ ¦i¡�¦i��©3Ár² ± ¦ ± £6®�£ ± �� �¬2®�©�¡P½�¡�©3Á ± ¦iª¨��©3£6®
  £ ¾ §¨¡�«*®�¥�¬�¡W²S��®�³ ± ¦Q§�®�²S®� �«�¡
¦r®*Á¿§¨¡ ±  �«�¥�©�©�¡�³^§�Á ±  �¬�¥�ïi« ± ¡� �£@¦i¡�¦i��©3Á¿¬ ±Sº ¡�¬�µ

àm ×��©�³�¡�©r£�Å³�¡�¦i�� �¬3£©®
£¡c£¤�¡ ±  �ç�¥�¡� �«�¡T��¢l¦i¡�¦i��©3Á�¬ ±Sº ¡T«��� �¬3£©® ±  �£¬¿��  Cmax
¼>¡

«���²S²S¡�«/£¡�³ ±  {· ± ¯�µ¨¸�µ ¸]½�®�²S¥�¡�¬@¢C��©j£¤�¡�Ê ±  �¢�ÊW®� �³�Ê/¬®
£�Êl«*®�¬�¡�¬G¢C��©j½�®�© ± ��¥�¬Gª�©�� «�¡�¬�¬ ±  �¯�©®
£¡�¬
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å
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kx

)x = limx→∞(1 + 1
k(x+1)

)x = e
1
k
�k\ml�s�d�\�¤

lim
V →∞,m→∞

C inf
max

Csat
max

=
1
k
e

1
k

( 1
k

+ 1)(e
1
k − 1)

=
e

1
k

(k + 1)(e
1
k − 1)

¡(�hz Á�£
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Þ�â�ÞaÛ,à�ÚyÞaÛ,ívØ�ÜSâ�ä]ØmÜ]Ýà�ä`Þ%Û,Úwä]Ø�ë�â�ÞaÛ,à�ÚyÞaà�ß�à�ívíQìÚÛ,ßxâ�ÞaÛeà�ÚyÞaÛ,ívØ�Ü�ÞaÝØ�Ú�ÛeÞSÛ,ÜSâ�öhå�â�Ú/Þ�â�é�Ø�à�ìÜVÞaà
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CmaxÜ]ìã�D`Ø�ß�Þ%Þaàø

αiV A +
i

∑

j=1

(S + CαjV + CpV
h

∑

k=j+1

(p + 1)k−j−1αk) ≤Cmax i = 0, . . . , h
#%�hô ÿ�E '

α0 + p
h

∑

i=1

(1 + p)i−1αi =1
#%�hô ÿ�ÿ '

B ≥ αiV ≥0 i = 0, . . . , h
#%�hô ÿ Õ '

��Ú îGðF ;î&!
αi
ú;çjà�ä

(i = 0, . . . , h)
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ô���Ú�Û,ÚØHG�ì�â�ë,ÛeÞaÛeØ�Ü�#%�hô ÿ�E '�ÞaØ�ä]í ∑i

j=1(S + CαjV +

CpV
∑h

k=j+1(p + 1)k−j−1αk)
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i hdi"jlknm)knoqp=kCrsput7mHvxw 1, . . . , i vxmHyHmHz|{gm}r~j7p=�Y��jlkCjg��r|t:�<jgv"kno�mH��wxmHr|{gmHwC����k�plr~wxj�kno�m�r~j7pl�,knj
�8m$vxmH��z~w�knvxz~����knmH�Aknj�rsputgmHvxw i + 1, . . . , h hd��jg��w�knvnplz~�.knw}� e h|� f7� mH��wx��vxm$k�oqp0kdplr~r&rsp�tgmHvxw�w�knjg�
yHjg������knz~���,�8m3�<jgvxm�kno�m5mH���bjl��kno�m5wxy�o�mH����r~m Cmax h,��tmH�.�qp=knz~jg��� e h|�g� � plr~r(kno�m�r~j7pl�z~w
��vxj�yHmHwxwxmH���.pl���$�7t�� e h|�0� � plwxwxz~�g����mH�7knw�jl��kno�m�r~j7pl�)yupl�$�8m�ply3yHjg����j��qp=knmH�)z~��kno�m���mH��jgv�t
������mHvxw�jl�8kno�m���vxj�yHmHwxwxjgvxwHh��&��i��� ¡z~wK�<jgvx�}��rsp0knmH�}¢�z£k�o}kno�m"plwxwx������knz~jg�}knoqp=k�plr~r h rsp�tgmHvxw
plvxm)¢�jgvx¤.z~����hC¥"j0¢�m3{gmHvH��z|k��5put,oqpl���8mH�Yknoqp=k��<m3¢�mHvCrsput7m3vnw"¢�z~r~r&��vxj�yHmHwxw�plr~r�kno�m�r~j7pl��h�¦§�
wx��y�obp¨yuplwxm�wxjg��m�rsputgmHvxw)plvxm���jlk$plwxwxz~�g��mH�©pl�7t]r~j7pl���&����k)w�knz~r~rPyHjg��������z~yup=knz~jg�]w�k�plv�kn���
knz~��m
pl���8muplvxw�z|��z~��mH�.�qplr~z|knz~mHw�� e h|� f7� hPª
o�z~w�yuplwxm"z~w(muplw�t}knj)vxmHyHjg�g��z~«3ml¬Kwxjg��m
rsp�tgmHvxw�vxmHyHmHz|{gmf r~j7pl����pl���,��mHyHvxmuplwxz~��� h vxmH����yHmHw Cmax h�¥"mH��yHml�r~mHwxw�rsput7m3vnw
wxo�jg��r~�¨�8m���wxmH��h���t:��z~�qplv�t
wxmuplvxy�o�j0{gmHv�kno�m�pl����z~wxwxz~��r~m
�.���}�mHvxw�jl��rsputgmHvxw�kno�mCpl����vxjg��vxzsp=knm
{=plr~��m"jl� h yupl�5�8m"�<jg������h

i"j0¢���¢�m5¢�z~r~r(w�kn����t�8mHv��<jgvx�5pl��yHm�jl��i��& ®plr~�gjgvxz|kno��¯z~�bp,��z~��jg��zsplrPknvxmHm5jl�
��mH�gvxmHm
P = 4 �&pl���]¢�z|kno h = 7 rsp�tgmHvxw�� m = 78125 ��vxj�yHmHwxwxjgvxw � h}ª
o�z~wCknvxmHm}yupl�¡�8m}mH���8mH����mH�
z~�7knj�p���°§��z~��mH��wxz~jg�qplrqknjgvxjgz~�qplr8��mHwxo,plw
��mHwxyHvxz~�mH�,z~�¡± �g²�³��<wxmHm) �z~���.hµ´��<� �n� hP¶©md��j���mHr~mH�
p�w�t�w�knmH�¯¢�z|kno A = C = ��·P°�¸�� S = ��·P° e ��pl���]��mH��jgv�tAwxz~«HmHwC�<vxjg� B = 10 knj B ¹���·�º�h
ª
o�m)wxy�o�mH����r~m)r~mH���lkno�w Cmax {�wHh�wxz~«Hm�jl��kno�m)��vxjg��r~mH�»z~w
��mH��z~y3knmH�Az|�, Pz~��h e h ¼�h���z~��m�½3z~���x½
vxmH��vxmHwxmH�7knw�p"w�t�w�knmH�¾¢�z|kno$����r~z~��z£knmH�)��mH��jgv�tgh���z~��mC½3wnp=k0½�vxmH��vxmHwxmH�7knw�p"w�t�w�knmH�¿¢�z|kno$knjlk�plr
��mH��jgv�t,wxz~«Hm�mH�.�qplr V hdª
o���wH��z~�Ywnp=kn��vnp=knmH�]yuplwxm}muply�o]��vxj�yHmHwxwxjgvdoqplwC��mH��jgv�t,������mHvCjl�
wxz~«Hm B = V

(p+1)h h©À�y�o�mH����r~m:r~mH���lkno�w$�<jgv:½3wnp=k0½�pl���Á½3z~���x½�yuplwxmHw�plvxm5{gmHv�tbyHr~jgwxm5knj]muply�o
jlkno�mHvdz~�]kno�m�yuplwxm�jl����z~��{gjgr~����mHw V h}Â�wdz|kd¢�plw�z~�Ykno�m�yuplwxm�jl��w�k�plvdknjg�jgr~jg�ltg��k�o�m}k�¢�j
r~z~��mHw(�<jgvx�Ãpdkn������mHr8z~��¢�o�z~y�o5��r~jlknw��<jgv��qplv�knz~yH��rsplv(��mH��jgv�t}wxz~«HmHw�plvxm�r~j�yup=knmH��hK¦§�� Pz~��h e hµ´
jg��r|t¡½3wnp=k0½dpl���b½3z~���x½�yuplwxmHw�plvxm���mH��z~y3knmH�¨�<jgv�{lplvxz~jg��w
��vxj�yHmHwxwxz~����vnp=knmHw A h�ª
o�m��8mHoqpu{�z~jgv
z~w
wxz~��z|rsp=v�knj}kno�mdw�k�plv�k�jl�8jgr~jg�lt8¬( qjgv���z~�}r~j7pl��{gjgr~����mHw V kno�mCk§¢�j�r~z~��mHw
plvxmd�qplvnplr~r~mHr%hPÂ�w
A z~��yHvxmuplwxmHw$�<mlh ��h��8mHyupl��wxm�kno�m$pl����r~z~yup0k�z|jg�:z~w
yHjg������k�p=knz~jg�qplr|r£t5z~�.knmH��wxz|{gm � kno�m5½3z~���x½�r~z~��m
��j�{7mHw����:���7knz~r8z|k�j�{7mHvxrspl��w�¢�z|kno�r~z~��m�½3wnp=k0½=h(i"j0¢�¢�mdplvxm��gjgz~���)knj�yuplr~yH��rsp=knm�kno�mCvxmHrsp=knz|{gm
¢�z~��kno¨jl��kno�mdkn������mHr��<jgv
��z~� V pl��� A

C
h

Ä�Å�ÆbÆ©Ç©È�É£Ê&É�Ë&Ì8Í.Î3ÏCÐ"Ñ&ÒVÓ3Ô%ÏxÕlÔ§Î×ÖlØ�ÙÚÌ¡ÛHÙÚÌ�Ü=Ý}Ù%ÕlÞ�Ô%ÏnÎ�Î
limV →∞,ρ→0

Cinf
max

Csat
max

= 1 ß
à)á0â�â8ãxÉ ¶©m}¢�z~r~rP�gz|{gm�p��<jgvx����rsp��<jgvCkno�m�vnp=knz~j:jl��wxy�o�mH����r~m�r~mH���lkno Csat

max z~�Ykno�m�wnp=k�°
��vnp=knmH�¡yuplwxm�pl��� C inf

max z~�Ykno�m}����r~z~��z£knmH�]��mH��jgv�tAyuplwxmlh}¦§�]kno�m}wnp=kn��vnp=knmH�¡yuplwxm�plr~rP��vxj=°
yHmHwxwxjgvxw}plvxm�plwxwxz~�g��mH�kno�m5wnpl��m5r~j7pl�mH�.�qplr�knjAkno�m�������mHvxw�wxz~«Hm B = αiV = V

(p+1)h �P�<jlv
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i = 0, . . . , h Z Csat
max

[�\^]�_'` _
acb5[�d�_
]KeYf.` g�_)]�h�a i!` [�j+dTj�k�i�l�l�m
j+b5b*h�d�[�mni!` [�j�d�\^o�l�h�\po�acj!q
m
_
\c\c[�d�rIj+d.l�infY_
a

h Z)s g�h�\
t
Csat

max = hS + CV
m

∑h
j=1(1 + p

∑h
k=j+1(p + 1)k−j−1) + AV

m

t
u g�_
ac_

m = (p + 1)h [�\�` j�`�i�l8dvh�bpe�_
a�j�k2o�acjvm
_
\c\cj+ac\ Z5s g�[�\;k1j+acb*h�l�i0mni�dwex_pa _']�h�m
_
]w` j
Csat

max = hS + V A
m

+ V C((p+1)h−1)
mp

Z0s g�_5k1j+acb*h�l�iy_&z{o�ac_
\c\c[�d�r
C inf

max

g,i�\�ex_
_
dT]�_'a [4|Y_
].[�d
} ~v�����

C inf
max = A(V + σ

p+ρ
)p(p+ρ+1)−h+ρ

p+ρ
+ σ(hp−1)

p+ρ
Z%� _
d�m
_�t

C inf
max

Csat
max

=
A(V + σ

p+ρ
)p(p+ρ+1)−h+ρ

p+ρ
+ σ(hp−1)

p+ρ

hS + V A
m

+ V C((p+1)h−1)
mp

� W Z�� WY�

� [�d�m
_
m = (p1)h [�`-mni�d�ex_(|Y_'a [4�,_
]3` g,i!`

limV →∞,ρ→0
Cinf

max

Csat
max

= limρ→0

p(p+ρ+1)−h+ρ

p+ρ

1
m

+
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mp
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p
1

(p+1)h

= 1 Z 2
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a
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] Z)¦ _ u [�l�l§r+[�|+_
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` ac_
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d©t u _�m
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i Z �>[�ac\�`ntF` g�_5j�a [�r+[�d,i!` j+a;\c_
d�]�\^j�|+_
a�_ni�m�gTj�k«[�` \

p
m
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Ç�È8É�ÇYÊ�ËRÊ�ÌcÍ�ÎcÍ
ÏYÐ�È1ÌcÇ+ÑÒÊ�Ó'Ð Ô�Õ+Í�É�ÊnÖ+Í
ÌcÎ-Ð Ç5Ð ×�Í�Ï�Í&Ø�Ð(Ê�Ó'Ð Ô�Õ!Ê!Ð Í
ËRÉ�ÊnÖYÍ
Ì
Ù«Ú�Ç�Ð�Ê�ÉFÓ'Ç+Ñ5ÑpÛ�Ï�Ô�ÓnÊ!Ð Ô�Ç+Ï
Ð Ô�Ñ5Í0Ô�Î*Í
ÜvÛ,Ê�É2Ð Ç Si + CαiV (1 + p

∑i−2
j=0(p + 1)i−j−2) = Si + CαiV (p + 1)i−1 ÙwÚU×�Í

Ý ÌcÇ+Þ�É�Í
ÑßÓnÊ�Ï3ÞxÍ�ÎcÇ+É�Õ+Í
Ë3ÞYÖ�Ê�É�Ô�Ï�ÍnÊ�Ì Ý ÌcÇ+à+Ì Ê�Ñ3á
â%ãäâ�â�å;æ
Ñ5Ô�Ï�Ô�Ñ�Ô�ç
Í CmaxÎcÛ�Þ�è�Í
Ó'Ð�Ð Ç�á

αiV A +
h

∑

j=i

(Sj + C(p + 1)j−1αjV ) ≤Cmax i = 0, . . . , h é Æ Ù�ênëvì

α0 + p
h

∑

i=1

(1 + p)i−1αi =1 é Æ Ù�ê�í+ì

B ≥ αiV ≥0 i = 0, . . . , h é Æ Ù�ê£îYì
ï Ï®ðGñ¥ðFðFòóÔ�Ï�Í
ÜvÛ,Ê�É�Ô�Ð Ô�Í
Î é Æ Ù�ênëvìUà+Û,Ê�Ì Ê�ÏYÐ Í
Í�Ð ×,Ê!Ð(Ê�É�É Ý ÌcÇvÓ
Í
ÎcÎcÇ+ÌcÎ;ô,Ï�Ô�Îc×IÓ
Ç+Ñ Ý Û{Ð Ô�Ï�à5ÞxÍ&õ

È1Ç+ÌcÍ0Ð ×�ÍyÍ
Ï�ËKÇ�È-Ð ×�ÍyÎcÓ&×�Í
Ë�Û�É�Í�Ù.ö�ÖTÍ
ÜvÛ,Ê!Ð Ô�Ç+Ï é Æ Ù�ê�í+ì^Ê�É�É%Ð ×�ÍyÉ�ÇYÊ�ËTÔ�Î Ý ÌcÇ�Ó'Í
ÎcÎ Í'ËG÷2Ê�Ï�Ë�ÞYÖ
Ó
Ç+Ï�Î�Ð Ì Ê�Ô�ÏYÐ Î é Æ Ù�ê£îYì-Ê�É�É Ý ÌcÇvÓ
Í
ÎcÎcÇ+ÌcÎ�Ê�ÌcÍ*Ê�Þ�É�Í�Ð ÇyÊ�Ó
Ó
Ç+Ñ5Ñ5Ç�Ë,Ê!Ð Í(Ð ×�Í*Ê�ÎcÎcÔ�à+Ï�Í
ËIÉ�ÇYÊ�Ë©Ù ï Ð;Ñ0ÊnÖ
×,Ê Ý�Ý Í
ÏIÐ ×,Ê!Ð�Ð ×�ÍpÊ�ÎcÎcÛ�Ñ5Í
ËMÏvÛ�Ñ*ÞxÍ
Ì�Ç�È%É�ÊnÖYÍ'Ì Î h Ô�Î�Ð Ç�Ç0Þ�Ô�à)Ê�Ï�ËMÊ0ÌcÍ
Ë�Û�Ó'Ð Ô�Ç+ÏIÇ�È h ÌcÍ
ÎcÛ�É�Ð Î
Ô�ÏKÎc×�Ç+Ì�Ð Í
Ì5ÎcÓ�×�Í
Ë�Û�É�Í�ÙKø�Í'Ðn÷�Ð ×�Í Ý ÌcÇ+Þ�É�Í
ÑùÞxÍ
Ó'Ç+Ñ5Í
Î5Ñ5Ç+ÌcÍ)Ô�ÏvÕ+Ç+É�Õ+Í
ËóÞxÍ
ÓnÊ�Û�ÎcÍ�ú2Í3ÎcÍ
Ï�ËóÐ Ç
Ð ×�Í)É�Ê�Ìcà+Í
Ì^É�ÊnÖ+Í
Ì^ô,ÌcÎ�ÐnÙ.ûüÎcÇ+É�Û{Ð Ô�Ç+ÏTÇ�È�ðFñAðFðFòýÑ0Ê£ÖTÊ�Ó'Ð Ô�Õ!Ê!Ð ÍyÉ�ÊnÖYÍ
ÌcÎ*Ï�Ç+Ï�õþÓ
Ç+ÏYÐ Ô�Ï�Û�Ç+Û�ÎcÉ�Ö+Ù
ÿ Ç+Ñ5Í5É�ÊnÖ+Í
ÌcÎ^Ñ0ÊnÖ®ÌcÍ
Ó
Í
Ô�Õ+ÍyÉ�ÇYÊ�ËwÈ1Ç+Ì Ý ÌcÇ�Ó
Í
ÎcÎcÔ�Ï�à�÷>ú-×�Ô�É�ÍpÐ ×�Í0ÌcÍ
Ñ0Ê�Ô�Ï�Ô�Ï�à�É�ÊnÖYÍ
ÌcÎ�ú2Ç+Û�É�Ë.Î�Ð Ô�É�É
Ó
Ç+ÏYÐ ÌcÔ�Þ�Û{Ð Í�Î�Ð�Ê�Ì�Ð Û Ý Ð Ô�Ñ5Í S Ô�ÏKÔ�Ï�Í
ÜvÛ,Ê�É�Ô�Ð Ô�Í
Î é Æ Ù�ênëvì&÷§Ð ×�Ç+Û�à+×KÐ ×�Í'Ö�ÌcÍ
Ó
Í
Ô�Õ+Í3Ï�Ç�Ð ×�Ô�Ï�à�Ù��wÍ
Ç+Þ�ÎcÍ
Ì�Õ+Í
Ë�Ð ×,Ê!Ð^Ô�ÏwÐ ×�Í0ÎcÇ+É�Û{Ð Ô�Ç+Ï�Î�Ç�È-ðFñ ðFðFò¥É�ÊnÖYÍ
ÌcÎ�ú-Ô�Ð ×T×�Ô�à+×�Í
Ì�Ô�Ï�Ë�Í&Ø é Ô Ù Í�Ù�úUÔ�Ð ×TÑ5Ç+ÌcÍ
Ý ÌcÇ�Ó
Í
ÎcÎcÇ+ÌcÎ�ì2Ê�ÌcÍ�Ê�ÎcÎcÔ�à+Ï�Í
ËyÎcÇ+Ñ5Í�É�ÇYÊ�Ë�ô,ÌcÎ�Ð«Ô�Ï0Ó
Ç+Ï�ÎcÍ
Ó
Û{Ð Ô�Õ+Í(Ñ5Ê�Ï�Ï�Í
Ì é ú-Ô�Ð ×�Ç+Û{Ð2àYÊ Ý Î�ì&Ù8ÚU×�Û�Î
÷
È1Ç+Ì-Ð ×�Í�à+Ô�Õ+Í
Ï h Ô�Ð�Ô�Î Ý Ç+ÎcÎ Ô�Þ�É�Í�Ð Ç0Ó�×�Í
Ó��RðFñ ðFðFòóÇ+Ï�É�Öyú-Ô�Ð ×3Ð ×�Í^É�Ê�Î�Ð�É�ÊnÖYÍ
ÌcÎ h, . . . , h − j Ù
ÚU×�Í�ÞxÍ
Î�Ð«ÏvÛ�Ñ*ÞxÍ
Ì�Ç�ÈGÛ{Ð Ô�É�Ô�ç
Í
Ë5É�ÊnÖYÍ
ÌcÎ�ÓnÊ�Ï0ÞxÍ-È1Ç+Û�Ï�Ë0ÞvÖ�Þ�Ô�Ï,Ê�Ì�Ö�ÎcÍnÊ�ÌcÓ�×yÇ�Õ+Í
Ì�Ð ×�Í�Ì Ê�Ï�à+Í�Ç�È h Ù
ï Ï0Ð ×�Í�ú«Ç+ÌcÎ�Ð«ÓnÊ�ÎcÍ�Ð ×�Ô�Î Ý ÌcÇ�Ó
Í
Ë�Û�ÌcÍ;Ñ*Û�Î�Ð«ÞxÍ�ÌcÍ Ý ÍnÊ!Ð Í
ËyÈ1Ç+Ì%Õ!Ê�ÌcÔ�Ç+Û�Î�Õ�Ê�É�Û�Í
Î2Ç�È h Ù���Í
Ï�Ó
Í�÷�Ð ×�Í
Ð Ç�Ð�Ê�É�ÏvÛ�ÑpÞ�Í
Ì;Ç�È%ÓnÊ�É�É�Î-Ð Ç�ðFñ�ðFðFò Ï�Í
Í
Ë�Í
Ë®Ð Ç0ô,Ï�ËMÇ Ý Ð Ô�Ñ*Û�ÑäË�Ô�Î�Ð ÌcÔ�Þ�Û{Ð Ô�Ç+ÏRÇ�È§Ð ×�Í*É�ÇYÊ�ËRÔ�Î
O(h log h) ÷�ú-×�Í
ÌcÍ h = logp+1 m ÷¢Ê�Ï�Ë m Ô�Î-Ð ×�Í^ÏvÛ�Ñ*ÞxÍ
Ì�Ç�È%ÊnÕ�Ê�Ô�É�Ê�Þ�É�Í Ý ÌcÇ�Ó
Í
ÎcÎcÇ+ÌcÎ
Ù ï Ï3Ð ×�Í
È1Ç+É�É�Ç£ú-Ô�Ï�à5ú2Í Ý ÌcÇ�Õ+Í^Ð ×,Ê!Ð�Ð ×�Ô�Î�ÎcÐ Ì Ê!Ð Í
à�ÖRÉ�ÍnÊ�Ë�Î�Ð ÇyÇ Ý Ð Ô�Ñ0Ê�ÉFÎcÇ+É�Û{Ð Ô�Ç+Ï�Î�ÞxÍ
ÓnÊ�Û�ÎcÍpÔ�Ð�Ô�Î;Ê�É�úUÊnÖ�Î
Ý ÌcÇ�ô�Ð�Ê�Þ�É�Í;Ð Ç5Ê�Ó'Ð Ô�Õ�Ê!Ð Í(É�ÊnÖ+Í
Ì i + 1 é ú-Ô�Ð ×�Ñ5Ç+ÌcÍ Ý ÌcÇ�Ó
Í
ÎcÎcÇ+ÌcÎ�ìUÞ�Í'È1Ç+ÌcÍ�É�Ê£Ö+Í
Ì i Ù
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max

? <>@BAC=D<FEHGJIK< ?0L�M < M <>@�N0=OI&P"ACQFEHACRS<UT0A MVL RS<
V W EJE>XYN0@B< ? =DA M W0Z <>Q

i [ L =+@BAC=\=DA M W0Z <>Q i + 1 ](W @ ? C i+1
max ]\^ IK<>@ V

X:E W EJE>XYN0@B< ? =DA i + 1 ]([ L =+@BAC=\=DA i _�` IK<>@ ]
C i

max > C i+1
max _

aFbdc8cfeg7+h�i>j
kml(npoCq:n"kmqroCjsi-qYi"tmu0jsvxw0yzjsvmi{lgnJvmi"|mkmq:i-}(vmi"t~qroH��i"�
i � l+kmlgi"|xjsw��m�gw�n"i"lgl V �� k�jUqrop��i"�

i + 1 � l{tmw0jUi����mq:w � jsi"|8��h�op��i"� i
vKo0l

p(p + 1)i−1 �m�gw�n"i"lglgw��gl"���+v�kml � C i
max =

S + C(p + 1)i−1 V
p(p+1)i−1 + AV

p(p+1)i−1 = S + CV
p

+ AV
p(p+1)i−1

����tKo0q:w�u�w�kmlgqY� � C i+1
max =

S + CV
p

+ AV
p(p+1)i

���
i"tmn"i � C i
max > C i+1

max

y�w��
i > 0

�
2���xjsvmi&o � wH��iFq:i"���So � j � l(�m�gw0�mjJo � q:i{jsw�oCn>j � �0oCjsi{jsvmiFqroH��i"�gl
n"w�tmlgi"n"k�j � ��i"qY�~y��gw���jsvmi

qrop��i"��} � jsvU��w��gi��m�gw�n"i"lglgw��gl�jsw
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wH��i>�\�Co0� � w�kml�w��g|mi"�glw0y(o0n>j � �0oCj � tmuxqroH��i"�glF}�iSkmlgi"|�jsvmiS�gi"lgkmqYjUw0y(h�i"���So . �£¢ � o0tm| � tmn"�gipoClsi>|�jsvmiSt�km� � i"�Fw0yo0n>j � ��i¤qrop��i"�gl�y��gw��¥jsvmi¤qro0l�j-w�tmi&jsw�jsvmi&�K�gl�jp�U�+vmi�lgw�q:k�j � w�t)} � jsv�jsvmi�lg�SoCq:q:i"l�j-lgnJvmi"|mkmq:iq:i"tmu0jsv�}+o0l(lgi"q:i"n>jsi"|8��¡Dt~u�i"tmi"�so0q � jsvmi � i"vKoH� � w��+w0y Cmax

kmtm|mi"�
nJvKo0tmu � tmu V,B,A � l\��i"���l � � � q:o0�
jsw�jsvmi�npo0lgi�w0y\¦�h�  � i"vKop� � w��"��§�nJvmi"|mkmq:i�q:i"tmu0jsvml � t!jsvmi�lsoCjskm�soCjsi"|¨l���l�jsi"�©o0tm|
� t5jsvmi�l���l�jsi"�ª} � jsv�kmtmq � � � jsi"|5��i"��w���� � lU�m�gi"lgi"t�jJi>| � t«  � um� . �£¢��!��q:lgw�vmi"�gixo~jskmtmtmi"q� i>jD}�i"i"t«¬ � t�yg¬�o0tm|5¬>lsoCjd¬�npo0lgi"l(npo0t � i-w � lgi"����i"|8��¡Dt�jsvmi�y�w�q:q:wH} � tmuUq:i"���SoF}�i�} � q:qBlgvmwH}jsvKoCj&y�w�� � � u)��w�q:km��i>l¤o0tm|�n"w����mk�jJoCj � w�t� � t�jsi"tml � ��i�o0�m�mq � npoCj � w�tmlFjsvmi��gi"qroCj � ��iS| �Y® i"�gi"tmn"i� i>jD}�i"i"t)jsvmi�¬ � t�yg¬-o0tm|5¬>lsoCjd¬�npo0lgi"l � l\��i"����lg�So0q:q¯�
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Cinf
max

Csat
max

= 1 _
aFbdc8cfeg7¶§�nJvmi"|mkmq:i·q:i"tmu0jsv � t�jsvmi·lsoCjskm�soCjsi"|¸npo0lgi � l Csat

max =
∑h

j=1(Sj + V C
m

(p +

1)j−1) + AV
m

= S(h + 1)h/2 + V
m

(C m−1
p

+ A) � }(vmi"�gi m = (p + 1)h � l�jJvmi�jsw0jJo0qBt�km� � i"�w0y��m�gw�n"i"lglgw��gl"���+vmi-y�w��g�¤kmqroFy�w��
C inf

max

vKo0l � i"i"t~u � ��i"t � t¨¹ / ¢Hº¯»

C inf
max =

AV

M
+

Aσp

ρM

h
∑

j=1

cπ(j) − 1

P π
j

(

j
∑

i=1

(h − i + 1)P π
i−1),

}(vmi"�gi0»
M = 1 + p

ρ
(1 − 1

P π
h

) � cπ(j) = 1 + ρ(p + 1)h−j, cπ(0) = 1 � o0tm| P π
j =

∏j
i=0 cπ(i)

�
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C inf
max

Csat
max

=

AV
M

+ Aσp
ρM

∑h
j=1

cπ(j)−1

P π
j

(
∑j

i=1(h − i + 1)P π
i−1)

S(h + 1)h/2 + V
m

(C m−1
p

+ A)

î Ï�×Yïdð�ñ
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Ü ápó�Ö Ù

lim
V →∞,ρ→0

C inf
max

Csat
max

= lim
V →∞,ρ→0

V A
1+ p

ρ
(1− 1

Pπ
h

)

V A
m

(ρm−1
p

+ 1)
=

lim
ρ→0

m

(1 + p
ρ
(1 − 1

P π
h

))(ρm−1
p

+ 1)
= lim

ρ→0

m

1 + p
ρ
(1 − 1

P π
h

)

H
= 1

çgÒ:ß Û Ö
limρ→0 P π

h = 1
ímê�ÖUá0õmõmÞ:Ò:Ö"Ý�ÝmÖ{Þ¯ö ÷
ø�õmÒYàJá0ÞBÕgÔmÞ:Ö{á0ßmÝxã�â�àJá0Ò:ßmÖ"Ý Ù

limρ→0

p(1− 1
Pπ

h
)

ρ

H
= limρ→0

p(
∑h−1

i=0 (p+1)i+2ρ((p+1)3+···+3ρ2((p+1)6+... )

(P π
h

)2
= m − 1

×
2

ù çgÒ:ä�Ò:Þ:á0Õ Û ã�ß Û Þ:ÔmçgÒ:ã�ß Û á0ß�âfÖ+ÝmÕsápê(ß�á0çåÒ:ß&à Ü Ö+ç�àJá0Õ�Ò:ß�àsÖ"Õ Û ã�ßmßmÖ Û àsÒ:ã�ß�á0ßmÝ�á0ç�ô�ã�Õåá�âmÒ:ßmãCú
ä�Òrá0Þ8àsÕgÖ"ÖUÔmßmÝmÖ"Õ�û�æ�Ñ³ç�àsÕsáCàsÖ"Ó0é ×
ü ß�âmÒ:ßmã�ä�Ò:á0Þ8àsÕgÖ"Ö"ç�çgõKá0ßmßmÖ"Ý!ÒYß Ü ã�ä�ã�Ó�Ö"ßmÖ"ã�Ômç Û ã�ä�õmÔ�àsÖ"Õ
ßmÖ>àDê\ã�Õgý�ç"ímÔmßmÝmÖ"Õ(æ�æ�Ñ5ç�àsÕsáCàsÖ"Ó0é�í�ê Ü Ö"ß�çgÒ:þ"Ö

V
ã0ô�à Ü Ö�õmÕgã�âmÞ:Ö"ä�ÒYç\âmÒ:Ómí�á0ßmÝ�à Ü Ö�õmÕgã�âmÞ:Ö"äÿÒ:ç
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-�.,/1032547684:9;.,<=6?>@>BA19;<C4:D�<3EF9@G,D1H ρ → 0 IKJ 4:L3D�<M4:L3D�NFD�>O684:9@G,D�9;<5P=23D�<3-�D).8Q�4:L3D)>;9;/R9B4:D�ST/1D�/1.,NUA.,<M4:L3DV03NF.�-�D�EFEF9;<3WR4:9;/1D�9;E'<3D�W,>;9;W,9;X3>@D?Y
Z <[.,23N#/1.\S3D�>;9;<3W].8Q_^�^�`�EU4:N:684:D�W?ATabDV.,X3EFD�NUGCD�S$EFDcG,D�N:6?>�9;<C4:D�NFD�EU4:9;<3W]Qd6?-c4:E�e
•
Z 4)af6?E)EFL3.ga#<h9;<�i j\kml�4:L=684n^�^�`�EU4:N:684:D�W?A�9;E).,054:9;/o6?>p9;<q6TEUA�EU4:D�/ra#9@4:Lq23<3>;9;/R9B4:D�S
/1D�/1.,NUA,Y Z <M4:L3D)E:684:23N:684:D�SsEUA�EU4:D�/t9@4f9;E'<3.?4 J XuD�-v6?23EFDn^�^�`wL=6?E'W,NFDv684:D�Nf<�23/!XuD�Nf.?Q-�.,/1/!23<39;-v684:9@.,<[EU476?NU4:2303E�4:L=6?<�x�^�`bYuy'L39;E�-�.,/1/!23<39;-v684:9@.,<[.gG,D�NFL3Dv6?S�9;E�<3.?4�-�.,/]z
0uD�<3E:684:D�SoQ{.,N�X\Ao6nX|Dc4F47DcNfS39@EF4:NF9;X3254:9;.?<1.?Q}4:L3D�>;.C6?So6?<3STEFL3.,NU4:D�N�-�.,/1032547684:9;.,<R4:9;/1D?Y

•
Z <T4:L3D)Dv6?NF>;9;D�N�0323X3>;9;-v684:9;.,<3Eb.,<MS39@G�9;EF9;X3>;D�>;.C6?So4:L3D�.,NUA�i ~,� J jCkgl}EUA�EU4:D�/1E'a#9@4:LM23<3>;9;/!z9@4:D�S�/1D�/1.,NUA)abD�NFDf-�.,<3EF9;S3D�NFD�SsH{9�Y D?Yp-v6?EFD�� 9;<5Q�� I Y
^�9;<3Dv6?N
�_NF.,W,N:6?/1/19@<3W'Q{.,NF/]23>O684F9@.,<3EL=6?Sq/1.,NFD!NFD�EU4:NF9;-c4:D�S�Q{.,NF/�6?<3SqD?Y W3Y�9;<3D��\2=6?>;9@4�AwH * Y@�vj I L=6?S�Q{.,NF/�.?Q�D��\2=684:9;.,<}Yn��E
61NFD�EF23>@4�9;<�^�^�`�EU4:N:684:D�W?A J a#L3D�<$G,.,>;23/1D V 9;E#EF/o6?>;>�6?<3S[4:L3D�6vG?6?9;>O6?X3>@D)/1D�/1.,NUAM9;E
<3.?4�NFD�EU4:NF9;-c4:D�S J .,<3>@A!Q{Dca�>O6vACD�NFE�-v6?<oXuD�6?-c4:9@G8684:D�S�H{DcG,D�<T9@QuabD�L=6vG,D�/o6?<CA]03NF.�-�D�EFEF.,N>O6vA,D�NFE I 4:.VE:684:9;EUQ�A!4:L3D#-�>O6?EFEF9;-v6?>5G,D�NFEF9;.,<1.?Q}^��&^�^�`bYCy'L\23E J EF/o6?>;>59;<3-�NFDv6?EFD#.?Q V /o6vA
XuDnE:684:9;EUQd6?-c4:.,NUAM4:.T6?-c4:9@G8684:Dn/1.,NFDV>O6mA,D�NFE�6?<3S$9;<[4:L39;E'a'6vA[NFD�S323-cD!EF-7L3D�S323>;D�>;D�<3W?4:L}Y
y'L39;En9;EnS3D�/1.,<3EU4:N:684:D�S&9;<q47L3D1DK�36?/103>;D103NFD�EFD�<C4:D�S�X|D�>;.ga)Y$�b.,<3EFD��\23Dv<C4:>@A J a#9@4:L V9;<3-�NFDv6?EF9;<3W C inf

max
/o6vA$S3D�-�NFDv6?EFD?Y]y'L39;E)9;E�DcG�9;S3D�<C4V9;<q`
9;W3Y * Y�k1a#L3D�NFDR>;9;<3D�E�Q{.,N!� 9;<5Q��

-v6?EFDn6?<3S A = 1 � z * J 6?<3S A = 1 6?NFDV<3.?4#EF/1.�.?4:LMQ{.,N'EF/o6?>;> V Y
• y'L3Dn6?Xu.mGCDV9;NFNFD�W,23>O6?NbXuD�L=6vG�9;.,Nfa'6?E#<3.?4#.,X3EFD�NUGCDcS�9;<T4:L3Dn^���x�^�`w/1.�S3D�>�Y
• � Dn.,X3EFD�NUGCD�S�4:L=684�Q{.,N A ≈ C .,<3>@AM4:L3D�>O6?EU4�>O6vACD�N#af6?E�0|.,0323>O684:D�S}Y � L3D�< A � C4:L3DV>O6vA,D�NFE#-�>;.,EFD�Nf4:.R4:L3DV.,NF9;W,9@<=684:.,N�afD�NFDV/1.,NFD).?Q�4:D�<[0|.,0323>O684:D�S}Y
• x�.,<3D�.?Q�x�^�` J ^�^�`hEU4:N:684:D�W,9;D�E�S3.,/19;<=684:D�E�4:L3D�.?4:L3D�N�9;<T6?>;>|-v6?EFD�E�Y���.gabDcG,D�N J Q{.,N�X39;WG,.,>;23/1D�E#6?<3S$^�^�`wEFL3.,NU4:D�N#EF-7L3D�S323>;D�E#afD�NFDV.,X5476?9;<3D�S}Y

�����=���
�{� Yq�b.,<3EF9;S3D�N]6$EUA�EU4:D�/�a#9@4:L h = 2, p = 4, A = 1 � z * J C = 1 � z + J S = � � z * J
V = 20 Y Z <M4:L3D)EUA�EU4:D�/�a#9@4:LM23<3>;9;/19B4:D�ST/1D�/1.,NUA�i j\kgl}D��\2=684:9;.,<3E'S3D�EF-�NF9;X39;<3W]S39;EU4:NF9;X3254:9;.,<
.?Q54:L3D�>;.,6?SnL=6vG,D�0u.,EF9@4:9@G,D�EF.,>;254:9;.,<V.?<3>@A�Q{.,N�.,<3D�>O6vA,D�NbH�k'03NF.�-�D�EFEF.,NFE�6?>@4:.,W?Dc4:L3D�N I Y
��-7L3D�S323>;D>;D�<3W?4:Lq9;<q4:L39;E)-v6?EFD19;E Csat

max ≈ 0.0048 Yo��.mafDcG,D�N J a#L3D�< V = 24 6?>;>�~,kM03NF.�-�DcE:EF.?N:En-v6?<
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±u²1³?´cµ:¶@·?³8µ:²�¸}¹p³?º3¸
Csat

max ≈ 0.003 »T¼�½ ¶;º3¾$¿�ÀÁ¿�¿�Âb¹�³?º3¸hÃ,º3Ä@Å�µ:Æ3²1ÄO³ ½ µVÄO³vÅC²�Ç)Èb²1Ã,±5µ7³?¶;º
Cmax ≈ 0.0029

¶;ºTµ:Æ3²)É=Ç ½ µv¹|³?º3¸ Cmax ≈ 0.0031
¹=¶;ºMµ:Æ3² ½ ²�´�Ã,º3¸$´v³ ½ ² » 2

Ê#Ë�Ì'ËdÊ ÍhÎ�Ï�ÐÒÑ�Ó�Ô�Õ�Î�Ï�Ô
Ö º�µ:Æ3¶ ½�½ ²�´cµ:¶;Ã,º�Èb²R³?º=³?Ä@Å�×�²�¸q¸3¶@·�¶ ½ ¶;±3Ä;²nÄ;ÃC³?¸�¸3¶ ½ µ:ÇF¶;±3Ø5µ:¶;Ã,º�¶;º ½ Å ½ µ:²�Ù ½ È#¶@µ:Æq³ ½ ¶;º3¾,Ä;²�Ä;²c·C²�ÄÃ?Ú)Ä;¶;ÙR¶Bµ:²�¸ÛÙ1²�Ù1Ã,ÇUÅ » Ö ºCµ:²�ÇF´�Ã,º3º3²�´cµ:¶;Ã,ºÜµ:Ã,ÝuÃ,Ä;Ã,¾,¶@² ½ Ã?ÚV³ ½ µ7³?Ç�¹'³?º3¸�±3¶;º3Ã,Ù1¶;³?Äbµ:ÇF²�²$Ø3º3¸3²�Çµ�ÈfÃM¸3¶@ÞÒ²�ÇF²�ºCµV¸3¶ ½ µ:ÇF¶;±3Ø5µ:¶;Ã?º ½ µ:Ç:³8µ:²�¾,¶;² ½ Èb²�ÇF² ½ µ:Ø3¸3¶;²�¸ » Ö µn³?Ý3Ý|²v³?ÇF²�¸�µ:Æ=³8µ)¶;º�Æ3Ã,Ù1Ã,¾,²�º3²�Ã,Ø ½
½ Å ½ µ:²�Ù ½ ³?º3¸ß±3¶;¾�´�Ã,Ù1Ý3Ø5µ7³8µ:¶;Ã,º=³?Ä;ÄBÅ�¶;ºCµ:²�º ½ ¶@·,²�³?Ý3Ý3Ä;¶;´�³8µ:¶;Ã,º ½ Ùo³?¶;º3ÄBÅÜµ:Æ3²hÝ3ÇFÃ\´�² ½F½ Ã,Ç�³?º3¸´�Ã,Ù1Ù!Ø3º3¶;´v³8µ:¶@Ã,º ½ Ý|²�²�¸ ½ Ä;¶;Ù1¶Bµ'Ýu²�ÇUÚ{Ã,ÇFÙo³?º3´�²VÃ?Ú
µ:Æ3² ½ Å ½ µ:²�Ù ½�»fà Æ3¶ ½ ´�Ã,º3´�Ä;Ø ½ ¶;Ã,º[¶ ½#½ ³8µ:¶ ½ É=²�¸³ ½ Ä;Ã,º3¾�³ ½ µ:Æ3²TÄ;ÃC³?¸�É3µ ½ ¶;ºCµ:Ã$µ:Æ3²M³v·?³?¶;ÄO³?±3Ä@²1Ù1²�Ù1Ã,ÇUÅh±3Ø5ÞÒ²�Ç ½ ³?º3¸wÝ3ÇFÃ�´�² ½F½ ¶;º3¾qÇ:³8µ:² ½ ³?ÇF²´�Ã,º ½ µ7³?ºCµ�Ú{Ã,Ç�³?Ä;Ä�³ ½F½ ¶;¾,º3²�¸ ½ ¶;×�² ½ Ã?Úfµ:Æ3²1Ä;ÃC³?¸ » Â=Ã,ÇnÝ3Ç:³?´cµ:¶;´v³?Ä_ÇF²v³ ½ Ã,º ½ µ:Æ3² ½ ²T³ ½F½ Ø3Ù1Ý5µ:¶;Ã,º ½
½ Æ3Ã,Ø3Ä;¸s±u²VÇF²�Ä;²v³ ½ ²�¸ »bá Ø3´7Æ�³]ÇF²�ÄO³gâ3³8µ:¶;Ã,ºM¶ ½ ´�Ã,º ½ ¶;¸3²�ÇF²�¸[¶;ºs´7Æ=³?Ý5µ:²�Ç#ã »Ö ºoÃ,Ø3Ç�¸3¶ ½ ´�Ø ½F½ ¶;Ã,º1Èb²�³ ½F½ Ø3Ù1²�¸1µ:Æ=³8µ�Ã,º3Ä@Å!µ:Æ3² ½ ¶;×�²#Ã?ÚÒµ:Æ3²�ÇF²�´�²�¶@·,²�Ç�Ù1²�Ù1Ã,ÇUÅ]¶ ½ ÇF² ½ µ:ÇF¶;´cµUä¶;º3¾$¸3¶ ½ µ:ÇF¶;±3Ø5µ:¶;Ã?ºhÃ?Ú'µ:Æ3²oÄ;ÃC³?¸ »sà Æ3²o´�Ã,Ù1Ù]Ø3º3¶;´v³8µ:¶@Ã,º ½ Å ½ µ:²�Ùå¶ ½ º3Ã?µ�Ä;¶;ÙR¶@µF¶;º3¾Mµ:Æ3² ½ ¶;×�²oÃ?Úµ:Æ3²)Ù1² ½F½ ³?¾,² »�à Æ3¶ ½ Ùo³vÅoº3Ã?µ#±u²�µ:Æ3²)´v³ ½ ²V¶;ºMÝ3Ç:³?´cµ:¶;´�² »_à Æ3²�ÇF²cÚ{Ã,ÇF²?¹|³ ½ Å ½ µ:²�ÙæÈ#¶Bµ7ÆMÄ;¶;ÙR¶Bµ:²�¸
´�Ã,Ù1Ù!Ø3º3¶;´v³8µ:¶@Ã,º ½ Å ½ µ:²�Ù�´v³?Ý=³8´�¶@µ�Å]È#¶;Ä;Ä|±|²�³ ½ Ø3±�çU²�´cµ'Ã?Ú}µ:Æ3²�Ú{Ø3ÇUµ:Æ3²�Çf³?º=³?Ä@Å ½ ¶ ½ ¶;ºo´7Æ=³?Ý5µ:²�Ç'è »Ö º1µ:Æ3²�º3²Kâ�µ ½ ²�´cµ:¶;Ã,º1Èb² ½ µ:Ø3¸5ÅRµ:Æ3²�´v³ ½ ²�Ã?Ú�³?º3¸T³?ÇF±3¶@µ:Ç:³?ÇUÅ!Ý3ÇFÃ�´�² ½F½ Ã,Çb³?´cµ:¶@·?³8µ:¶;Ã,ºRÃ,ÇF¸3²�Ç »
éoêUé ëtì
ísîKï�ì�ð)ìpñòðnó�ï�îKô)ð)ï�î�õ�öø÷�ù#ú1ûMù#ösóbùüî�öý÷}ïpð)ì
Ö º$µ:Æ3¶ ½�½ ²�´cµ:¶;Ã,º$Èb²]³8¸3¸3Ç:² ½:½ µ:Æ3²�Ý3ÇFÃ,±3Ä;²�ÙþÃ?Ú�É=º3¸3¶;º3¾1µ:Æ3²�Ã,Ý5µ:¶;Ùo³?Ä ½ ²�ÿ\Ø3²�º3´�²]Ã?Ú�³?´cµ:¶@·?³8µ:¶;º3¾Ý3ÇFÃ�´�² ½F½ Ã,Ç ½ ¶;º�³ ½ µ7³?Ç�º3²cµ�ÈbÃ,Ç��[È#Æ3²�ºqÙ1²cÙ1Ã,ÇUÅ[±3Ø5ÞÒ²�Ç ½ Æ=³v·,²]Ä;¶;ÙR¶Bµ:²�¸ ½ ¶;×�² ½ ³?º3¸�´�Ã,Ù1Ù!Ø3º3¶Bä´v³8µ:¶;Ã,ºM¸3²�ÄO³mÅ ½ ¶;º3´�Ä;Ø3¸3² ½ µ7³?ÇUµ:Ø3Ýsµ:¶;Ù1² ½�» Ö ºsµ:Æ3²)Ý3ÇF²�´�²�¸3¶;º3¾1¸3¶ ½ ´�Ø ½F½ ¶;Ã,º[¶@µfÈf³ ½ ³ ½F½ Ø3Ù1²�¸sµ:Æ=³8µµ:Æ3² ½ ²�ÿ\Ø3²�º3´�²�Ã?Ú}³?´cµ:¶@·?³8µ:¶;º3¾)Ý3ÇFÃ�´�² ½F½ Ã,Ç ½ ¶ ½ É5â5²�¸ »�� ²�ÇF²#Èb²�ÇF²�ÄO³gâ]µ:Æ3¶ ½ ÇF² ½ µ:ÇF¶;´cµ:¶;Ã,º1³?º3¸T³?Ä@Ä;ÃgÈÚ{Ã,Ç ½ ²�Ä;²�´cµ:¶;º3¾Tµ:Æ3²]±|² ½ µ ½ ²�ÿ\Ø3²�º3´�²1Ã?Úb³?´cµ:¶@·8³8µ:¶;º3¾TÝ3ÇFÃ�´�² ½F½ Ã,Ç ½�»�à Æ3¶ ½ Ý3ÇFÃ,±3Ä;²�ÙþÈf³ ½ Ç:³?¶ ½ ²�¸�¶;º� è ¯�� »
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3)453)476 8'9%:�;�<>=@?�=BA�C>=B<�DEDF9%:�CF<>?�?�=BA�<�GBH
IKJMLONBPRQSQ�T#UVLOPRW2JMXYT�Z[W2\�]'^B_a`�LOT	LONBT�bB\�W2cB_RT#]dWeZfQ�T#_RT#UVLOPRJBg)LONBT�W2bhLOPR]i^B]jbB\�W�U#T#Q�Q�W2\	`eUVLOPlke`�LOPRW2J
W2\�mBT#\�`eQ)`n]o`�LONBT#]o`�LOPlUp`e_qbB\�W2g2\O`e]r]rPlJBg'bB\�W2cB_RT#]ts
u�TVL�^BQ�mBT#JBWeLOTMcwvx`ncBPRJf`e\7vyk�`e\�Pa`ecB_RT

xij z Z[W2\ i, j = 1, . . . ,m z LONBT{W2\�mBT#\)WeZ	`eUVLOPlke`�LOPRJBgLONBT{bB\�W�U#T#Q�Q�W2\�Q#s
xij = 1

mBT#JBWeLOT#Q)LONf`�L
Pj

PRQ)`eUVLOPlke`�LOT#mtW2J
i | LONxb}W2Q�PlLOPRW2JxPlJxLONBT{Q�T#~�^BT#JBUpTes� LONBT#\7X)PRQ�T

xij = 0
s>�-NBTbB\�W2cB_RT#]�WeZ�W2bhLOPR]r`e_}`eUVLOPlk�`�LOPRW2JoWeZ�LONBTbB\�W�U#T#Q�Q�W2\�Q)`eJBmymBPRQ7LO\�PRcB^ |LOPRW2J�WeZ�LONBT/_RWw`emxUp`eJtc�T/Z[W2\�]i^B_a`�LOT#mx`eQ�`i]rP��hT#mxJBW2JB_RPRJBTp`e\�bB\�W2g2\O`e]r]rPlJBgibB\�W2cB_RT#]t�

���t�r�
]rPRJBPR]nPl�#T

CmaxQ�^Bc��7T#UVL�LOWB�

α0A0V ≤ Cmax � 0 sl� 1w�
i

∑

k=1

m
∑

j=1

xkj(αjV Cj + Sj) +
m

∑

j=1

xijαjV Aj ≥ Cmax
Z[W2\

i = 1, . . . ,m � 0 sl��� �
m

∑

i=1

xij ≤ 1
Z[W2\

j = 1, . . . ,m � 0 s��e� �
m

∑

j=1

xij ≤ 1
Z[W2\

i = 1, . . . ,m � 0 s���� �

xij ∈ {0, 1}
Z[W2\

i, j = 1, . . . ,m � 0 s��2� �

α0 +
m

∑

j=1

m
∑

i=1

xijαj = 1 � 0 s�� 0w�

Bj ≥ αjV ≥ 0
Z[W2\

j = 0, . . . ,m � 0 s���� �
�-NBTt`ec�W�k2Tt�*����Z[W2\�]'^B_a`�L�PRWeJ,PRQi`"]rP��hT#m bB\�W2cB_RT#]¡c�T#Up`e^BQ�TxXYT�Nf`pkwT�c}WeLON cBPRJf`e\7v

ke`e\�Pa`ecB_RTVQ
xij z `eJBm¢U#W2JwLOPRJ�^BW2^BQ{ke`e\�Pa`ecB_RT#Q αi, Cmax

s��*���£PRQMJBW2JB_RPlJBTp`e\{c�T#Up`e^BQ�ToPRJ¤U#W2J |Q7LO\O`ePRJwLOQ � 0 sl��� � z � 0 s�� 0w� XYTiNf`pkwT']i^B_lLOPlbB_lPRU#`�LOPRWeJ�W�Z�LONBT¥ke`e\�Pa`ecB_RT#Q#s{¦>~�^f`�LOPRW2JBQ � 0 sl� 1w� `eJBm
� 0 sl��� � mBT#]o`eJBmiLONf`�L�`e_R_�bB\�W�U#TVQOQ�W2\�Q	§fJBPRQ�NnU#W2]rbB^hLOPRJBgc�TVZ[W2\�T Cmax

s�IKJiPRJBT#~�^f`e_RPlLOPRT#Q � 0 sl��� �LOT#\�] ∑i
k=1

∑m
j=1 xkj(αjV Cj +Sj)

PRQ�LONBTYLOPR]rT�WeZ�QOTVJBmBPRJBgLONBT-_RWw`emMLOWLONBT�bB\�W�U#T#Q�Q�W2\�`eUVLOP |ke`�LOT#my`eQ
i| LONrPRJnLONBT�Q�T#~�^BT#JBUpT z `eJBm ∑m

j=1 xijAjαjV
PRQ>LONBT�U#W2]rbB^hL¨`�LOPRW2JiLOPR]rT)WeZqLONBT

i| LON
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¾B¿�À�Á#Â#Ã�Ã�À2¿{ÄRÅ�ÆOÇBÂiÃOÂVÈ�ÉBÂ#ÅfÁ#ÂeÊoËYÀ2ÅBÃ7ÆO¿OÌeÄRÅwÆOÃrÍ ¼ Ê�ÎeÏwÐÒÑVÍ ¼ Ê�Î2Î2Ð)Ó2ÉfÌe¿OÌeÅwÆ¨ÂVÂiÆOÇfÌ�ÆÆOÇBÂnÃ�Â#È�ÉBÂ#ÅBÁ#ÂrÀeÔ
ÌeÁVÆOÄlÕeÌ�ÆOÄRÅBÓÆOÇBÂ)¾B¿�À�Á#Â#Ã�Ã�À2¿�ÃYÄRÃ>Á#À2¿�¿�Â#ÁVÆpÖ	ÂpÌeÁ¨Çy×�Ø¢ÄRÃ�ÌeÁVÆOÄlÕ�Ì�ÆOÂ#ÙoÌ�Æ�ÚrÀ2Ã7Æ�À2ÅBÁ#Â�ÛwÜ*Í ¼ Ê�ÎeÏwÐÞÝwÂpÌeÁ¨Ç
¾}À2Ã�ÄlÆOÄRÀ2ÅßÄRÅ"ÆOÇBÂoÌeÁVÆOÄlÕeÌ�ÆOÄRÀ2ÅßÃ�Â#È�ÉBÂ#ÅBÁ#ÂyÄRÃ{À�Á#Á#ÉB¾BÄRÂVÙ,ÛwÜ¤Ì�ÆMÚrÀ2Ã7ÆMÀ2ÅBÂr¾B¿�À�Á#Â#Ã�Ã�À2¿MÛ�ÜàÍ ¼ Ê�Î�á�ÐÞÊ
â ÉBÂtÆOÀßãYÂpÌeä Ô[Àe¿OÚåÀeÔ�ÆOÇBÂtÄRÅBÂ#È�ÉfÌeæRÄlÆOÄlÂ#ÃiÃ�À2ÚrÂt¾B¿�À�Á#Â#Ã�Ã�À2¿�ÃyÚoÌpÜ ¿�Â#ÚoÌeÄRÅ ÄRÙBæRÂeÊàØ>È�ÉfÌ�ÆOÄRÀ2Å
Í ¼ Ê�Î ¼ Ð�Ó2ÉfÌe¿OÌeÅ�ÆOÂ#Â#Ã)¾B¿�À�Á#Â#Ã�Ã�ÄRÅBÓrÀeÔSÆOÇBÂã)ÇBÀ2æRÂ/æRÀwÌeÙ�Ê�çÛBÃ�Â#¿7Õ2Â{ÆOÇfÌ�Æ)Ã�À2ÚrÂ/ÚoÌeÁ¨ÇBÄRÅBÂ#Ã-ÚoÌpÜyÛ�Â
ÚrÄRÃ�Ã�ÄRÅBÓnÄRÅtÆOÇBÂ¥ÌeÁVÆOÄlÕeÌ�ÆOÄRÀ2ÅxÃ�Â#È�ÉBÂ#ÅBÁ#Â2Ý�ÌeÅBÙ xij = 0 Ô[À2¿ i, j = 1, . . . ,m ÄRÃ�ÌnÕ�ÌeæRÄRÙtÃ�À2æRÉhÆOÄRÀ2ÅÔ[À2¿'Á#À2ÅBÃ7ÆO¿OÌeÄRÅwÆOÃxÍ ¼ Ê�ÎeÏwÐÒÑVÍ ¼ Ê�Î2Î2ÐÞÊ*è�ÂVÆpÝ�ÄlÆ¥ãYÀ2ÉBæRÙ ÅBÀeÆiÛ}ÂxÌ*ÕeÌeælÄRÙ,Ã�À2æRÉhÆOÄRÀ2Å¢ÆOÀ"À2ÉB¿'¾B¿�À2ÛBæRÂ#Ú
Û}Â#ÁpÌeÉBÃ�ÂyÌe¾B¾B¿�À2¾B¿�ÄaÌ�ÆOÂiÁ#À2ÚrÚiÉBÅBÄRÁ#Ì�ÆOÄRÀ2Å�ÆOÄRÚrÂ'ã�À2ÉBæRÙ¤ÅBÀeÆ¥Ìe¾B¾}ÂpÌe¿MÄRÅßÂ#È�ÉfÌ�ÆOÄRÀ2ÅBÃyÍ ¼ Êlá ½ ÐÞÊoéKÅ
À2¿�ÙBÂ#¿�ÆOÀi¾B¿�ÂVÕwÂVÅ�Æ�Ã�ÉBÁ¨Ç*ÌiÃ�ÄlÆOÉfÌ�ÆOÄRÀeÅyÆOÂ#¿�Ú ∑m

i=1 xijαj
ÄRÅ�Â#È�ÉfÌ�ÆOÄRÀ2Å¢Í ¼ Ê�Î ¼ Ð�Ó2ÉfÌ�¿¨Ì�Å�ÆOÂ#Â#Ã�ÆOÇfÌ�Æ

À2ÅBælÜxÆOÇBÂ'Á¨Ç�ÉBÅBä�Ã/Ã�Â#Å�ÆÆOÀoÆOÇBÂ'¾B¿�À�Á#Â#Ã�Ã�À2¿�ÃrÍ[ÄêÊ ÂeÊ�ã)ÄlÆOÇ xij = 1 Ð�Ìe¿�Â¥Á#À2ÉBÅ�ÆOÂ#ÙßÌeÃ�¿�ÂpÌeæRælÜx¾B¿OÀ�ÑÁ#Â#Ã�Ã�Â#Ù�ÊëØ>È�ÉfÌ�ÆOÄRÀ2ÅBÃ�Í ¼ Ê�Î�ì�ÐÞÝ�Ó2ÉfÌe¿OÌeÅwÆOÂ#ÂxÆOÇfÌ�ÆrÆOÇBÂtæRÀwÌeÙ ÁpÌeÅàÛ}ÂxÔ[ÂpÌeÃ�ÄRÛBælÜ ÌeÃ�Ã�ÄRÓ2ÅBÂ#Ù@ÆOÀ¤ÆOÇBÂ
¾B¿�À�Á#Â#Ã�Ã�À2¿�Ã#ÊYí�ÂVÆ�ÉBÃ�Ìe¾B¾BælÜoÆOÇBÂMÌeÛ}À�Õ2Â/Ô[À2¿�Ú'ÉBæaÌ�ÆOÄlÀ2ÅyÆOÀnÃ�À2ælÕ2ÂMØ�îBÌeÚr¾BæRÂ ¼ Ô[¿�À2Úðï ñ ¼�ò Ê
ó�ô�õfö¢÷�ø[ù Ê�ú¢ÂyÇfÌpÕwÂoÆOÇBÂ�ÃOÌeÚrÂyÙfÌ�Æ¨Ì�ÌeÃ'ÄRÅ,ÆOÇBÂy¾B¿�ÂVÕ�ÄRÀ2ÉBÃ'ÂÞîBÌeÚr¾BæRÂeÖ m = 4, V = 100 Ý
A0 = 1, A1 = 5, A2 = 4, A3 = 3, A4 = 2 Ý B0 = 10, B1 = 20, B2 = 45, B3 = 15, B4 =

30 Ý C1 = 4, C2 = 3, C3 = 2, C4 = 1 Ý Si = 0 ÝhÔ[À2¿ i = 1, . . . , 4 Êû�ü Ø�îhÁ#Â#æ�Õ2Â#¿#Ê�ý�Ê ÏnÚoÌeÅfÌeÓ2Â#Ù�ÆOÀnÀ2ÛhÆ¨ÌeÄRÅ�ÆOÇBÂ/Ô[À2æRælÀ�ã)ÄlÅBÓiÃ�À2æRÉhÆOÄRÀeÅ�ÆOÀ û*þ ×-Ö
¾B¿�À�Á#Â#Ã�Ã�À2¿ Bi αi

Á#À2ÚrÚ'ÉBÅBÄRÁpÌ�ÆOÄlÀ2Å Á#À2Úr¾BÉhÆ¨Ì�ÆOÄRÀ2Å
À2¿�ÙBÂ#¿ Á#À2Úr¾BæRÂVÆOÄRÀ2Å Á#À2Úr¾BæRÂVÆOÄRÀ2Å
P0

á�Ï á�Ï Ï á�Ï
P2

ì�ñ ¼ ñ�Ê�Î ½ ìBá á�Ïwñ�Ê ÿ2ÿwÎ�ì Î�ì�ý�Ê Ïwñeÿ2ÿ
P4

¼ Ï ¼ Ï á ¼ ñ�Ê ÿ2ÿwÎ�ì á ½ ñ�Ê ÿ2ÿwÎ�ì
P1

ÎeÏ á�Î�Ê ¼ ñ2Î ½ á�ÿwñ�Ê�Î ½ ìBá Î�ì�ý�Ê Ïwñeÿ2ÿ
P3

á�ñ á�Î�Ê ¼ ñ2Î ½ Î�á�Ï Î�ì�ý�Ê Ïwñeÿ2ÿ
� ÇBÂ�Ã�Â#È�ÉBÂ#ÅBÁ#Â�ÀeÔhÌeÁVÆOÄlÕeÌ�ÆOÄRÅBÓYÆOÇBÂ>¾B¿�À�Á#Â#Ã�Ã�À2¿�Ã#ÝeÌeÁ#Á#À2¿�ÙBÄRÅBÓ�ÆOÀ-ÆOÇBÂ>Ã�À2ælÕ2Â#¿�ãYÂ�ÉBÃ�Â#Ù�Ý�ÄRÃ P2, P4, P1, P3

Ê
ü Á¨ÇBÂ#ÙBÉBæRÂMæRÂ#ÅBÓeÆOÇxÄRÃ Cmax = 247.0588 ÝfÌeÅBÙtÄlÆ)ÄRÃ-Û�ÂVÆ�ÆOÂ#¿)ÆOÇfÌeÅ�ÆOÇBÂ{À2ÅBÂ/Ô[À2ÉBÅBÙtÄRÅßï ñ ¼�ò Ê � ÇBÂ¿�ÂpÌeÃ�À2ÅBÃ�Ô[À2¿>ÆOÇBÄRÃ�ãYÂ#¿�Â�Ó2Ä�ÕwÂ#ÅrÂpÌe¿�æRÄRÂ#¿#ÖSé�� ü Ã7ÆO¿OÌ�ÆOÂ#ÓeÜn¾B¿�À2¾}À2Ã�Â#ÙoÄRÅ*ï ñ ¼�ò ÄRÃ�ÌMÇBÂ#ÉB¿�ÄRÃ7ÆOÄRÁeÝ�ÅBÀeÆYÌeÅ
À2¾hÆOÄRÚrÄ��pÌ�ÆOÄlÀ2ÅxÌeæRÓ2À2¿�ÄlÆ�ÇBÚtÊ��BÀ2¿-ÆOÇBÂ{ÃOÌeÚrÂ{ÄRÅBÃ7Æ¨ÌeÅBÁ#Â/ã)ÄlÆOÇ V = 50 Í5ÌeæRÃ�ÀnÁ#À2ÅBÃ�ÄRÙBÂ#¿�Â#Ù*ÄRÅ¤ï ñ ¼�ò ÐÆOÇBÂ/Ô[À2æRæRÀ�ã)ÄlÅBÓiÃ�À2æRÉhÆOÄRÀ2Åyã�ÌeÃ)À2ÛhÆ¨ÌeÄRÅBÂ#Ù�Ô[À2¿ û*þ ×-Ö
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24365�7#8#96965:3 Bi αi
7#5:;<;&=4>4?@7BADCE?@5F> 7#5:;<24=GCHADCE?@5:>

5:36I48#3 7#5:;<24J@8KCE?@5:> 7#5:;L24J@8KCE?@5:>
P0 M 0 M 0 0 M 0
P4 N 0 OD/4PQO:R:R OD/4PQO:R:R R:O�P S N O
P3 MUT V PQR M:M / N P W V:V R:O�P S N O
P2

/ T /4P M W1O T WGP M S T R:O�P S N O
P1

OF0 M P S T 0 W N P T SF/ R:O�P S N O
X,Y =49#Z[C Y 8\968#]^=48#>47B8\_`5:=4>4Ia?@9 P4, P3, P2, P1

ZbAF>4I Cmax = 72.832
P
2

X,Y 8�7#5:;<24=GCHADCE?@5:>[AFJ47#5:;<24J@8dcG?�Cfeg5F_hC Y 8�i:8#>48#3EAFJb24=4362j5:968�;<?kcG8#Il>45:>4J@?@>48BAF3m965:J�n:8#369oAF2�p
24J@?@8#IqCE5sr)t�uv?@9 Y ?@i Y P X,Y 8#968&7#5�I48#9AF368w7BAF2[AFx4J@8y5F_m965:J�n�?@>4i Y AF36I�7#5:;<24=GCHADCE?@5:>[AFJz24365:x�p
J@8#;<9w96=47 Y AF9wCE3EA{n:8#J@?@>4i�9EAFJ@8#96;lAD>|24365:x4J@8#;aZ	]^=[AFI43EADCE?@7sAF9696?@i:>4;<8#>1Cg24365:x4J@8#;aZmAF>4I|8Kn18#>
;<5:368?@>1n15:J�n:8#Is5:>48#9 P�} C Y AF9,xj8#8#>a9 Y 5{~(>a?@>a��8#7KCE?@5:> N P M C Y ADC,C Y 8.24365:x4J@8#;�5F_�967 Y 8#I4=4J@?@>4iI4?�n�?@96?@x4J@8J@51AFI49,?@>aAL9�CHAF3(>48KCf~�5:36��~(?�C Y J@?@;L?kCE8#Iq24365^7#8#96965:3�;L8#;<5:3�e�x4=G�h8#369�AF>4Ia7#5:;<;g=�p
>4?@7BADCE?@5:>s9�CHAF3�CE=42qCE?@;<8#9,?@9��a�.p Y AF36I Pm� 7#7#5:36I4?@>4igCE5LC Y 8\7#=436368#>1C�9�CHADCE8\5F_	�^>45{~(J@8#I4i:8<� /10D�
5:>4J�e)AFJ@i:5:36?�C Y ;L9�~(?�C Y 7#5:;<24=GCHADCE?@5:>[AFJ�7#5:;<24J@8dcG?�C�eai:365{~(?@>4i�8dcG2j5:>48#>1CE?�AFJ@J�eq~(?�C Y C Y 8g96?@�#8
5F_�C Y 8.24365:x4J@8#;�AF368.�^>45{~(>q_`5:3�C Y ?@9o�^?@>4Iq5F_�24365:x4J@8#;<9 P X,Y =49#Z4C Y 8.7#5�I48#9,�[>4I4?@>4ig5:2GCE?@;lAFJ
965:J@=GCE?@5:>49�5F_hr�t�u Y A{n:8oC Y 8�~�5:369�C�pf7BAF968,8dcG8#7#=GCE?@5:>gCE?@;<8�i:365{~(?@>4i8dcG2b5:>48#>^CE?�AFJ@J�eFZ:8 P i P ~(?�C Y
C Y 8o>^=4;gxb8#3	5F_bx4?@>[AF3�eynDAF36?�AFx4J@8#9 xij

P�� 9m8dcG2b5:>48#>^CE?�AFJ�_`=4>47KCE?@5:>49�?@>47#368BAF968,8dcG24J@5F9E?kn18#J�e\~(?�C Y
C Y 8&nDAFJ@=48g5F_�C Y 8LAF36i:=4;<8#>1CBZz8dcG2j5:>48#>1CE?�AFJkp�CE?@;L8&AFJ@i:5:36?kC Y ;<9AF368&?@>"243EAF7KCE?@7#8&368#9�CE36?@7KCE8#I"CE5
96;lAFJ@Jj?@>49�CHAF>47#8#9(5F_�C Y 8.965:J�n:8#Iq24365:x4J@8#; P X,Y ?@9,J@8BABn:8#9,962[AF7#8._`5:3 Y 8#=436?@9�CE?@7;<8KC Y 5�I49�~ Y ?@7 Y
�[>4Iai:5�5^Iq965:J@=GCE?@5:>�_�AF9�CBZbAF>4IqC Y ?@9,?@9oC Y 8yAFIGnDAF>^CHAFi:8.5F_ }�� �s9�CE3EADCE8#iFeq24365:2b5:968#Ia?@>�� T N ��P

�(���(��� ���4�����4������ ���¡�¢��� £��¤�¥�¡m�4¦�§G�¨
© 8KC,=49,>45FCE8�C Y ADCo_`5:3��GcG8#Iq968#]^=48#>[7#8\5F_�24365^7#8#96965:369�AF7KCE?�nFADCE?@5:>sr)t�uª24365:x4J@8#;«368#I4=47#8K9,CE5
© u¬24365:x4J@8#;I48K�[>48#I"?@>)968#7KCE?@5:> N PQO�P M P X,Y 8#368K_`5:368&?�C�7#AF>�xj8wI48#I4=47#8#I"C Y ADC�C Y 8wI4?�®<7#=4J�Cfe
5F_m5:=43�24365:x4J�8#;¯7#5:>496?@9�CE9�?@>)I48KCE8#36;<?@>4?@>4iLC Y 8w968KC5F_m24365�7#8#96965:369�CE5lxj8&AF7KCE?�nFAUCH8KI"AF>4I)C Y 8
968#]^=48#>47#8�5F_C Y 8"AF7KCE?�nDADCE?@5:> Pv� >¬8dc4AF7KCs5:2GCE?@;<?��BADCE?�5:>°AFJ@i:5:36?kC Y ;±7BAF>�xj8)x[AF968#I¬5:>¬AF>
8#>^=4;<8#3EADCE?@5:>q5F_	AFJ@Jh96=47 Y 968KCE9�AF>4Ia968#]^=48#>47#8#9 P



²	³�´µ�¶�·�¸�¹�º�»�¼�»�¶�·�½�» ¾"¿#¶�³�»�¿�À&Á(Â�·�½)·�½+Ã,¸�¼�Â�·.Ä	·�Â Å4Æ

Ç,È4ÉwÊ<ÉKËEÈ4Ì�Í)ÌFÎmÍ4Ï�Ð�Ï@Í4Ï@Ñ4ÒgËEÈ4ÉyÓ6ÉKËÌFÎ�ÔFÕ@Õ�Ö4×6Ì�Ø#É#Ó6Ó6Ì:×ÔFØKËEÏ�ÐFÔDËEÏ@Ì:ÑqÓ6É#Ù^Ú4É#Ñ4ØBÉ#Ó.Ï@Ñ1ËEÌ<Ó6Ú4Û4Ó6ÉKËEÓ
ËEÈ[ÔDËgÔF×6ÉlÉdÜGÈ[ÔFÚ4Ó�ËEÏ�Ð:É#Õ�ÝÞÓ6ÉBÔF×6ØHÈ4É#ÍªÔFÑ4ÍbßUÌ:×wÉ#Õ@Ï@Ê<Ï�Ñ[ÔDËEÉ#Í�Ø#Ì:Ñ4Ó�ËEÏ�ËEÚGËEÉ#ÓwËEÈ4É"à#á6âFãhäHå�æçã�è<Ó6ØHÈ4É#Ê<É
ÌFÎ�ÔlÛ4×EÔFÑ4ØHÈ�é�ÔFÑ4Í�éfÛjÌ:Ú4Ñ4Í ê�ëoì\ë,í�ÔFÕ@Ò:Ì:×6ÏkËEÈ4Êaî,ïðÛ4×EÔFÑ4ØHÈ�é�ÔFÑ4Í�éfÛbÌ:Ú4Ñ4Í�ÔFÕ@Ò:Ì:×6ÏkËEÈ4Ê�Ï@Ê<Ö4Õ@Ï�Ø#ÏkËEÕkÝ
Û4Ú4Ï@Õ@Í4Ó�ÔËE×6É#É(ñ(Ï�ËEÈ<ÔFÕ@Õ4ÖbÌ:Ó6Ó6Ï@Û4Õ@É,Ó6Ì:Õ@ÚGËEÏ@Ì:Ñ4Ó#î�òfÑ<Ì:Ú4×�ëoì\ëªÔFÕ@ÒFÌ:×6Ï�ËEÈ4ÊóÑ4ÌyÍ4É#Ø#Ï@Ó6Ï@Ì:ÑLÏ@Ó	ËHÔFôFÉ#ÑlÏ@Ñ
ËEÈ4É�×6Ì^ÌFË�ÌFÎzËEÈ4É�ËE×6É#ÉFõGÔFÑ4ÍlËEÈ4É�Ó6ÉKËoÌFÎ�Ö4×6Ì�Ø#É#Ó6Ó6Ì:×6Ó�ËEÌwÛbÉÔFØKËEÏ�ÐFÔDËEÉ#ÍlÏ@Ó�É#Ê<ÖGËfÝ:î	Ç,È4É�ö[×6Ó�Ë�Õ@ÉKÐ1É#Õ
ÌFÎ�ËEÈ4É&ËE×6É#ÉLØ#Ì:Ñ4Ó6Ï@Ó�ËEÓ\ÌFÎ�Ó6Ì:Õ@ÚGËEÏ@Ì:Ñ4Óñ(ÏkËHÈ"Ì:Ñ4Õ�Ý�Ì:Ñ4ÉgÖ4×6Ì�Ø#É#Ó6Ó6Ì:×#÷

(P1), (P2), . . . , (Pm)
îgø�ÔFØHÈ

Ö[ÔF×�ËEÏ�ÔFÕGÓ6Ì:Õ@ÚGËEÏ@Ì:Ñ
(Pi)

Ï@Ó�Ô\×6Ì^ÌFË�ÌFÎjËEÈ4É(Ó6Ú4ÛGËE×6É#É�Ø#Ì:Ê<Ö4×6Ï@Ó6Ï@Ñ4ÒÓ6Ì:Õ@ÚGËEÏ@Ì:Ñ4ÓmÓ�ËHÔF×�ËEÏ@Ñ4Òñ(Ï�ËEÈgËEÈ4É�ÔFØdé
ËEÏ�ÐFÔDËEÏ@Ì:ÑgÌFÎ

Pi
õ1Î`Ì:×

i = 1, . . . ,m
î	Ç,È4É�Ó6Ú4Û4Ó6ÉKËEÓoÌFÎhËEÈ4É�Ó6Ì:Õ@ÚGËEÏ@Ì:Ñ4Ó�×6É#Ö4×6É#Ó6É#Ñ1ËEÉ#ÍsÛ1ÝLËEÈ4É�Ñ4Ì^Í4É#Ó

ÌFÎ�ËEÈ4É�ö[×6Ó6Ë,Õ@ÉKÐ:É#ÕzÔF×6ÉÍ4Ï�Ð�Ï@Í4É#Í�ê`Û4×EÔFÑ4ØHÈ4É#ÍbíoÔDË,Õ@ÉKÐ:É#ÕjËfñoÌ4õ�ËEÌ&×6É#Ö4×6É#Ó6É#Ñ^Ë(Ó6Ì:Õ@ÚGËEÏ@Ì:Ñ4Ó�Ø#Ì:Ñ4Ó6Ï@Ó�ËEÏ@Ñ4Ò
ÌFÎ	Ë�ñ�Ì�Ö4×6Ì^Ø#É#Ó6Ó6Ì:×6Ó#î.ù�É#Ñ4Ø#ÉFõ

(Pi, Pj)
Î`Ì:×

j ∈ {1, . . . ,m} − {i}
ÔF×6ÉwÓ6Ú4Ø#Ø#É#Ó6ÓEÌ:×6ÓÌFÎ

(Pi)
Î`Ì:×

i = 1, . . . ,m
î�ïoË(ËEÈ4É.ËEÈ4Ï@×6ÍqÕ@ÉKÐ:É#Õ

(Pi, Pj, Pk)
Î`Ì:×

k ∈ {1, . . . ,m} − {i, j}
ÔF×6É\Ó6Ú4Ø#Ø#É#Ó6ÓEÌ:×6Ó

ÌFÎ
(Pi, Pj)

î	Ç,È^Ú4Ó#õ[ÔyÕ@ÉdÐ1É#Õ
r
Ó6Ì:Õ@ÚGËEÏ@Ì:Ñ

(Pi, . . . , Pk)
È[ÔFÓ�Ó6Ú4Ø#Ø#É#Ó6Ó6Ì:×6Ó

(Pi, . . . , Pk, Pl)
ÔDË�Õ@ÉKÐ1É#Õ

r + 1
Ì:ÛGËHÔFÏ@Ñ4É#Í+Û^Ý+Ô�Ø#Ì:Ñ4ØBÔDËEÉ#Ñ[ÔDËEÏ@Ì:Ñ+ÌFÎ

(Pi, . . . , Pk)
ñ(Ï�ËEÈ|Ö4×6Ì^Ø#É#Ó6Ó6Ì:×

Pl

ñ(È4Ï@ØHÈ È[ÔFÓ&Ñ4ÌFË
ÛjÉ#É#Ñ�ÔFØKËEÏ�ÐFÔDËEÉ#ÍaÏ@ÑaÓ6É#Ù^Ú4É#Ñ4ØBÉ

(Pi, . . . , Pk)
îoÇ,È4ÉwÍ4ÉKÖGËHÈ)ÌFÎ�ËEÈ4É\ËE×6É#ÉyÏ@Ó�ÔDË�Ê<Ì:Ó�Ë

m
ÛjÉ#ØBÔFÚ4Ó6É

Ñ4Ì�Ê<Ì:×6ÉyËEÈ[ÔFÑ
m
Ö4×6Ì^Ø#É#Ó6Ó6Ì:×6Ó.ØBÔFÑ"ÛjÉ&ÔFØKËEÏ�ÐFÔDËEÉ#Ízîú�ÌFËEÉFõhËEÈ[ÔDËÛbÌFËEÈ�ËEÈ4ÉwÕ@ÉBÔ{Ð:É#ÓÌFÎmËEÈ4ÉyËE×6É#É

ÔFÑ4Í�ËEÈ4É�Ï@Ñ^ËEÉ#×6Ñ[ÔFÕjÑ4Ì^Í4É#Ó(ÔF×6É�ÖjÌFËEÉ#Ñ1ËEÏ�ÔFÕjÓ6Ì:Õ@ÚGËEÏ@Ì:Ñ4Ó#î	Ç,È4É�ËE×6É#ÉÏ@Ó�Ó6ÉBÔF×6ØdÈ4ÉKÍaÏ�ÑlËEÈ4ÉÍ4É#ÖGËEÈ�é�ö[×6Ó�Ë
Ì:×6Í4É#×#î
Ç,È4É.Ó6É#Ø#Ì:Ñ4ÍaÏ@Ê<ÖjÌF×6ËHÔDÑ^Ë�Ø#Ì:Ê<ÖjÌ:Ñ4É#Ñ1Ë,ÌFÎ�ëoì\ë¬ÔFÕ@Ò:Ì:×6ÏkËEÈ4ÊûÏ@Ó\àdüDý�ãjþFæçã�è�ñ(È4Ï@ØHÈqÔFÕ@Õ@Ì{ñ(Ó�Î`ÌF×

Ö4×6Ú4Ñ4Ï@Ñ4ÒLÓ6ÉBÔF×6ØdÈqËE×EÉKÉyÑ4Ì�Í4ÉKÓ�×6É#Ö4×6É#Ó6É#Ñ^ËEÏ@Ñ4Ò<Ó6Ú4Û4Ó6ÉKËEÓ�ÌFÎ�Ó6Ì:Õ@ÚGËEÏ@Ì:Ñ4Ó,Ø#É#×�ËHÔFÏ@Ñ4Õ�Ý�Ñ4ÌFË�ÛbÉKË6ËEÉ#×(ËEÈ[ÔFÑ
Ó6Ì:Ê<É,ô^Ñ4Ì{ñ(Ñ<Ó6Ì:Õ@ÚGËEÏ@Ì:Ñzî�ÿ[Ì:×	ÉBÔFØHÈ<Ñ4Ì^Í4É

a = (Pi, . . . , Pk)
ÌFÎbËEÈ4É(Ó6ÉBÔF×6ØHÈLËE×6É#É(Ô.Õ@Ì{ñ�É#×mÛbÌ:Ú4Ñ4Í

LB(a)
Ì:Ñ<ËEÈ4É(Ó6ØdÈ4É#Í4Ú4Õ@É�Õ@É#Ñ4ÒFËEÈ<ÌDÎ�ÔFÕ@ÕGËEÈ4É

a � Ó�Ó6Ú4Ø#Ø#É#Ó6ÓEÌ:×6Ó�Ï@Ó�ØBÔFÕ@Ø#Ú4Õ�ÔDËEÉ#Ízî�Ç,È4Ï@Ó�Õ@Ì{ñoÉ#×mÛjÌ:Ú4Ñ4ÍÏ@Ó�Ø#Ì:Ê<Ö[ÔF×6É#Í�ñ(Ï�ËEÈlËEÈ4É.Õ@É#Ñ4ÒFËEÈ
C
ÌFÎ�ËEÈ4ÉÛjÉ#Ó�Ë(ô^Ñ4Ì{ñ(ÑqÓ6Ì:Õ@ÚGËEÏ@Ì:Ñzî�ò�Î

C ≤ LB(a)
õ�ËEÈ4É#ÑsËEÈ4É#×6É

Ï@ÓoÑ4ÌgÈ4Ì:ÖjÉ�ËEÈ[ÔDË(ÔFÑ^ÝlÓ6Ú4Ø#Ø#É#Ó6ÓEÌ:×(ÌFÎ�Ñ4Ì^Í4É<ê`Ó6Ì:Õ@ÚGËEÏ@Ì:Ñbí
a
Ï@Ê<Ö4×6Ì{Ð1É#Ó�ËEÈ4É.ÛjÉ#Ó�Ë(ô^Ñ4Ì{ñ(ÑqÓ6Ì:Õ@ÚGËEÏ@Ì:Ñzî

Ç,È4É#×6ÉKÎ`Ì:×6ÉFõ^Ó6Ú4Ø#Ø#É#ÓEÓ6Ì:×6Ó�ÌFÎ
a
ÔF×6É,Ñ4ÌFË�Ø#Ì:Ñ4Ó6Ï@Í4É#×6É#ÍlÔFÑ1ÝgÊ<Ì:×6ÉFî���ÔFÕ@Ú4É

C
Ï@Ó	Ú4ÖjÍ[ÔDËEÉ#Í<ÉBÔFØHÈLËEÏ@Ê<É

Ô�ÛbÉKË6ËEÉ#×gÓ6Ì:Õ@ÚGËEÏ@Ì:ÑÞÏ@ÓwÎ`Ì:Ú4Ñ4Ízî"òfÑ4Ï�ËEÏ�ÔFÕ@ÕkÝ:õ�ËEÈ4É�Õ@ÌUñ�É#×wÛjÌ:Ú4Ñ4Í|Î`Ì:×wÑ4Ì�Í4É
a
ñoÔFÓgØBÔFÕ@Ø#Ú4Õ�ÔDËEÉ#Í|ÔFÓ

ËEÈ4ÉyÌ:ÖGËEÏ@Ê&Ú4Ê
Cmax

Ï@ÑsËHÈ4É\Õ@Ï@Ñ4ÉBÔF×,Ö4×6Ì:Ò:×EÔFÊ ê��Gî Æ í�éKê��Gî Å íoÔFÓ6Ó6Ú4Ê<Ï@Ñ4Ò<Ô<Ö4×6Ì^Ø#É#Ó6Ó6Ì:×ÔFØKËEÏ�ÐFÔDËEÏ@Ì:Ñ
Ó6É#Ù^Ú4É#Ñ4Ø#É

(Pi, . . . , Pk, P
|Z|
id (Z))

õ:ñ(È4É#×6É
Z = P−{Pi, . . . , Pk}

Ï@Ó�ËEÈ4É,Ó6ÉKË�ÌDÎbËEÈ4É,Ö4×6Ì^Ø#É#Ó6Ó6Ì:×6Ó
Ñ4ÌFË(Ï@Ñ4Ø#Õ�Ú4Í4É#ÍqÏ@Ñ

a
õ[ÔFÑ4ÍqÓ�Ý�Ê&ÛjÌ:Õ

P
|Z|
id (Z)

Ó�ËdÔDÑ4Í4Ó,Î`Ì:×,ÔgÓ6É#Ù^Ú4É#Ñ4Ø#ÉyÌFÎ
|Z|
Ø#Ì:Ö4Ï@É#Ó,ÌFÎ	ÔFÑsÏ@Í4ÉBÔFÕ

Ö4×6Ì�Ø#É#Ó6Ó6Ì:×
Pid(Z)

î
Pid(Z)

È[ÔFÓ�ÔFÕ@Õ,ËEÈ4É)ÛjÉ#Ó�Ë�Ö[ÔF×EÔFÊ<ÉKËEÉ#×6Ó<ÌFÎËHÈ4ÉaÖ4×6Ì�Ø#É#Ó6Ó6Ì:×6Ó�Ï@ÑªËEÈ4É)Ó6ÉKË
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Z 2	3	4"576"498 Pid(Z) :<;9=	>7?A@�6"4"=A=ABC57DE?F;HGFBC@ Aid = minPl∈Z{Al} 8I6"@KJLJ&M757BC6N;HGFBC@95POCBC57QSR(BTGF:
6"@KJLJ&M757BC6N;HGFBT@K5�?F;HGF4 Cid = minPl∈Z{Cl} 8H;957UV=WGX;9?WGFM7>VGFBCJL4 Sid = minPl∈Z{Sl} 8YJL4"JL@K?WZ[ M]\^4"?(=ABC_"4VBC= Bid = maxPl∈Z{Bl} 2` 5]ab@K?WGFM75<;HGF4"OTZK8(GF:74cOC@dRe4"? [ @KM757Uf6N;HOC6"M7Og;HGF4"UhBC5�GF:7BC=ERi;NZh:<;9=EGjRi@�U7BC=F;9U]kH;95lGm;HDK4"="2n BC?A=WGFOTZK8�R(:74"5+6"@KJLJoM757BC6N;HGFBT@K5cU74"Og;dZcBC= [ BCDPBTGpJS;NZc:<;9>7>I4"5qGF:<;HGrGF:74LR(:7@KOC4LkK@KOCM7JL4 V

@9a�GF:74&OC@l;9UP6N;95 [ 4p>7?A@�6"4"=A=A4"Uc@K5�@K57OTZP;Lab4sRt>7?A@�6"4"=A=A@K?A=�BC5)=A:7@K?WGF4"?GFBCJL4.GF:<;95)GF:74rGFBCJL4
574"4"U74"UuGF@v;H6sGFBTk9;HGF4.;9OCO m >7?A@�6"4"=A=A@K?A="8w;957Ux@KM7?,OC@dRe4"? [ @9M757UuBC=i57@9G,6"@K?A?A4"6sGN2�ye@K57=ABCU74"?(;95
4mz7;9JL>7OC49{ V = 10 8 m = 20 8 Ai = 1, Ci = 0, Si = 1, Bi = 10 8�ab@K? i = 1, . . . ,m 2L|,:74
OC@l;9U)JS;NZ [ 4p>7?A@�6"4"=A=A4"U [ Z)M7=ABC57DE@K57OTZuab@KM7?>7?A@16"4"=A=A@K?A=.BC5 C∗

max = 5 M7=ABC57DEU7BC=WGF?AB [ M]GFBC@K5
α1 = 4, α2 = 3, α3 = 2, α4 = 1 2&|,:74vGFBCJL4p574"4"U74"U}GF@P;96sGFBTk9;HGF4o;9OCO m = 20 >7?A@�6"4"=A=A@K?A=
BC= 20 > C∗

max 2�~	@9GF4uGF:<;HGLBTa�;9OCO m >7?A@16"4"=A=A@K?A=LRi4s?F4PM7=A4"U�GF:74"5�=A@KJL4u@9aGF:74"J�Re@KM7OCU
?A4"6"4"BTkK4p57@SOC@l;9U+�bBC5PGF:74r4mz7;9JL>7OC4 αl = 0 8wab@K? l = 5, . . . ,m �m2,|,:�M7="8IGF:74r=A@KOCM]GFBC@K57=(@9a�GF:74
OCBC574N;9?p>7?A@KDK?F;9J����]2T�Y���s���]2 0 �.ab@K?o=A4"�1M74"576"4 (Pi, . . . , Pk, P

|Z|
id (Z)) R(BTGF: αl = 0 8�ab@K?&=A@KJL4

l 8BC57U7BC6N;HGF4)GF:<;HGxGF:74!=A4"�1M74"576N4}BC=EGF@�@�OC@K57D78;957UhGF:74!OC@YRe4"? [ @KM757UfBC=xBC5<;96"6sM7?X;YGX4H2��j5
@9GF:74"?vRe@K?AU7="8,=A@KJL4P>7?A@16"4"=A=A@K? Pl BC5lGX?A@1U7M76"4"=E;c6"@KJLJ&M757BC6N;HGFBC@95�U74"Og;dZ�6"@K5lGF?AB [ M]GFBC57D!GF@
GF:74x=A6m:74"U7M7OC4uOC4"57D9GF:�8 [ M]GvU7@�4"=o57@9Gv6"@KJL>7M]GF492+|,:74"?A4sab@K?A498 Pl 6N;95 [ 4u4"OCBCJLBT5<;HGF4"Uqab?A@KJ
GF:74v;96sGFBTk9;HGFBC@K5�=A4"�1M74"576"4vR(BTGF:7@KM]G.BC576"?A4N;9=ABC57DEGF:74o=A6X:74"U7M7OC4vOC4"57D9GF:�2V�q4o6N;95757@9GV?A4"JL@dkl498
:7@dRi4skK4"?"8<GF:74V?A4N;9O�>7?A@�6"4"=A=A@K?A=(ab?A@KJ�=A4"�1M74"5<6"4 a 2�|,:74V=A4"6"@K57U)U7BC=F;9U]k9;95lGX;9DK4V@9a�GF:74r; [ @dkK4
JL4sGF:7@�U�;9>7>I4N;9?A=vR(:74"5�GF:74uBCU74N;9O,>7?A@16"4"=A=A@K?SBC=o=AM7>I4"?ABC@K?oGF@!GF:74P?A4N;9O,>7?A@�6"4"=A=A@K?A=LBC5�GF:74
=A4"�1M74"576"4 a 2p|,:74"5�8�GF:74o?A4N;9O�>7?A@16"4"=A=A@K?A=VJS;dZK8�;9Dl;9BC5�8^?A4"6"4"BTkK4o57@uOC@l;9U�2r�e@9GF:!=ABTGFM<;HGFBC@K57="8
6N;95 [ 4�U74N;9OTGeR(BTGF: [ ZSU74"6"?A4N;9=ABC57D&GF:74�51M7J [ 4"?e@9a�BCU74N;9OI>7?A@�6"4"=A=A@K?A=,M751GFBCOI;9OCOI>7?A@�6"4"=A=A@K?A=,BC5
GF:74�=A4"�1M74"576N4i?A4"6"4"BTkK4e=A@KJL4�OT@l;9U�2 n @K?�GF:74e; [ @dkK4e?A4N;9=A@K57=�GF:74�>7?A@�6"4"U7M7?A4e@9a76N;9OC6"M7Og;HGFBC57D,GF:74
OC@dRi4s? [ @KM757Uv:<;9= [ 4"4"5L4mz�GF4"57U74"U [ ZoBTGF4"?F;HGFBTkK4iU74"6"?A4N;9=ABC57DVGF:74,51M7J [ 4"?�@9a^BCU74N;9O7>7?A@16"4"=A=A@K?A=
M75lGFBCO�;9OCO�>7?A@16"4"=A=A@K?A=?A4"6"4"BTkK4V=A@KJL4VOC@l;9U�2
�(���(��� �����	�7�$�l�]�$�����$�� ��7���]¡�¢£�

|,:74e>7?A@ [ OC4"Jt@9a7@K>]GFBCJS;9Ol=A6X:74"U7M7OCBC57DU7BTk�BC=AB [ OC4�OC@l;9UrBC5&;	:74sGF4"?A@KDK4"574"@KM7=�=WGX;9?�R(BTGF:p6"@KJLJoM��
57BC6N;HGFBC@K5E=WGX;9?WGFM7>xGFBCJL4"=,;957UuOCBCJvB¤GF4"UEJL4"JL@K?WZS=ABC_"4"=(BC=i6"@KJL>7M]GX;HGFBC@K5<;9OTO¤ZL:<;9?AU�2�|,:74V4mz7;96sG
@K>]GFBCJLBT_N;HGFBT@K5};9OCDK@K?AB¤GF:7J¥>7?A4"=A4"51GF4"U+BC5cGF:74L>7?A4sk�BC@KM7=r=A4"6sGFBC@K5q:<;H=r4mz]>I@K574"5lGFBg;9O�4mz]4"6"M]GFBC@K5
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»F¼C½L¾&¼C¿l»�»FÀ7¾oÁeÂKÃAÄW»rÅNÆ9ÄA¾9ÇoÈ,À7¾"ÃA¾sÉbÂKÃA¾9Ê�¼T».¼CÄ.ÃA¾NÆ9ÄAÂK¿<Æ9Ë7ÌC¾&»FÂuÅ"ÂK¿7ÄA¼CÍ7¾"Ã.À7¾"Î7ÃA¼CÄW»F¼CÅvÆ9ÌCÏKÂKÃA¼¤»FÀ7½vÄ
Æ9Ä	Æ9ÌT»F¾"ÃA¿<ÆH»F¼TÐK¾.½L¾s»FÀ7Â�Í7Ä(Â9É�Ñ<¿7Í7¼C¿7ÏLÄAÂKÌCÎ]»F¼CÂK¿7Äe»FÂLÂKÎ7Ã(Ò7ÃAÂKË7ÌC¾"½PÇ�Ó	¾"Î7ÃA¼CÄW»F¼CÅ"Ä"ÊwÆ9ÃA¾VÌCÂdÁiÔjÂKÃAÍ7¾"Ã
ÒIÂKÌTÕ�¿7ÂK½L¼CÆ9Ì�»F¼C½L¾&Æ9ÌCÏ9ÂKÃA¼T»FÀ7½vÄÒ7ÃAÂdÐ�¼CÍ7¼C¿7ÏSÉb¾NÆ9ÄA¼CË7ÌC¾&ÄAÂKÌCÎ]»F¼CÂK¿7Ä"ÇVÓ	ÂYÁe¾sÐK¾"Ã"Ê�»FÀ7¾oÄAÂKÌCÎ]»F¼CÂK¿7ÄÍ7¾mÔ
ÃA¼TÐK¾"ÍPËlÕE»FÀ7¾"½ÖÆ9ÃA¾V¿7Â9»(ÏKÎ<Æ9ÃFÆ9¿1»F¾"¾"Íu»FÂvËI¾VÂKÒ]»F¼C½SÆHÌ×Ç

È,À7¾vÀ7¾"Î7ÃA¼CÄW»F¼CÅo½L¾s»FÀ7Â�Í7Ä�Ái¾vÄW»FÎ7Í7¼C¾"Í!»FÃWÕ�»FÂEÑ<¿7Íc»FÀ7¾vËI¾"ÄW»rÄA¾"Ø1Î7¾"¿7Å"¾SÂHÉeÒ7ÃAÂ�Å"¾"ÄAÄAÂKÃrÆ9ÅmÔ
»F¼TÐ9ÆH»F¼CÂK¿�Ê�Æ9¿7Íq»FÀ7¾SÄA¾s»oÂ9É,ÁeÂKÃAÙ1¼C¿7Ï)Ò7ÃAÂ�Å"¾"ÄAÄAÂKÃAÄ"Ç!È,À7¾SÑ<ÃAÄW»&ÄA¾s»oÂ9É,À7¾"Î7ÃA¼CÄW»F¼CÅ"Ä&Æ9Ås»F¼TÐ9ÆH»F¾"Ä&Æ9ÌCÌ
ÆNÐ9Æ9¼CÌgÆ9Ë7ÌT¾(Ò7ÃAÂ�Å"¾"ÄAÄAÂKÃAÄ,Æ9Å"Å"ÂKÃAÍ7¼C¿7Ïr»FÂ&ÆrÄA¼C¿7ÏKÌC¾(Ò7ÃAÂ�Å"¾"ÄAÄAÂKÃiÒ<Æ9ÃFÆ9½L¾s»F¾"Ã"Ç�È,À7¾"¿E»FÀ7¾Í7¼CÄW»FÃA¼CË7Î]»F¼CÂK¿
Â9É]»FÀ7¾�ÌCÂlÆ9ÍEÚb¼×Ç ¾9Ç

αi Û ÄXÜ�¼CÄ�ÉbÂKÎ7¿7ÍpÎ7ÄA¼C¿7Ï(ÉbÂKÃA½&Î7ÌgÆH»F¼TÂK¿SÚ º ÇTÝYÜ�ÔsÚ º Ç ¹ ÜmÇ�È,À1Î7Ä"Ê9Áe¾�ÄW»XÎ7Í7¼T¾"ÍpÀ7¾"Î7ÃA¼CÄW»F¼CÅÞ Á(À7¼CÅmÀPÂKÃAÍ7¾"ÃA¾"ÍPÒ7ÃAÂ�Å"¾"ÄAÄAÂKÃAÄ�Æ9Å"Å"ÂKÃAÍ7¼C¿7Ïo»FÂv»FÀ7¾V¿7ÂK¿7Í7¾"Å"ÃA¾NÆ9ÄA¼C¿7ÏLÐHÆ9ÌCÎ7¾VÂ9É�Ò7ÃAÂ�Å"¾"ÄAÄA¼C¿7ÏSÃFÆH»F¾"Ä
Úb¼×Ç ¾9Ç

Ai Û ÄXÜmÇ�ß¿<Æ9ÌCÂKÏKÂKÎ7ÄAÌTÕKÊ1À7¾"Î7ÃA¼CÄW»F¼CÅ"Äpà�Ê]Æ9¿7ÍPá&Ái¾"ÃA¾�Æ9¿<Æ9ÌTÕ�â"¾"Í�Ç�Ó	¾"Î7ÃA¼CÄW»F¼CÅ9Ê7ã�ÂKÃAÍ7¾"ÃA¾"ÍxÒ7ÃAÂHÔÅ"¾"ÄAÄAÂKÃAÄ�Æ9Å"Å"ÂKÃAÍ7¼C¿7Ï»FÂ�¿7ÂK¿7¼C¿7Å"ÃA¾NÆ9ÄA¼C¿7ÏÐHÆ9ÌCÎ7¾iÂ9ÉwË7Î]ä^¾sÃ�ÄA¼Câ"¾"Ä
B
Ç�È,À7¾iÄA¾"Å"ÂK¿7ÍvÄA¾s»�Â9ÉwÀ7¾"Î7ÃA¼CÄW»F¼CÅ"Ä

¼C¿l»F¾"¿7Í7Äp»FÂ�Å"ÂK½&Ë7¼C¿7¾v»$ÁeÂ�Ò<Æ9ÃFÆ9½L¾s»F¾"ÃAÄpÂ9É(Ò7ÃAÂ�Å"¾"ÄAÄAÂKÃAÄ"ÇcÓ	¾"Î7ÃA¼CÄW»F¼CÅ+àIå Þ ÂKÃAÍ7¾"ÃAÄ&Ò7ÃAÂ1Å"¾"ÄAÄAÂKÃAÄ
ÉbÃAÂK½æ»FÀ7¾&Ò7ÃAÂ�Å"¾"ÄAÄAÂKÃ�Á(¼T»FÀ�»FÀ7¾oÌC¾NÆ9ÄW»�ÐHÆ9ÌCÎ7¾&Â9É Ci

Ai

»FÂE»FÀ7¾oÒ7ÃAÂ1Å"¾"ÄAÄAÂKÃ.Á(¼T»FÀ)»FÀ7¾oË7¼CÏKÏK¾"ÄW».ÂK¿7¾9Ç
Ó	¾"Î7ÃA¼CÄW»F¼CÅxáKå Þ Ê�¼CÄ.ÉbÂKÃA½&Î7ÌgÆH»F¾"ÍcÄA¼C½L¼CÌCÆ9ÃAÌ¤ÕKÇSÓ	¾"Î7ÃA¼CÄW»F¼CÅxá�à�ÂKÃAÍ7¾"ÃAÄrÒ7ÃAÂ�Å"¾"ÄAÄAÂKÃAÄ&Æ9Å"Å"ÂKÃAÍ7¼C¿7Ïu»FÂ
»FÀ7¾&¼C¿7Å"ÃA¾NÆ9ÄA¼C¿7ÏEÐHÆ9ÌCÎ7¾&Â9É

SiCi
Ç.ß¿<Æ9ÌCÂKÏKÂKÎ7ÄAÌTÕKÊ^½L¾s»FÀ7Â1Íqã�å Þ ÂKÃAÍ7¾"ÃAÄ�Ò7ÃAÂ�Å"¾"ÄAÄAÂKÃAÄrÆ9Å"Å"ÂKÃAÍ7¼C¿7Ï

»FÂS»FÀ7¾pÍ7¾"Å"ÃA¾NÆ9ÄA¼C¿7ÏSÐ9Æ9ÌCÎ7¾"ÄÂ9É Bi

Ai

ÇÈ,À7¾oÆ9ËwÂYÐK¾&ÏKÃAÂKÎ7Ò)Â9É�À7¾"Î7ÃA¼CÄW»F¼CÅ"Ä	Á(¼CÌCÌ�ËI¾&ÅNÆ9ÌCÌT¾"ÍuçIèméëêLì9èmí
î<ïsð èméCñsò�é×óXñsÇ

ô Â9»)Æ9ÌTÁiÆdÕ�ÄPÆ9ÃA¾!Áe¾qÆ9ÌCÌTÂYÁe¾"Íh»FÂ�»XÆ9ÙK¾}Æ9ÌCÌ»FÀ7¾cÒ7ÃAÂ�Å"¾"ÄAÄAÂKÃAÄ�ÆNÐ9Æ9¼CÌgÆ9Ë7ÌT¾�¼C¿fÆ�Å"ÂK½LÒ7Î]»F¾"Ã
ÄWÕ�ÄW»F¾"½PÇeõPÂKÃA¾�Â9Éë»F¾"¿xÂK¿7ÌTÕEÆpÄAÎ7Ë7ÄA¾s»	¼CÄiÆ9Í7½L¼CÄAÄA¼CË7ÌC¾9Ç�ß(Ås»F¼TÐHÆH»F¼C¿7Ïp»FÂ1Âo½SÆ9¿lÕSÒ7ÃAÂ�Å"¾sÄFÄAÂKÃAÄ,½SÆNÕ
¼C¿l»FÃAÂ�Í7Î7Å"¾vÅ"ÂKÄW»FÌTÕcÅ"ÂK½L½&Î7¿7¼CÅNÆH»F¼TÂK¿cÍ7¾"ÌgÆNÕ�Ä"ÇuöeÂK¿7ÄA¾"Ø1Î7¾"¿l»FÌTÕKÊ�ÆuÄA¾"Å"ÂK¿7Í+ÏKÃAÂKÎ7Ò}Â9ÉiÀ7¾"Î7ÃA¼CÄW»F¼CÅ"Ä
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Ý�ò=ë�ï�á$ó�í%ñ'ð�ß�ëPè8ë�Ý�í%ôEë�Ý�ñ'á-ß�ô�ú�á�à5è8ò�òß�ñ'ð�ë�Ý�í�ô�òaë�ï�è8ë1è�ê�ê
ð�àí�ó�á�òòí%àòBù<í%àþ$Ý�ô?ð�è�à�è�ê�ê�á�ê ö 1

minm
i=1{Ai}

V
∑m

i=1
1

Ai

Ý�ò¡ë�ï�áNòñ"è�ê�ê�á�ò@ëBðIí%òòÝ�õ�ê�á/è�òòÝ�Þ%ô�ñ'á�ôcëBí�îIë�ï�á
ê�ícè�úLë�í?è-ð�àí�ó�á�òòí%àNè�òòß�ñ'Ý�ô�Þ5ë�ï�è8ëNè�ê�ê�ð�àí�ó�á�òòí%àòbùNí%àþLÝ�ô'ð�è�à�è�ê�ê�á�ê(ã¡ø/ï\ß�ò ö minm

i=1{Si}+
minm

i=1{Ci}

minm
i=1{Ai}

V
∑m

i=1
1

Ai

Ý�òLèDê�í;ùNá�à?õFí%ß�ô�úÂí%ô
ë�ï�á�ó�í%ñ'ñ?ß�ô�Ý�ó�è8ë�Ý�í%ô)ú�á�ê7è�ì%ã!ÿ1ô�ê�ì ë�ï�á�á3÷�ë�àá�ñ'á
àá�òß�ê�ë�ò5í�î<è�ê�êRï�á�ß�àÝ�ò@ë�Ý�ó�ò5è�óPï�Ý�á	çcá�ú õcìkï�á�ß�àÝ�ò@ë�Ý�ó�ò

A,C ö è�ô�úkë�ï�áLàá	î�á�àá�ô�ó�á,ï�á�ß�àÝ�ò@ë�Ý�ó Rnd
è�àá^ò�ï�í;ù=ôüÝ�ôüÜRÝ�Þ�ã â�ã�ä%ä%ãnæXò>Ý�ë>ó�è�ôüõIákòá�á�ôüë�ï�á�àákÝ�ò"ô�í
òÝ�Þ%ô�Ý � ó�è�ôcë>ú�Ý��gá�àá�ô�ó�ákÝ�ôÁë�ï�á
ðFá�à@î�í%àñ"è�ô�ó�á?í�îbè�ê�ê¡ë�ï�á?ð�àÝ�ñ"è�à@ìZï�á�ß�àÝ�ò@ë�Ý�ó�ò�ã��aá�ß�àÝ�ò@ë�Ý�ó

C
ù<á�è�þ\ê�ìkú�í%ñ'Ý�ô�è8ë�á�òXÝ�ôDú�è8ëPè�òá	ë

� ãiø/ï�ádú�è8ëPè�òá	ë � Ý�ò/ï�è�àú�á�à/î�í%à/ð�àÝ�ñ"è�à@ì"ï�á�ß�àÝ�ò@ë�Ý�ó-è�ô�úZõ�Ý�Þ
m
ë�ï�è�ôEú�è8ëPè�òá	ëdä%ã

ý�ô!ÜRÝ�Þ�ã â�ã�ä � ö è�ô�ú!ÜRÝ�Þ�ã â�ã�ä;âZú�á�ðIá�ô�ú�á�ô�ó�áEí�î/ë�ï�á�è�çcá�à�è�Þ%á>é\ß�è�ê�Ý�ë�ì�í�î/ë�ï�á m� ï�á�ß�àÝ�ò@ë�Ý�ó�ò
òí%ê�ß�ë�Ý�í%ô�ò"î�í%à>ú�è8ëPè�òá	ë�òDä ö è�ô�úCú�è8ëPè�òá	ë � ö àá�òðFá�ó	ë�Ý�ç%á�ê�ì ö è�àáDú�á�ð�Ý�ó	ë�á�úJã`Ü�í%à>ú�è8ëPè�òá	ë ä
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4�57698;:=<?>A@ 3CB�DFE�G <%:IHJ69<.KL8MHJN75�OQPSRJTUOIV;<
mWV;<%8;:=57XYOI57Z%X G X/OIV;<1[L8;\)]^<%:/RJT`_;:=R�Z%<%X=X=R9:=X
m ab HcOdHJX=<eO 3 a m ≤ 11
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4�57698;:=<?>A@ 3 > DFE�G <%:IHJ69<.KL8MHJN75�OQPSRJTUOIV;<
mWV;<%8;:=57XYOI57Z%X G X/OIV;<1[L8;\)]^<%:/RJT`_;:=R�Z%<%X=X=R9:=X
m ab HcOdHJX=<eO B a m ≤ 11

@

V;<%8;:=57XYOI57Z%X
A,mB/A

HJ:=<f]^<eO=OI<%:hgiZeT'@ 4�576;@ >A@ 3CB9j a HJ[ b TiR9: b HcOdHJX=<eO B V;<%8;:=57XYOI57Z C
57X b R9\k5 W

[MHcOI57[;6"giZeT'@ 4�576;@ >A@ 3 > j @mlQ[nOI8;5�OI5 G <%N�PoOIV;57X)57XUH :=<pHJX=R9[MHJ];N7<qX=5�OI8MHcOI57R9[.]r<%ZpHJ8;X=<s57[ b HcOdHJX=<eO 3
Z%R9\k\)8;[;57ZpHcOI5�R9[o57X�TtHJXYOqg

C
57X�X=\uHJN7N j HJ[ b X=<%Z%R9[ b HJ:YP?_MHJ:IHJ\k<eOI<%:=XvX=8;ZdV"HJX

Ai a Bi
Z%R9\k<

57[nOIRw_;NxHpP9@
4MR9:�];576,[L8;\)]^<%:=XvRJT/_;:=R�Z%<%X=X=R9:=X)_^<%:YTiR9:=\uHJ[;Z%<kRJT

m W V;<%8;:=57XYOI57Z%X�57X�X=V;Rzy+[{57[.4�576;@ >A@ 3p|
TiR9: b HcOdHJX=<eO 3 a HJ[ b 57[u4�576;@ >A@ 3C2 TiR9: b HcOdHJX=<eO B @ E 6nHJ57[kHJ[fH G <%:IHJ69< b 57XYOdHJ[;Z%<+Ti:=R9\}OIV;<�N7Rzy~<%:
]^R98;[ b

lb
57X+OdV;< G HJN78;<vX=V;Rzy+[mR9[,OIV;< G <%:YOI57ZpHJN�HC�A57X%@14MR9: b HcOdHJX=<eO 3 gt4�576;@ >A@ 3p|Lj V;<%8;:=57XYOI57Z%X

]MHJX=< b R9[k_;:=R�Z%<%X=X=57[;6v:IHcOI<�HJ[ b \k<%\kR9:YPUX=57�%< a mA,mB/A a HJ:=<+OIV;<�]^<%XYOp@���[uZ%R9[nOI:IHJ:YPUTiR9:
b HcOdHJX=<eO B gt4�576;@ >A@ 3C29j V;<%8;:=57XYOI57Z%X
]MHJX=< b R9[UZ%R9\k\)8;[;57ZpHcOI5�R9[v:IHcOI<

mC,mCS,mC/A
HJ:=<~OIV;<

]^<%XYOp@��/V;<):=<pHJX=R9[,TiR9:�OIV;57X�]^<%VMH G 57R9:�57X�OIVMHcO b HcOdHJX=<eO 3 VMHJX�X=\uHJN7N�Z%R9\k\)8;[;57ZpHcOI57RJ[s:IHcOI<%X a
HJ[ b XYOdHJ:YOI8;_sOI57\k<%X%@~��<%[;Z%< a RJOIV;<%:+_MHJ:IHJ\k<eOI<%:=X+Z%R9\k<�57[nOIRw_;NxHzPf57[ b HcOdHJX=<eO 39D Z%R9\k_;8AOI57[;6
:IHcOI<%X

Ai a HJ[
b \k<%\kR9:YPkX=57�%<%X

Bi

@��/V;<1V;<%8;:=57XYOI57Z%X/]MHJX=< b R9[qOIV;<%X=<1_MHJ:IHJ\k<eOI<%:=X+HJ:=<1HJ];N7<�OIR
695 G <�69RLR b X=R9N78AOI57R9[;X%@�4MR9:+\kR9:=<�69<%[;<%:IHJN�57[;XYOdHJ[;Z%<%X a HJX�57[ b HcOdHJX=<eO B a OIV;<vZeR9\k\U8;[;57ZpHcOI5�R9[
OI:IHJ[;XYTi<%:+:IHcOI<157X�OIV;< b R9\k57[MHcOI57[;6)_MHJ:IHJ\k<eOI<%:%@
��RCy�y~<�y+57N7N�<��;HJ\k57[;<1OIV;<�KL8MHJN75�OQPfRJT`OdV;<�X=R9N78AOI57R9[;X/R9]AOdHJ57[;< b ]nPqOIV;<�V;<%8;:=57XYOI57Z%X a HJX�H
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mµ´;¥%£;¤=¡7¶Y°I¡7·%¶�¬�¶/°I´;¥1¸L£;¹)º^¥%¤/²J³`»;¤=²�·%¥%¶=¶=²9¤=¶
m ¼½ c°dJ¶=¥e°�¨�J¸ ½ º;¡7¢

m
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 �¡7¢9£;¤=¥?¦A§�¨ � ªF«�¬9¥%¤IJ¢9¥.®L£MJ¯7¡�°Q±S²J³U°I´;¥
mµ´;¥%£;¤=¡7¶Y°I¡7·%¶�¬�¶/°I´;¥1¸L£;¹)º^¥%¤/²J³`»;¤=²�·%¥%¶=¶=²9¤=¶
m ¼½ c°dJ¶=¥e° � J¸ ½ º;¡7¢

m
§

³i£;¸;·e°I¡7²9¸h²J³`°I´;¥�»;¤=²�·%¥%¶=¶=¡7¸;¢k¤Ic°I¥ ¼ °I´;¥�·%²9¹k¹)£;¸;¡7·pc°I¡�²9¸q¤Ic°I¥ ¼ °I´;¥�¶Y°dJ¤Y°I£;»h°I¡7¹k¥ ¼ °I´;¥�¹k¥%¹ µ
²9¤Y±kº;£A¾�¥%¤~¶=¡7¿%¥ ¼ J¸ ½ °I´;¥�¬n²9¯7£;¹k¥�²J³À°I´;¥�¯7²n ½ §
«�¯7¯r¤=¥%¶=£;¯�°I¶�J¤=¥�²9ºA°dJ¡7¸;¥ ½ ³i²9¤ ½ c°dJ¶=¥e°�¨9§
«�¶
¡�°+·pJ¸sº^¥�¶=¥%¥%¸,¡7¸s �¡7¢;§ ¦A§�¨zÁv°I´;¥%¤=¥�¡7¶/¸;²kº;¡7¢ ½ ¡�¾�¥%¤=¥%¸;·%¥�¡7¸q°I´;¥�»^¥%¤Y³i²9¤=¹uJ¸;·%¥�²J³`°I´;¥�´;¥%£;¤=¡7¶ µ
°I¡7·%¶~Â+´;¥%¸

A
¡7¶�·d´MJ¸;¢9¡7¸;¢;§�Ã�¸;¯�±k³i²9¤�¶=¹uJ¯7¯

A
·pJ¸hJ¸n± ½ ¡�¾�¥%¤=¥%¸;·%¥1º^¥1²9º;¶=¥%¤Y¬9¥ ½ §~ M²9¤~º;¡7¢

A
·%²9¹k»;£A°dc°I¡7²9¸q°I¡7¹k¥ ½ ²9¹k¡7¸Mc°I¥%¶+¡7¸h°I´;¥�¶=·�´;¥ ½ £;¯7¥v¯7¥%¸;¢J°I´À§+Ä~´MJ¸;¢9¥%¶�¡7¸h°I´;¥v·e²9¹k¹U£;¸;¡7·pc°I¡�²9¸
·%²9¶Y°U¤=¥%¶=£;¯�°I¡7¸;¢,³i¤=²9¹Å¤=¥%²9¤ ½ ¥%¤=¡7¸;¢,°I´;¥f»;¤=²�·%¥%¶=¶=²9¤=¶kJ¤=¥u¹k¡7¸;²9¤v·%²9¹k»Mc¤I¥ ½ °I² °I´;¥f·%²9¹k»;£A°d µ
°I¡7²9¸,°I¡7¹k¥J§1Æ�¥%¸;·%¥ ¼ °I´;¥)¶=¥%®L£;¥%¸;·p¥w²J³�»;¤=²�·%¥%¶=¶=²9¤�J·e°I¡�¬Jc°I¡7²9¸,¡7¶�J¯7¹k²9¶Y°�¡�¹k¹uc°I¥%¤=¡7J¯t§�«�¯7ºr¥%¡�°
²9¸;¯�±,²9¸;¥U»;¤=²�·%¥%¶=¶=²9¤�¡7¶1Jº;¯7¥v°I²q·%²9¹k»;£A°I¥wJ¯7¯`°I´;¥U¯7²n ½ ¼ J¯7¯ m »;¤=²�·%¥%¶=¶=²9¤=¶�J¤=¥U£;¶=¥ ½ ¡7¸ °I´;¥
²9»A°I¡7¹)£;¹Ç¶=²9¯7£A°I¡7²9¸;¶�Â+´;¥%¸

A
¡7¶1º;¡7¢;§wÈ�¡7¸;·%¥

mµ ´;¥%£;¤=¡7¶Y°I¡7·%¶�°I¥%¸ ½ °I²h£;¶=¥uJ¶�³i¥eÂ}»;¤=²�·%¥%¶=¶=²9¤=¶
J¶/»^²9¶=¶=¡7º;¯7¥�°I´;¥�z¬9¥%¤IJ¢9¥1®L£MJ¯7¡�°Q±f²J³�°I´;¥%¡7¤/¶=²9¯7£A°I¡7²9¸;¶�¡7¶

m
°I¡7¹k¥%¶~Â~²9¤=¶=¥1°I´MJ¸q°I´;¥�²9»A°I¡7¹)£;¹

É ·e³'§  �¡7¢;§ ¦A§�¨zÁ É ºrÊ=Ê�§
Ë�¥%»^¥%¸ ½ ¥%¸;·p¥f²J³~°I´;¥up¬n¥%¤IJ¢9¥k®L£MJ¯7¡�°Q±$²J³~°I´;¥k¶=²9¯7£A°I¡7²9¸;¶�²9¸m°I¤IJ¸;¶Y³i¥%¤�¤Ic°I¥k·pJ¸?ºr¥u¶=¥%¥%¸

¡7¸, �¡7¢;§ ¦A§�¨CÌ�§~ÍÎ³
C
¡7¶�º;¡7¢w°I´;¥%¸,·%²9¹k¹U£;¸;¡7·pc°I¡�²9¸ ½ ¥%¯xp± ½ ²9¹k¡7¸Mc°I¥%¶+¡7¸h°I´;¥v¶=·d´;¥ ½ £;¯7¥v¯7¥%¸;¢J°I´ ¼

J¸ ½ °I´;¥�¶=¥%®L£;¥%¸;·%¥v²J³
»;¤=²L·%¥%¶=¶=²9¤�J·e°I¡�¬Jc°I¡7²9¸q´MJ¶+¹k¡7¸;²9¤�¡7¸AÏM£;¥%¸;·%¥�²9¸h°I´;¥�¶=·�´;¥ ½ £;¯7¥�¯7¥%¸;¢J°I´À§
 M²9¤�°I´;¡7¶v¤=¥pJ¶=²9¸.°I´;¥fº;¡7¢9¢9¥%¤

C
¡7¶�°I´;¥fº^¥e°=°I¥%¤)®L£MJ¯7¡�°Q±o²J³/°I´;¥f´;¥%£;¤=¡7¶Y°I¡7·u¶=²9¯7£A°I¡7²9¸;¶v¡7¶%§$Ð�²
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æêéJè

ë�ì7í9î;ï=ð åAñ�òzóAôvõ�ö ð%ïI÷Jí9ðuøLîM÷Jù7ì�úQû$üJý�úIþ;ðkÿ=ü9ù7îAúIì7ü��;ÿ ö ÿ
A
ýiü9ï�÷����;ï=ì��u÷JïYû$þ;ð%î;ï=ì7ÿYúIì��%ÿ
	����ýiü9ï

m� þ;ð%î;ï=ì7ÿYúIì��%ÿ ñ
�;ï=ì��u÷JïYûhþ;ð%î;ï=ì7ÿYúIì����%ù7ðp÷Jï=ù�ûhü9îAú��^ð%ïYýiü9ï��kÿ�úIþ;ðvüJúIþ;ð%ï��;ï=ì��u÷JïYûhþ;ð%î;ï=ì7ÿYúIì����të�ì7í ñ åAñ�ò�� �t÷���� ñ ëMü9ï
m� þ;ð%î;ï=ì7ÿYúIì��%ÿ��të�ì7í ñ åAñ�ò�� �������	��kðeúIþ;ü��;ÿ mA,mB/A

÷Jï=ð$úIþ;ð��rð%ÿYú ñ � þ;ì7ÿhì7ÿh÷"ï=ð%ÿ=î;ù�úsüJý
ú"!�üuýt÷#�eúIÿ ô ì��$�M÷cúd÷Jÿ=ðeú ò �%ü��%�)î&�;ì��p÷cúIì�ü��$�;ð%ùx÷pû�ÿ�÷Jï=ð'�;üJú��;ì7í&	�÷#�&� ü��;ù�û(�kì��;ì)�)î&� ÿ=ðeú�üJý
�;ï=ü��%ð%ÿ=ÿ=ü9ï=ÿwÿ=þ;ü9î;ù��*�rðhî;ÿ=ð
� ñ+� þLî;ÿ
	�ýt÷JÿYú,�;ï=ü-�%ð%ÿ=ÿ=ü9ï=ÿu÷#�&�*�;ï=ü-�%ð%ÿ=ÿ=ü9ï=ÿ,!+ì�úIþ.�;ì7í/�kð
�kü9ïYû
�;î10�ð%ï=ÿ�÷Jï=ð2�;ï=ðeýið%ï=ï=ð
� ñ
� þ;ð3�;ð
�rð
�&�;ð
�&�pðhü��*�;î10�ð%ïUÿ=ì�4%ð

B
	�ÿYúd÷JïYúIî&�{úIì��kð

S
	�÷#�&�"ù7ün÷#�.ÿ=ì�4%ð

V
÷Jï=ðfÿ=ì��kì7ù7÷Jï ñ

� þ;ð%ï=ðeýiü9ï=ð�!~ð�ü��;ù�ûkü9îAúIù7ì��;ð+úIþ;ð�ï=ð%ÿ=î;ù�úIÿ~ýiü9ï�úIþ;ð%ÿ=ð��;ð
�^ð
�&�;ð
�&�%ì7ð%ÿ ñ ëMü9ï
S ∈ 5 ò�6 � ó 	 ò�687:9 	;÷#�&�

B ∈ 5 ò9ñ<;9ä#6�ä 	 ò�68=:9 	�úIþ;ðs÷ ö ð%ïI÷Jí9ð3�;ì7ÿYúd÷#�&�%ðhüJý�úIþ;ð��;ï=ì��u÷JïYû?þ;ð%î;ï=ì7ÿYúIì��qÿ=ü9ù7îAúIì7ü��;ÿvýiï=ü��ÅúIþ;ð
ü��AúIì��)î&� ì7ÿ�ù7ð%ÿ=ÿ
úIþM÷#�,>-? ñ ëMü9ï

V ∈ 5 ò�687 	 ò�6�ó:9 úIþ;ð@�;ì7ÿYúd÷#�&�%ð�ýiï=ü�� úIþ;ð+ü#�Aúdì)�Uî&�A�;ð
�%ï=ðp÷Jÿ=ð%ÿ!+ì�úIþ
V
ì��&�%ï=ðp÷Jÿ=ì��;í"ì�� ÷.!�÷pûSï=ð%ÿ=ð
�'�;ù7ì��;í*�;ð
�^ð
�&�;ð
�&�%ð?ü��

A
���eý ñ ë�ì7í ñ åAñ�òzó �t÷���� ñB� þ;ð

�^ð%ïYýiü9ï��u÷#�&�%ðC�;ì)0�ð%ï=ð
�&�%ðC�^ðeú"!�ð%ð
�UúIþ;ðC�;ï=ì��u÷JïYû�þ;ð%î;ï=ì7ÿYúIì��%ÿ�ì7ÿD�kì��;ü9ï ñDE ðeúIþ;ü��;ÿ
mA
	
mD/A�;ü��kì��M÷cúIð
�q÷#�kü��;ívúIþ;ð

m � þ;ð%î;ï=ì7ÿYúIì��%ÿC!+þ;ðF� S,B, V
!�ð%ï=ð ö ÷JïYû�ì��;íUì��fúIþ;ð1÷cýiü9ï=ð
�kð
�LúIì7ü��;ð
�

ì��núIð%ï ö ÷Jù7ÿ ñ/� þ;ðqï=ðp÷Jÿ=ü��{ýiü9ïvúIþ;ì7ÿ��^ð%þM÷ ö ì7ü9ï)ì7ÿvúIþM÷cúG�M÷cúd÷Jÿ=ðeú ò þM÷JÿUÿ��u÷Jù7ùH�eü��%�Uî&�;ì��p÷cúIì�ü��
�%ü9ÿYúIÿ ñHI ü'�;ð
�^ð
�&�;ð
�&�%ð�üJý�úIþ;ð�øLîM÷Jù7ì�ú'ûwü��

S, V
þM÷JÿJ�^ð%ð
�qü��;ÿ=ð%ï ö ð
�qýiü9ï

m � þ;ð%î;ï=ì7ÿYúIì��%ÿ ñK� þ;ð
øLîM÷Jù7ì�úQûwüJý�ÿ=ü9ù7îAúIì7ü��;ÿH�;ð%ï=ì ö ð
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l�nOS%j%n_[VefefN!W�j�� � Jh� b*��M�^_r�RC]QNQW�R�[Vn�l�nOS%j%n_[Ve d S%W�Mt^_n_[VNQW'^_M�U�S%nOeTY�]�[h^_RC[ 2m+1 }yP�NQefR@W�MONQS%W\[V]d S%W'i'R���l�S%] � r�R@P�nOS%W�q�[VW�P=^_r�R�S%u��tR d ^_N!i%RsU�Y�W d ^_NQS%W=NQM�[?]QNQW�R�[Vn�U�Y�W d ^_NQS%W=SVU,^_r�Rsl�nOS%j%n_[Ve
iV[VnON�[Vu�]QREM?` Cmax

c qI^_r�R;S%lL^_NQeTY�e�MOS%]QYL^_NQSVW6NQM	[mlvS%NQW'^	NQW�[ 2m + 1}yP�NQefR@W�MONQS%W\[V]CMOl\[ d R
]QS d [h^_R@P;NQW?[VW?R���^_nOR@efR d S%nOW�R@nDSVU�^_r�RTlvS%] � r�R@P�nOS%W�b|�Ir�R d S%W�Mt^_n�[hNQWZ^_M.NQW'^_R@nOMOR d ^_NQW�j	NQW;^_r�R
S%lL^_NQeTY�e d S%nOW�R@n�SVU�^_r�Rkl�S%] � r�R@P�nOS%WH[VnORf]QNQefN�^_N!W�js^_r�RfS%lL^_NQegY�e�ih[V]QY�RfSVU�^_r�RfS%u��tR d ^_N!i'R
U�Y�W d ^_NQS%W�qL[VW�P	[VnOR d [h]Q]QR@P	[ d ^_N!i%RVb*w�U8S%W�R�ShU�^_r�R d S%W�Mt^_n_[VNQWZ^_M.`�a�b$z c q�`�a�b { c NQM�[ d ^_N!i%RCU�S%n:MOS%efR
i ^_r�R@W�N!^.NQM.M_[h^_NQMt�\R@P?~CN!^_r?R@XZY\[V]QN!^ � q�[VW�P ti

NQM.R���[ d ^_] � R@XZY\[h]*^_S	^_r�Rgl�NQR d R�}�~CNQMOR�U�Y�W d ^_NQS%W
R��Ll�nOR@MOMONQW�j�^_r�Rsl�nOS d R@MOMONQW�j?^_NQefRVb�w�U�W�S%W�RsSVUC^_r�R d S%W�Mt^_n_[VNQW'^_M�` aLb$z c q�`�a�b { c NQMg[ d ^_N!i%R	U�SVn
MOS%efR i q\[VW�PsuvSV^_r�[VnOR.M_[h^_NQMt�\R@Ps~CN!^_rsNQW�R@XZY\[V]!N!^ � qZ^_r�R@W�N!^�efR�[VW�M�^_r\[h^Il�nOS d R@MOMOS%n Pi

NQM�NQP�]QR
U�S%n.MOS%efR�^_NQefRg[hU¡^_R@n d S%efl�]QRE^_NQW�j d SVefl�YL^�[h^_NQS%W;l�r\[VMORVbg¢ � NQW�R@XZY\[V]QN!^ � `�a�b a c [V]Q]8^_r�Rg]QS'[VP
NQMIl�nOS d R@MOMOR@P�b

£ SV^_R,^_r\[h^�U�S%nOeTY�]�[h^_N!S%W;`�a�b K�c }E`�a�b a c�d [VW	u�RD[VY�j%efR@W'^_R@P	u � [VP�P�NQW�jT[ d S%W�Mt^_n_[VNQW'^�SVU�^_r�R
U�S%nOe αiV ≤ Bi

qv^_S	]QNQefN�^C^_r�R�^_SV^�[V]�efR@efS%n � Y�M_[Vj%RTS%W?MOS%efR�l�nOS d R@MOMOS%n Pi
b�¤�S%W�Mt^_n_[VNQW'^_M

[VW\[V]QS%j%S%Y�M¥^_S�`�a�b$z c qL`�a�b { c¥d [VW�uvR:[VP�P�R@P|^_SCnOR@l�nOR@MOR@W'^�[hP�P�N!^_NQS%W\[V]VefR@efS%n � r�NQR@n_[Vn d r � ]QREi%R@]QM@b
¦ S%n�^_r�RgU�R�[VMONQu�NQ]QN�^ � SVU:^_r�NQMDefR�^�r�SZP�N!^DNQMDW�R d R@MOM_[Vn � q�^_r\[h^D^_r�RgP�R@lvR@W�P�R@W d RkSVU�l�nOS d R@MOMONQW�j
^_NQefRDS%W�^_r�R|i%S%]QY�efR|SVU*]QS'[VP�uvR�[�l�NQR d R�}�~CNQMOR|]QNQW�R�[Vn d S%W'i'R���U�Y�W d ^_NQS%W�b:�Ir�R�MOr\[Vl�R�SVU�^_r�R
d S%W'i'R��xlvS%] � r�R@P�nOS%WH[VW�P�^_r�Rf]QS d [�^�N!S%W�SVU�^_r�RfS%lL^_NQeTY�e�R���^_nOR@efR d S%nOW�R@n�P�R@l�R@W�PHS%Wx^_r�R
WZY�efR@nON d [V]�ih[V]QY�R@M�SVU�^_r�R d SZRE� d NQR@WZ^_M�NQW d S%W�Mt^_n_[VNQW'^_M	`�a�b K�c }E`�a�b a c bs�Ir�R@nOREU�S%nORVq*W�S d ]QS%MOR@P�}
U�S%nOe�R��Ll�nOR@MOMONQS%W�SVU αi

MOR@R@efMDl�S%MOMONQu�]QRVb�¤�S%W�MOR@XZY�R@WZ^_] � q�j%R@W�R@n_[V]*[VW\[V] � ^_N d [V]8MOS%]QYL^_NQS%W�M.[VnOR
r\[VnOP�^_S�u�R|R��LlvR d ^_R@P�b

§ RE^	Y�M	Y�MOR;[VW6R���[Vefl�]QR�^_S d S%efl\[VnOR�^_r�R;[VuvS�i%R�efS�P�R@]I~CN!^_r¨^_r�R�R�[VnO]QNQR@nf© § ��[Vl�}
l�nOS'[ d r�b�¤�S%W�MONQP�R@n�[�r�S%efSVj%R@W�R@S%Y�M�M � Mt^_R@eª~CN!^_rx^y~�S�l�nOS d R@MOMOS%nOM@q�[VW�P d S%efl�YL^_NQW�js^_NQefR
U�Y�W d ^_NQS%W«P�R@M d nONQuvR@P¬u � ^_r�RHl\[Vn_[VefRE^_R@nOM@ Al

11 = Al
21 = 1, Al

12 = Al
22 = 1, Ah

11 =
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communication

communication

42.25 5.75

4 5.9052.095

42.67 5.33 10.33

computing on P1

computing on P1

computing on P1

computing on P2

computing on P2

computing on P2

communication

P1

P1

a)

b)

c) P1

P2

P2

P2

À�ÁQÂ%Ã�ÄOÅ�Æ�Ç ÈLÉ*Ê�Ë�Ì�Å@Í�Ã�Î!Å@Ï�Ð�Ñ%Ä*ÎQÑ'ÒVÍTÍ�ÁQÏtÓ_ÄOÁQÔ�ÃLÓ_ÁQÑ%Õ�Ï�Ë�ÒVÎQË@Ã�Î�ÒhÓ_Å@ÍgÒVÏOÏOÃ�ÖfÁQÕ�Â|Ò'×�Ì�ÁQÅ@Ä_ÒVÄOË�Ì�ÁQË�ÒVÎLÖfÑZÍ�Å@Î
ÑVÐvÓ_Ì�ÅCÖfÅ@ÖfÑ%ÄtØVÙ'Ô�×�Ë@Ñ%ÖfÚ�ÃLÓ_ÁQÕ�ÂDÁQÕgÓ_Ì�ÅCË@Ñ%ÄOÅCÖ�Å@ÖfÑ%ÄtØTÑ%Õ�Î!Ø%Ù'Ë�×�Ë@Ñ%ÖfÚ�ÃLÓ_ÁQÕ�ÂDÑ%ÃLÓtÛyÑVÐ�ÛyË@Ñ%ÄOÅIÑVÕ�Î!Ø%Ç

Ah
21 = −9, Ah

12 = Ah
22 = 10

ÇÝÜ,Å@Õ�Ë@ÅVÙ�Ó�Ì�ÅHÏtÞ�ÒVÚ¬ÚvÑ%ÁQÕ'Ó_Ï?ÒVÄOÅßÒhÓ;ÎQÑ'ÒVÍ«ÏOÁQà@Å 10
9

ÙTÒVÕ�Í
Ë@Ñ%ÄOÅ;ÖfÅ@ÖfÑ%ÄtØ=ÁQÏsÒVÚ�Ú�ÄOÑ�áLÁQÖkÒhÓ_Å@Î!ØßÓ_Å@Õ6Ó_ÁQÖfÅ@Ï�Ð ÒVÏtÓ_Å@ÄkÓ_Ì\ÒVÕ6Ó_Ì�Å;Å�á�Ó_Å@ÄOÕ\ÒVÎ�ÏtÓ_Ñ%Ä_ÒVÂ%Å;Ô�Å@Ë�ÒVÃ�ÏOÅ
Ah

12

Al
12

=
Ah

22

Al
22

= 10
ÇHâIÌ�Å�Ë@Ñ%ÖfÖgÃ�Õ�ÁQË�ÒhÓ_Á!Ñ%ÕmÓ_Ä_ÒVÕ�ÏtÐ�Å@Ä�Ä_ÒhÓ_ÅsÁQÏ

C = 1
Ù�ÒVÕ�Í�ÏtÓ�ÒVÄtÓ_Ã�ÚßÓ_ÁQÖfÅ	ÁQÏ

S = 1
Ç	â�Ì�ÅkÎQÑ'ÒVÍ�ã%Ñ%ÎQÃ�ÖfÅ�ÁQÏ

V = 2
Çsä:Ø�ÏOÑ%Î!ã�ÁQÕ�Â�Ð�Ñ%ÄOÖTÃ�Î�ÒhÓ_Á!Ñ%Õ�å ÆLÇ!æ�×�ÛEå ÆLÇ ÆZ×�Þ�ÅfÑ%ÔLÓ�ÒVÁQÕmÒ

ÏOÑ%ÎQÃLÓ_ÁQÑ%Õ
α1V = 1.25, α2V = 0.75, Cmax = 5.75

ÒVÕ�Í?Ó_Ì�ÅgÏOË�Ì�Å@Í�Ã�ÎQÅgÏOÌ�Ñ�ÞCÕ�ÁQÕ?À�ÁQÂ�ÇvÆ�Ç È%ÒLÇ
ç�Ð*Ò�ÏtÓ�ÒVÕ�Í\ÒVÄOÍ�è.é�â«ÖfÅEÓ_Ì�ÑZÍ�Ñ%ÎQÑ%ÂVØfÞ�Å@ÄOÅ|Ã�ÏOÅ@Í�Þ�ÅDÞ�Ñ%Ã�ÎQÍ�Ì\Ò�ã%ÅDÓ_ÑkÒVÏOÏOÃ�ÖfÅ.Ó_Ì\ÒhÓ,Ú�ÄOÑZË@Å@ÏOÏOÁQÕ�Â
Ó_ÁQÖfÅfÁQÏTÒ�ÏtÓ_ÄOÁQËEÓ_Î!ØxÎQÁQÕ�Å�ÒVÄ|Ð�Ã�Õ�ËEÓ_ÁQÑ%ÕHÑVÐIÓ_Ì�Å	ÎQÑ'ÒVÍ�Ç�âIÌZÃ�Ï@Ù�Ë@Ñ%ÖfÚ�ÃLÓ_ÁQÕ�Â

x
Ã�Õ�Á!Ó_Ï�ÑVÐIÓ_Ì�Å	ÎQÑ'ÒVÍ

Þ�Ñ%Ã�ÎQÍ;Ó�ÒVêVÅTÅ@Á!Ó_Ì�Å@Ä
xAl

12

å�Á!Ð�Þ�ÅgÒVÏOÏOÃ�ÖfÅTÑ%ÚLÓ_ÁQÖfÁQÏtÓ_Á!Ë�ÒVÎ!Î�Ø�Ó_Ì\ÒhÓ.Ñ%Õ�Î!Ø�Ë@Ñ%ÄOÅTÖfÅ@ÖfÑ%ÄtØ�ÁQÏ�Ã�ÏOÅ@Í�×
Ñ%Ä

xAh
12

å�Á!Ð�Ë@Ñ%ÖfÚ�ÃLÓ_ÁQÕ�ÂkÓ�ÒVêVÅ@ÏDÚ�Î�ÒVË@ÅTÑ%ÃLÓtÛyÑVÐ�ÛyË@Ñ%ÄOÅ�Ñ%Õ�Î!Ø�×�Ç|çyÕ;Ó_Ì�ÅTë\ÄOÏtÓ|Ë�ÒVÏOÅgÏtÓ�ÒVÕ�Í\ÒVÄOÍ�è.é�â
Ó_Ì�Å@Ñ%ÄtØíì�æ ¾ Ù�æ�îLÙ�È'ï�ðIÂ%Á!ã%Å@Ï�ÏOÑ%ÎQÃLÓ_ÁQÑ%Õ

α1V = 5
3
, α2V = 1

3
, Cmax ≈ 4.333

Ç=ä�ÃLÓ�Ó_Ì�Å�ÄOÅ�ÒVÎ
ÏOË�Ì�Å@Í�Ã�ÎQÅ�ÎQÅ@Õ�ÂVÓ_ÌsÐ�Ñ%ÄIÓ_Ì�ÁQÏIÎQÑ'ÒVÍ�Í�ÁQÏtÓ_ÄOÁQÔ�ÃLÓ_ÁQÑ%Õ	Þ�Ñ%Ã�ÎQÍ�ÔvÅ�ÒVÚ�Ú�ÄOÑ�áLÁQÖkÒhÓ_Å@Î�Ø;æ�ñLÇ È%È%ÈLÙ�Í�Ã�ÅDÓ_Ñ�Ó_Ì�Å
Ì�ÁQÅ@Ä_ÒVÄOË�Ì�ÁQË�ÒVÎ�ÏtÓ_ÄOÃ�ËEÓ_Ã�ÄOÅ.ÑVÐ�Ó_Ì�Å�ÖfÅ@ÖfÑ%ÄtØ�å�ÏOÅ@ÅDÀ�ÁQÂ�ÇZÆ�Ç ÈVÔ�×�Ç*çyÕ	Ó_Ì�Å�ÏOÅ@Ë@Ñ%Õ�ÍsË�ÒVÏOÅ�Ó_Ì�Å.ÏtÓ�ÒVÕ�Í\ÒVÄOÍ
è.é�âòÏOÑ%ÎQÃLÓ_ÁQÑ%ÕxÁQÏ

α1V ≈ 1.095, α2V ≈ 0.905, Cmax ≈ 13.048
Çsó:ÅEÓ�Ù�Ó_Ì�Å	ÄOÅ�ÒVÎ�ÏOË�Ì�Å@Í�Ã�ÎQÅ

ÎQÅ@Õ�ÂVÓ_Ì�Ð�Ñ%ÄCÓ_Ì�ÁQÏ,ÎQÑ'ÒVÍ�Í�ÁQÏtÓ_ÄOÁQÔ�ÃLÓ_ÁQÑ%Õ�ÁQÏ.ÒVÚ�Ú�ÄOÑ�áLÁQÖkÒhÓ_Å@Î!Ø�ï�Ç î%ñ'ï�å�ÏOÅ@ÅTÀ�ÁQÂ�Ç\Æ�Ç ÈVË�×�Ç,ô�Ï�Á!Ó�Ë�ÒVÕ;Ô�Å
ÏOÅ@Å@ÕkÁQÕ�À�ÁQÂ�ÇVÆ�Ç ÈDÕ�Å@Â%ÎQÅ@ËEÓ_ÁQÕ�ÂDÖfÅ@ÖfÑ%ÄtØ�Ì�ÁQÅ@Ä_ÒVÄOË�ÌZØTÄOÅ@ÏOÃ�Î!Ó_Ï�ÁQÕTÓ_Ì�ÅCÏOÁQÂ%Õ�Á!ë\Ë�ÒVÕ'Ó�ÎQÑ'ÒhÍ�ÁQÖTÔ\ÒVÎQÒVÕ�Ë@ÅVÇ
âIÌ�ÅfÍ�Å@Ë@ÁQÏOÁQÑ%Õ�Ï�ÖkÒVÍ�Å�ÑVÕxÓ_Ì�ÅfÔ\ÒVÏOÁQÏ|ÑVÐ�Ó_Ì�ÅkÒ�ã%Å@Ä_ÒVÂ%ÅfÚ�ÄOÑ�Ë@Å@ÏOÏOÁQÕ�Â�Ä_ÒhÓ_Å@Ï|Ë�ÒVÕmÔvÅfÅEã%Å@ÕmÞ�Ñ%ÄOÏOÅ
ÁQÕ�Ì�ÅEÓ_Å@ÄOÑ%Â%Å@Õ�Å@Ñ%Ã�ÏkÏtØ�ÏtÓ_Å@ÖfÏ@Ç�é�ÅEÓkÃ�ÏfË@Ñ%Õ�ÏOÁQÍ�Å@ÄkÒ�ÓyÞ�ÑmÚ�ÄOÑ�Ë@Å@ÏOÏOÑ%ÄkÏtØ�ÏtÓ_Å@Ö�ÞCÁ!Ó_Ì�Ú�ÄOÑ�Ë@Å@ÏOÏOÑ%Ä
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P1 ������������������������� V � �"!$#&% ���'���������� P2 ������(��������)+*-,/.$������ %$0+1 � !$2 � % ��� # � !�1 .$�
������� !$# ����������43��65��37���8��9 0:� 3<;=��8>?� 1 . % ���@���6�A�������*CB # ����������� ! � �D# ��� !E1 .$��> � �����8�D;
1 .$�F� % ��� #��"1G1 .$�F������� !$# ����������H3��I5J��3K� % 3�� 1 � 1 .$�F3L� �D# ��9 0:� 3�3L�H>M� 1ON ��� !P1 .$� % ���'�������������*
,/.$�Q� %+1 ��� 0 � � .$� N �65��� � ��� 1 � 2 �L5�Q� �SR ���� 1 �T�D; 1 .$�Q3�� �D#-1 � P1 *VUW� % � !$# � !$2 � !�1 .$�Q� % ��� #
�D; P1 ;=�D� 1 .$�8� !@X ������F���� %$0+1Y�"1 ��� ! � 1 .$�8� �"1 ���(�D; 1 .$�8� %+1 ��� 0 �Z���Y.$� #$0 3��[3�� !$2D1 . �D!$#\1 .$�
3�� !$2D1 .\�D; 1 .$�8���Y.$� #$0 3��[> � ��� # � !�� 5��� �D2 �8� % ��� # � �D! >M�F5�����\>$� 2 *] � N^N � N ��3�3W;=���� 0 3 �S1 � � ����� % 3�� � 3 2 ���� 1 .$�_;=��\� 0 3 1 � X � ! � 1I� 3�3L��� !'1\# �L5@������>$3L��3�� �D#
% ���@��������� !$2$�M�D!$#4� ��� 1 .$� # ;=�� �D#"R�0 � 1 � !$2 � 1 � %:� � � ��� 1 ������*/` 0 3 1 � X � ! � 1Y� 3L3L��� !'1Q% ���'��������� !$2
���Q��� ! ��� # ����� # � ! ������ # � 1Y� ��3a� !4b . �D%+1 ����c �D!$#4b . �D%+1 ��� � */d�� 1 .$� 0 ���T�D;V� ! � 1Y� 3�3L��� !J1 �
N � N/�D!J1(1 ���Ie % 3��� 1 ; � � 1 ���� %$0+1 � !$2�N � 1 .$� !
1 .$�C3������ 1 �T�D; 1 .$� � 5 � ��3 � >$3L�H������f���������� �
N .$��3��CgD��� % � !$2 ������ 0$! ��� �"1 �L� ! ���� 1 �(3�� N *iha� 1�0 � � ��� 0 ��� 1 . �"1(1 .$�f� 0 3 1 � X � ! � 1Y� 3�3L��� !J1
� 3 2 ���� 1 .$� # �L5@� # ��� 1 .$� N .$�3���5�3 0 ��� V � !J1 ����9 0:� 3j�Y. 0$! g'�(�D;Q������� δ *�,/.$� % �A�'������������
� ��� � �A��� 2D! � # 3�� �D# ��� % � 1 � 1 �L5J��3L�(� ! ��� 0$!$# � � �k* �D*V� !�1 .$�W� �D!$! ��� P1, P2, . . . , Pm, P1, P2, . . . *
,/.$�G����3���� 1 ��� ! �D; 1 .$�G� %+1 ��� 0 �l�Y. 0$! gT������� δ ��� �W! � !@Xm1 ���L5@� � 3 % ���>$3����P* ,/.$�����6;=���� �N � 2 �L5�
>M� 0$!$# �G� ! ��� � ��� !:� >$3�� δ ��������� �D!$#C% ��� % ���� � .$� 0 ����� 1 ���W��� 1 .$� # � !$# ��� �"1 � !$2[�T% � 1 � !J1 � � 3�3n�
2 �@� # 5 � 3 0 �D*

b . 0$! go������� δ � �D!$! � 1 �Ye+����� #p1 .$�P� NG�D%q% �� !J1 �D; �D! ���D; 1 .$� % ���'������������ � �k* �D* δ ≤

swpi ;=�� i = 1, . . . ,m *8r@����� !$# 3L� � � 1 � �D!$! � 1 >?� 1 �@�C��� � 3�3s>M��� �D0 ��� 1 �@�C� �D! �P������� �D2 ���
N ��3�3G>?� 0 ��� #K�G�D!$# ������ 0$! ��� �"1 ��� ! ���� 1 � N ��3�3 # ���� !:�"1 � 1 .$� % ���@��������� !$2E1 �����D*�ha� 1�0 �
� � 3�� 0 3 �"1 � 1 .$�j��� ! ��� 0 �t�Y. 0$! g[��������;=�� N .$���Y.-� 0 3 1 � X � ! � 1Y� 3�3L��� !J1 % �A�'��������� !$2 ��� � 1 ��3�3'>?� 1�1 ���
1 . �D!\1 .$�[���� %$0+1Y�"1 ��� ! �/� 0+1�X �D; X ������D*<uv.$� !P1 .$�8������� !$# ����������C3��65��3a��� 0 ��� #K�?1 .$�83�� �D#
� 0 � 1 >?� �S1 3�� � � 1H� ��>$� 2&� � m × swp *p,/. 0 � �GN �P� � � � ��� 0 ��� 1 . �"1�% ���@��������� !$2&1 �����
��� # ���� !:�"1 � # >J�4���� %$0+1Y�"1 ��� !P1 �����D*�Bw��� 0$2 .���� 1 ��� �"1 �T�D;7� 0+1�X �D; X ������ % ���@��������� !$2 � �"1 �
;=��F>$� 2 5J�D3 0 �����F��� limV →∞

Cmax

V
= 1

∑m
i=1

1

Ah
i2

�KN .$����� ∑m
i=1

1
Ah

i2
��� 1 .$� 1 � 1Y� 3V� % ��� # �D; � 3�3

1 .$� % ���@�������������*jB ! ��� 1 ��� �"1 �F�D; % ���@��������� !$2�1 �����W;=��Q� 0 3 1 � X � ! � 1Y� 3L3���� !J1/% ���@��������� !$2�N � 1 .
��� � 3�3?3�� �D# �Y. 0$! g'� �D!$#C# ���� !:�"1 � !$2 ������ 0$! ��� �"1 �L� !�1 ��������� V

mδ
(
∑m

i=1 Si + δ
∑m

i=1 Ci) +

Al
1i + δAl

2i �aN .$����� V
mδ ��� 1 .$� !'0 �(>?���8�D;j������ 0$! ��� �"1 �L� ! ��� 0$!$# � � ∑m

i=1 Si + δ
∑m

i=1 Ci

��� 1 .$�C������ 0$! ��� �"1 ��� !i1 ����� % ���(��� 0$!$#K�7�D!$# Al
1i + δAl

2i ��� 1 .$�C���� %$0+1Y�"1 ��� !i1 ������;=�D�
1 .$�W3 � � 1 �Y. 0$! g?*�x�� ! ��� �D! ��� 1 ��� �"1 �Q�D; % ���'��������� !$2 � �"1 �W��� limV →∞

Cmax

V
= 1

mδ
(
∑m

i=1 Si +



yVz�{�|W}�~7���@�p�s�7�a}�~��4������}�z�z���~7�Q{��FyVz��6y�{�����~��
�/��� �D�

δ
∑m

i=1 Ci) �W�/�$�-�(�$�L�A���O�L�$���Y�D�L�L�����J�����@�$�T���Q� �D���A��¡W¢/�$���E�L�A��£$¡��@¤����������$¥C¡A�"�A�T���W���H�D������¡
�A�:�D�F�Y�$�<��$�<�=�¡K�A�$�7��+���O�D�¦�O¤��¡��V���@�$�D§ 1

mδ
(
∑m

i=1 Si+δ
∑m

i=1 Ci) < 1
∑m

i=1
1

Ah
i2

¨ �=¡���©¢Q�$��¤I�
¢j�C¥�6� δ >

∑m
i=1 Si

m
∑m

i=1
1

Ah
i2

−
∑m

i=1 Ci
�P�/�'�$� ¨ ¤I�'�$�$ª&����«�� δ ���$��$���i¬M�H��������¤6�A���
�=¡����A�$�H¡A�D�$¥�

(
∑m

i=1 Si
m

∑m
i=1

1

Ah
i2

−
∑m

i=1 Ci
, maxm

i=1{swpi}) �<®:�D¡<�$�$�L�=�¡���¤6���£$�+�A���$¥F��¯@���Y�6���7�A�$���<�I°+£$¡������������¤±�D�
¬M�8������£$���n²:���C�A� ( mS

Ah
2−mC

, swp) ¨ ¢Q�$��¡�� swp ���G�Y�$�F��¢/�D£P£M����J�±�³ �$��� δ ���$¤�¡��±�D�����G�A�$�F���J�D�C���-¬:�D���D�$¤��W�H�´¯H�D¡������F�D�$�\�������£$¡��@¤��������¡��Q���´¯H�:�±µ���A�
¢G�D�L�a���$�����=�¡¶�A�$�<¤����£$���6�A������D�'�A�$�<¤����£$�+�Y�"�A����$�K��F�D�A�$��¡a£$¡��@¤��������¡����V®:�$¡��A�$��¡����¡�� ¨ �A�$�
¬$��¥¥��¡ δ ���j�A�$������$¥��¡��A�$��£$¡��@¤��������¡��Q�-�$���G¢G�D�L�/¬?�6�=�¡��F���Y�D¡��A���$¥T�A�$��¤����£$�+�Y�"�A����$���7·��
�A�$�Q�D�A�$��¡<�:�D�$� ¨ �L� δ �$��¤�¡��±�D�������A�$�����A�$�/�@�$�-¬M��¡<�D�¶�������A�D¥���7¥¡��´¢Q���D�$��¤�����(�$�$��¤±�"�A�L��
�´µJ��¡��$�±�D�����$¤�¡��±�D��������¸����$¤�� ¨ �L��¤±�D��¬M�[�I°+£M��¤6�A���4�A�:�"���=�¡Q������[���$���Y�D�$¤������D�V�A�$�[��¯@���A���
£:�D¡A�D���6�A��¡����D�P�£+�A���-�$�¹µ"�D���$�8�D� δ �I°+�����A�Q�=�¡G¢Q�$��¤I�P£$¡��@¤����������$¥��A�����F���/�����$���T�$�P� ³ �
£$¡��£M����C���$���$¡������A��¤��8�Y����������¤6� δ �P�/�$�HµD�D���$���D� δ ���$��$���
¬M�H���$¤I�i�A�:�"�(��£$¡��'¤��������¡-���
¤����£$�+�A���$¥E�$�$¡����$¥&�A�$�\¢Q�$����\¤�����-�$�$��¤±�"�A����o¡���$�$�º¢Q�$���p�¡���¥���:�"�A�¡-���������$�$���$¥&�A�$�
���J�D�P�A�C�A�$�T£$¡��@¤��������¡����8�/�$����¡������$�L�A�������H¡���»'�$��¡��������J� Al

i1 + δAl
i2 ≥

∑m
j=1(Sj + δCj) ¨

�=�¡F£$¡��@¤��������¡ Pi �(���Dª'���$¥\���'�A�\�D¤�¤���$�J�-�D����£$¡��@¤��������¡���§ δ = maxm
i=1{

∑m
j=1 Sj−Al

i1

Al
i2−

∑m
j=1 Cj

} ��®:�¡
�$�$�L�=�¡��Z¤����£$�+�A���$¥(��¯@���A���¼�A�$�[�D¬M�´µJ�F�=�¡��-�$�¦�T�I°+£$¡������A���$¥ δ ¤±�D�P¬M�8������£$���n²:���C�A�$§

δ =
mS − Al

1

Al
2 − mC

½ � �¿¾DÀ
¢Q�$��¡�� Al

1, A
l
2 �D¡���£:�D¡A�D���6�A��¡��H�D�F�A�$�������$�±�D¡(�=�$�$¤6�A����q�D�8£$¡��'¤����������$¥
�A�����\���º�A�$�4¤��¡��

�������¡�¯ ¨ C, S �D¡��8¤�����(�$�$��¤±�"�A�L��C�A������£:�D¡A�D���6�A��¡�����Á��D�A�F�A�:�"� δ ¤±�D��¬?�[¤±�D��¤��$�¦�S�Y�6�\���
�A�$���V¢G�´¯(��$�L¯-�L�?�A�$�Q�'�$����¡A�"�A�¡7�D�$���A�$�Q�$���$����L�:�"�A�¡<�D¡��Q�D�M�A�$�Q�A�D���/����¥�K��ÂO����»'�:�"�A����½ � �¿¾ÀM�Y�$�7�'�$����¡A�"�A�¡s���a£M����L�A�Lµ�<¢Q�$��� mS > Al

1
¨ ¢Q�$��¤Y�[���±�D�$�s�A�:�"� �Q£$¡��@¤��������¡ ��� �D¬$���V�A�

���Y�D¡��G¤����£$�+�Y�"�A�����¢Q�L�A�$�����A�$�W�$�$¡A�"�A����H�D�s�D¤6�A�LµD�"�A���$¥[¤�����-�$�$��¤±�"�A�L����A�(�D���?£$¡��'¤��������¡����
Âm�$�A�$�j�'�$����¡A�"�A�¡s��� �$��¥J�"�A�Lµ�7�A�$���-�������A�D¥���V�D¡�¡��Lµ�<� �D���A��¡ �A�:�D�[�A�$��£$¡��@¤��������¡��<�D¡��j�D¬$���<�A�
£$¡��@¤������j�A�$��� ¨ �D�$�H�A�$�����J�D��¢Q�����M�D¤6¤��$�(�$�¦�"�A�����C¤�����-�$�$��¤±�"�A�L���¬$�+Ã¶��¡����jÄj��$����»'�$���'�A�L¯ ¨
�A�$�8�'�$����¡A�"�A�¡/�D�$�f�A�$�8�$���$������:�"�A�¡G�-�$���Q¬?�8£M����L�A�Lµ�D�<�/�$�8�$���$������:�"�A�¡ Al

2 − mC ���
£M����L�A�Lµ��¢Q�$��� Al

2

m
> C ¢Q�$��¤Y�P���±�D�$�/�A�:�"�Q¤����£$�+�A���$¥�¡A�"�A�F�D�<�D���¶£$¡��@¤��������¡��Q�A�¥�6�A�$��¡Q���

¥¡��±�"�A��¡G�A�:�D�\¤�����-�$�$��¤±�"�A���D�f¡A�"�A� ¨ �¡/���f�D�A�$��¡G¢j�¡��$� ¨ ¤6����(�$�$��¤±�"�A�L��C��£M�����P���/¥¡��±�"�A��¡
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4.0E+07

2.0E+07
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swp 0
swp 0.1

swp 0.7
swp 0.9
swp 1

swp 0.3
swp 0.5

1.E+02 1.E+03

α 2
V

β

×�Ø�ÙÚ$Û�ÜFÝ$Þ Ý$ß�àjá:âDã$ÙÜ�äQØ�ãfåAá$Ü8æ�çJâDèfé:âDÛ�åAØLåAØ�çãCê=çÛ
m = 2

âDã$è\ëDâDÛ�Ø�çÚ$ä
β =

Ah
22

Al
21 ì

âDã$è
swp2

Þ

åAá:âDãHåAá$Ü�åAçDåYâDæ?í�çî�é$Ú+åAØ�ã$Ù[ä�éMÜ�Ü�èfçDêsâDæ�æ?é$Û�ç@í6Ü�ä�äAçDÛAä�Þ7ïmêKåAá$ÜWè$Ü�ã$çî�Ø�ã:â"åAçÛ7Ø�äjã$Ü�ÙJâSåYØnëJÜQåAá$Ü�ã
åAá$Ü/åAçDåYâDæ$í�çî�é$Ú+åAØ�ã$Ù8ä�é?Ü�Ü�èCçDê¶é$Û�ç@í�Ü�ä�ä�çÛ�ä�Ø�ä<ÙÛ�Ü±â"åAÜ�Û<åAá:âDã�åAá$ÜQí�çî�î-Ú$ã$Ø�í±â"åAØLçã(ä�éMÜ�Ü�èCâDã$è
ä�çî�Ü8Ø�è$æ�ÜFåAØ�î�Ü�äGðQØ�æ�æaâDÛ�Ø�ä�Ü8çã�ä�çî�Ü8é$Û�ç@í�Ü�ä�ä�çÛ�ä�Þ/ñ/á$Ü[ã$Ü�ÙJâ"åAØLëJÜ8è$Ü�ã$çî�Ø�ã:â"åAçÛ/çÛ/åAá$Ü8ê âDí6å
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δ
î-Ú$ä�å�ö?Üjä�Ü�æ�Ü�í6åAÜ�è-Ø�ã-â�è$ØLû¶Ü�Û�Ü�ãJå ðGâ´÷DÞVïOãTé$ÛAâDí6åAØ�í�Ü

ì
ö'÷8ä�Ü�æ�Ü�í6åAØ�çã

çDê
δ
âDé$é$æ�Ø�í±â"åAØ�çã$äGí±âDãPö?Ü8ÜIõ+éMÜ�Û�Ø�î�Ü�ãJåYâDæ�æL÷�åAÚ$ã$Ü�èPåAç�çö+åYâDØ�ãfÙç@ç@è\é?Ü�Û�ê=çÛ�îHâDã$í�ÜDÞ

üfýAþ ÿ����������
	����������������������
ïOãqåAá$Ø�äHä�Ü�í6åAØ�çãqðjÜ4é$Û�Ü�ä�Ü�ã'åfÛ�Ü�ä�Ú$æLåAäHçDê8î�ç@è$Ü�æ�ØLã$Ùiè$Ü6éMÜ�ã$è$Ü�ã$í±Ü�çDê8âií�çî�é$Ú+åAØ�ã$Ùiä�÷@ä�åAÜ�î
éMÜ�Û�ê=çÛ�îHâDã$í�Ü�çãEåAá$Ü�î�ç@è$Ü�æ<é:âDÛAâDî�Ü6åAÜ�Û�ä�Þ��WëÜ�Û �"Ý"!#!fØ�ã$ä�åYâDã$í�Ü�ä[çDêjåAá$Ü�æ�Ø�ã$Ü±âDÛFé$Û�çÙÛAâDî�ä
ðjÜ�Û�Ü[ä�çæLëÜ�èPöJ÷%$'&)(+*",-$�.0/

ì
â-ê=Û�Ü�Ü8æ�Ø�ã$Ü±âDÛGé$Û�çÙÛAâDî�î�ØLã$Ù(í�ç'è$Ü�132±Ý54kÞ

6aÜ6å�Ú$äWâDã:âDæL÷@ú�Ü8çé+åAØ�î-Ú$î¹è$Ø�ä�åAÛ�Ø�ö$Ú+åAØ�çãfçDê�åAá$Ü8æ�çJâDèfÚ$ã$è$Ü�ÛQëDâDÛ�Ø�çÚ$ä/ä�ðGâDé�éMçØ�ãJå/ëDâDæ�Ú$Ü�ä
âDã$è4ä�é?Ü�Ü�è$äFçDêVåAá$ÜTé$Û�ç@í�Ü�ä�ä�çÛ�ä�ÞWñ/á$Ø�äWè$Ü�é?Ü�ã$è$Ü�ã$í±Ü-ê=çÛQåOðjçCé$Û�ç@í�Ü�ä�ä�çÛ�ä�ó

m = 2
ô âDã$è4æ�çJâDè

ä�Ø�ú�Ü
V = 2 798 Ø�äjé$Û�Ü�ä�Ü�ãJåAÜ�è\Ø�ãC×�Ø�Ù$ÞJÝ$Þ Ý$Þ�:iÜ�âDä�ä�Ú$î�Ü�èCåAá:â"åjé:âDÛAâDî�Ü6åAÜ�Û�äjçDê

P1
â"ÛAÜ<;+õ+Ü�èCåAç
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Al
11 = 0, Al

12 = ^`_�aXb+c Ah
11 = −9 _QdJc Ah

12 = ^`_�afeRgih0j�k0l�j swp1 = 1 _9m"npoYq�h0jsr)t5uvt5w�j�xvj�uzy{5| yzr}j�j�~Lt�k0~�yf��t5r�r {#� k-x {5| P2 ��j�uzj��5t5u � t5�0��j5c9jp�+l�j�r+x |i{ u Al
21 = 0 o���k�� ��� o��0o �Vxvh0j

� { t5~ α2V t5yzy ��� k0j�~�x { r0u { l�j�yzy { u P2
� y�r0uzj�yzj�k-xvj�~ { k�xvh0jD�#j�ufx � l�t5��t'� � y�c { k�xvh0jBh { u ����{ k"x�t5�

t'� � yDxvh0j uvt�x ��{ Ah
22

Ah
12

=
Al

22

Al
12

= β {5| xvh0j r0u { l�j�yzy { uYyzr�j�j�~0y � yDyzh { �<k�c��5t5u ��{#� y@�5t5� � j�y {5| xvh0j
r0u { l�j�yzy { u P2 yf��t5r�r {#� k"xvy swp2

V
t5uzjDuzj�r0uzj�yzj�k-xvj�~��"��~ ��� j�uzj�k"x�l � uf�#j�y�o9�Dy���jBw { �#j@x { xvh0j

u ��� h"x<t5� { k � xvh0jYh { u ����{ k"x�t5�Ot'� � y�c+xvh0jYyzr}j�j�~ {5| r0u { l�j�yzy { u P2 ~0j�l�uzj�t5yzj�y�c}t5k0~ � xvy�� { t5~�t5��y {
~0j�l�uzj�t5yzj�y�oVq�h0j�l � uf�"j |i{ u swp2

V
= 0 uzj�r0uzj�yzj�k"xvy P2

� y � k � xvh0j�yzj�l { k0~T��j��"j�� {5| w�j�w { uf�{ k0���\gi~ � yz�+npc��<h � ��j swp2

V
= 1 uzj�r0uzj�yzj�k-xvy P2 t5�0��j�x { h { ��~Vt5����� { t5~ V � k%xvh0j��)uzyfxY��j��#j�� {5|

w�j�w { uf�Tgil { uvj�n�os�DyYxvh0j�yf��t5r r {#� k-x swp2
� k0l�uzj�t5yzj�y�t5��y { x�h0js� { t5~¡y ��� j α2V

� k0l�uzj�t5yzj�y�o¢ � uf�#j�y |i{ u swp2

V
< 1 ~ { k { xDl�u { yzy@xvh0j�l � uf�#j swp2

V
= 1 �}j�l�t � yzjst�x<x�h0j�r {#� k"x {5| y � lphVt5k� k"xvj�uzyzj�l�x ��{ k�xvh0j�� { t5~�t5yzy ��� k0j�~�x { r0u { l�j�yzy { u P2

� y�yzw�t5����j�k {#�0� h�x { ��j�h0j���~ � k�xvh0j�l { uzj5c� o j5o α2V ≤ swp2 c)t5k0~�xvh0jYuzj�t5��� { l�t�x ��{ k {5| xvh0jYyf��t5r£r {#� k"x {5| P2
� y�w�j�t5k � k � ��j�yzy�o¤q�h0uzj�j� k"xvj�uf�5t5��y {5| r0u { l�j�yzy � k � uvt�xvj�uvt�x ��{ β l�t5kV�}j ~ � yzx � k �5�0� yzh0j�~ � kR� ��� o��0o �0oD¥¦h0j�k β < ^`_�a�^

xvh0j�k P2 h)t5y�xvh0jYyzj�l { k0~£w�j�w { uf����j��"j�� | t5yfxvj�u�xvh)t5k�xvh0jB�)uzyfx<w�j�w { uf����j��"j�� {5| P1 o¤��k�xvh0j� k"xvj�uf�5t5��§3^`_�a�^#c�^`_9¨�© P2
� y | t5yfxvj�uQxvh)t5k P1 � � x { k0���s�<h0j�k�l { uzjDw�j�w { uf� � y � yzj�~ { k P2 o¤��k

xvh0j�xvh � uz~ � k"xvj�uf��t5� {5| β > 1 c P2
� yDyz� { ��j�uDxvh)t5k P1

� k0~0j�r}j�k0~0j�k"xv��� {5| xvh0j w�j�w { uf�£��j��"j��� yzj�~�o¡��k\x�h0j�yvj�x�h0uzj�j � k"xvj�uf�5t5��y α2V l�h)t5k � j�y � � xvh\~ ��� j�uzj�k"xsyzr}j�j�~0y � k0~0j�u β lph)t5k � j�y�o
q�h � ysl�t5k���j�yzj�j�k�j�yzr}j�l � t5����� |i{ usyf��t5r�r {#� k-xvy swp = 0 cQt5k0~ swp = 1 |i{ u �<h � lph�xvh0j
l � uf�#j�y�t5uzjDk { x�yzw {J{ xvh�o�¥¦h0j�k�xvh0j<xX� { r0u { l�j�yzy { uzy�t5uzj � ~0j�k-x � l�t5��g swp2

V
= 0.5, β = 1 n
xvh0j

~ � yfxvu � � � x ��{ k {5| xvh0j�� { t5~ � y�k { x�jp�0t5l�xv���ªj�« � t5�Q��j�l�t � yzj�r0u { l�j�yzy { u P1 uzj�l�j � �#j�y�xvh0j�� { t5~
�)uzyfx�t5k0~¡l { w�r � xvj�y�� { k � j�u�o��¬x�l�t5k¡�}jsl { k0l�� � ~0j�~¡xvh)t�x�j��#j�k¡xvh {#�0� hVxvh0jsw�t�xvh0j�w�t�x � l�t5�
w { ~0j�� � yN� � k0j�t5u�c�xvh0j { r+x � w � w~ � yfxvu � � � x ��{ k {5| xvh0j9� { t5~�l�h)t5k � j�y�k { k0� � k0j�t5uz���@� � xvh � u { � � k �
~ ��� j�uzj�k0l�j {5| xvh0j�r0u { l�j�yzy { uzy�o
��k�xvh0j |i{ ��� { � � k � r)t5ufx {5| xvh � y�yzj�l�x ��{ k���jYl { k0y � ~0j�u�h { w {#� j�k0j {#� y�l { w�r � x � k � yf�Jyfxvj�w�y{ k0���#o�q�h0j�uzj |i{ uzj���jQ� � ��� � yzj�tDy � w�r0� � �)j�~�k { x�t�x ��{ k � k��<h � l�h Al

1, A
l
2 t5uzj�r)t5uvt5w�j�xvj�uzy {5| xvh0j

� � k0j�t5u |i� k0l�x ��{ k {5| r0u { l�j�yzy � k � x � w�j |i{ u¤xvh0j@l { uzj@w�j�w { uf�#c-t5k0~ Ah
1 , A

h
2
|i{ u¤xvh0j {#� xfa {5| a�l { uzj

w�j�w { uf�#o C, S t5uzj�l { w�w � k � l�t�x ��{ k x � w�j�r)t5uvt5w�j�xvj�uzy�oT®@k0��j�yzy { xvh0j�uf� � yzj�yzr�j�l � �)j�~���j
l { k0y � ~0j�uzj�~�t yf�Jyfxvj�w¯� � xvh m = 10 r0u { l�j�yzy { uzy�c Al

1 = 0, Al
2 = 1 _�aXb+c swp = ^`_9m+c Ah

2

Al
2

= 10

t5k0~£l { w�w � k � l�t�x ��{ k�r)t5uvt5w�j�xvj�uzy C = 1 _�a ] c S = 1 _�aXb+o
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1E-02

1E+00

1E+02

1E+04

1E+06

1E+08

1E+10

1E+12

C m
ax

1E+01 1E+03 1E+05 1E+07 1E+09 1E+11 1E+13
V

A A swph l
2 2/ =1E1 =1E11

A A swph l
2 2/ =1E1 =1E8

A A swph l
2 2/ =1E2 =1E8

A A swph l
2 2/ =1E3 =1E8

A A swph l
2 2/ =1E2 =1E11

A A swph l
2 2/ =1E3 =1E11

A Ah l
2 2/ =1

Â�Ã�Ä#Å0ÆzÇYÈ0ÉËÊJÌ9Í¤ÆzÎJÏ�Ç�ÐzÐzÃ�Ñ0Ä�ÒvÃ�Ó�ÇDÔJÐ�É
V Õ Î#Æ�Ô5Ö5ÆzÃ�Î#Å0Ð Ah

2/A
l
2

Ö5Ñ0×
swp

É
Â�Ã�Ä0É�È0ÉËÊ%×0Ç�Ó�Î#Ñ0ÐfÒvÆ�Ö'Ò�Ç�Ðs×0Ç�Ø}Ç�Ñ0×0Ç�Ñ0Ï�Ç£Î Õ Ø0ÆzÎJÏ�Ç�ÐzÐzÃ�Ñ0ÄRÒvÃ�Ó�Ç Cmax

Î5Ñ�ÒvÙ0Ç�Ø0ÆzÎ#Ú0Û�Ç�ÓÜÐzÃ�Ý�Ç
V Þ�Õ Î#Æ<Ô5Ö5ÆzÃ�Î#Å0Ð<Ô�Ö5Û�Å0Ç�ÐDÎ Õ ÒvÙ0Ç�ÆvÖ�ÒvÃ�Î�Î Õ Ø0ÆzÎJÏ�Ç�ÐzÐzÃ�Ñ0Ä�ÆvÖ�ÒvÇ�ÐDÃ�Ñ%Ï�Î#ÆzÇ�Ö5Ñ0×RÎ#Å+Òfß�Î Õ ß�Ï�Î#ÆzÇ Ah

2

Al
2
Þ Ö5Ñ0×Ðfà�Ö5Ø�Ø}Î#Ã�Ñ"ÒvÐ

swp = 1 á9âJÞ Î#Æ swp = 1 á�ã#ã É£äDÐ Ã�Ò�Ï�Ö5Ñ\Ú�Ç�Ø0ÆzÇ�×0Ã�Ï�ÒvÇ�× ÒvÙ0Ç Ah
2

Al
2

Ù)Ö5Ð�ÐzÎ#Ó�Ç
Ã�Ñ+å)Å0Ç�Ñ0Ï�Ç@Î#Ñ�Ø0ÆzÎJÏ�Ç�ÐzÐzÃ�Ñ0Ä�Ò�Ã�Ó�Ç Þ à<Ù0Ç�Ñ�ÒvÙ0Ç<ÐzÇ�Ï�Î#Ñ0×�Ó�Ç�Ó�Î#Æfæ Û�Ç�Ô#Ç�Û�Ã�Ð¤Å0ÐzÇ�× Þ à<Ù0Ã�Ï�Ù�Ã�Ð¤ÒvÙ0Ç<Ï�Ö5ÐzÇ
Õ Î#Æ V > m × swp Þ ÃçÉ Ç5É¤Û�Î"Ö5×�ÐzÃ�Ý�ÇYÇpè+Ï�Ç�Ç�×0Ã�Ñ0Ä�ÒvÙ0ÇYÒvÎ5Ò�Ö5Û�Ï�Î#ÆzÇ�Ó�Ç�Ó�Î#Æfæ�ÐzÃ�Ý�Ç5Éé�Ñ�Â�Ã�Ä0É"È+É À ×0Ç�Ø�Ç�Ñ0×0Ç�Ñ)Ï�ÇBÎ Õ ÒvÙ0Ç@Ø0ÆzÎJÏ�Ç�ÐzÐzÃ�Ñ0Ä�ÒvÃ�Ó�Ç�Î#Ñ�ÐzÃ�Ý�Ç@Î Õ ÒvÙ0Ç@Ø0ÆzÎ#Ú0Û�Ç�Ó V Õ Î5Æ9Ô�Ö5ÆzÃ�Î#Å0ÐÏ�Î#Ó�Ø0Å+ÒvÃ�Ñ0Ä�ÐzØ}Ç�Ç�×0Ð�Ã�ÐYÐzÙ0Î`à<Ñ�É�ê�Ù0Ç�Ï�Å0ÆfÔ"Ç�Ð�ÆzÇ�Ø0ÆzÇ�ÐzÇ�Ñ"Ò�ÐfæJÐfÒvÇ�Ó�Ð�à<Ã�ÒvÙ¡×0Ã�ë�Ç�ÆzÇ�Ñ"Ò�ÐzØ}Ç�Ç�×0Ð�É�ä
×0Î5ÒzÒvÇ�×£ÆzÇ Õ Ç�ÆzÇ�Ñ0Ï�Ç�Û�Ã�Ñ0ÇBÐzÙ0Î`à<Ð@Ï�Î#Ó�Ó Å0Ñ0Ã�Ï�Ö�ÒvÃ�Î5Ñ�ÒvÃ�Ó�ÇBÇ�ì-Å)Ö5Û�ÒvÎ mS + V C

à<Ù0Ã�Ï�Ù£Ã�Ð<Ö�Û�Î'à�Ç�Æ
Ú}Î#Å0Ñ0×�Î#Ñ�ÒvÙ0Ç@Ø0ÆzÎJÏ�Ç�ÐzÐzÃ�Ñ0Ä�ÒvÃ�Ó�Ç5É�é�Ñ�Ö5Û�Û0Ï�Ö5ÐzÇ�Ð�ÒvÙ0Ç@ÆvÖ�ÒvÃ�Î Ah

2

Al
2

Î Õ ÒvÙ0Ç@Ø0ÆzÎJÏ�Ç�ÐzÐzÃ�Ñ0Ä�ÆvÖ�ÒvÇ�Ð�Ã�Ñ�Ï�Î#ÆzÇÖ5Ñ0×VÎ#Å+Òfß�Î Õ ß�Ï�Î#ÆzÇ�Ö5Ñ0×RÐfà�Ö5ØVØ}Î#Ã�Ñ"ÒvÐ swp
à�Ç�ÆzÇ í+è+Ç�×�ÉYé¬ÒYÏ�Ö5ÑRÚ}Ç Î#Ú0ÐzÇ�ÆfÔ#Ç�×VÒvÙ)Ö�ÒYÃ�Ñ0Ï�ÆzÇ�Ö5ÐzÃ�Ñ0Ä

ÐzØ}Ç�Ç�×�Ú}Ç�æ#Î#Ñ0×�Ï�Ç�ÆzÒ�Ö5Ã�Ñ�Û�Ç�Ô"Ç�Û)Ã�Ð¤Ñ0Î5Ò9Ø0ÆzÎ5í0Ò�Ö5Ú0Û�Ç�Ú}Ç�Ï�Ö5Å0ÐzÇ@Ï�Î#Ó�ÓsÅ0Ñ0Ã�Ï�Ö�ÒvÃ�Î#Ñ Ú}Ç�Ï�Î#Ó�Ç�ÐQÖYÚ�Î5ÒzÒvÛ�Çpß
Ñ0Ç�Ï�î�É�ï@Î5ÒvÇ�ÒvÙ)Ö�Ò Õ Î#Æ Al

2 = ã`á ßXð Þ Al
2 = ã`á ßfÊ Þ Ö5Ñ0× Al

2 = 1 á ß Á ÐzÎ#Ó�Ç�Ø}Î#Ã�Ñ"ÒvÐ�Ö5ÆzÇ�Ó�Ã�ÐzÐzÃ�Ñ0ÄÃ�Ñ¡Â�Ã�Ä0É}È0É À É�é¬Ò�Ã�ÐDÒvÙ0ÇsÏ�Ö5ÐzÇ à<Ù0Ç�ÑªÐzÎ#Ó�Ç Î Õ ÒvÙ0ÇsØ0ÆzÎ-Ï�Ç�ÐzÐzÎ#ÆzÐ�ÆvÇ�Ï�Ç�Ã�Ô"ÇsÑ0Î�Û�Î"Ö5×�É�ê�Ù0Ã�ÐYÓ�Ç�Ö5Ñ0ÐÒvÙ)Ö�ÒBÑ0Î5ÒYÖ5Û�Û
m
Ø0ÆzÎJÏ�Ç�ÐzÐzÎ#ÆzÐYÏ�Ö5ÑRÚ}Ç Ç�ë�Ç�ÏpÒ�Ã3Ô"Ç�Û�æ£Å0ÐzÇ�×¡Ú�Ç�Ï�Ö5Å0ÐzÇsÏ�Î#Ó�Ø0Å+ÒvÃ�Ñ0Ä�Î#ÑRÛ�Ç�ÐzÐ@ÒvÙ)Ö5Ñ

mØ0ÆzÎJÏ�Ç�ÐzÐzÎ#ÆzÐ@Ã�Ð�ÐzÙ0Î#ÆfÒvÇ�Æ�ÒvÙ)Ö5Ñ%Ö5ÏpÒ�Ã3Ô5Ö�ÒvÃ�Ñ0Ä�Ö5Û�Û}ÒvÙ0Ç�Ø0ÆzÎJÏ�Ç�ÐzÐzÎ#ÆzÐ�É
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1E+14

1E+16

1E+00 1E+02 1E+04 1E+06 1E+08 1E+10 1E+12 1E+14
V

Al
2=1E1

Al
2=1E-1

Al
2=1E-3

Al
2=1E-5

Al
2=1E-7

communication
time

���	��
������� ����� ������������	�������	� "!����
V # ���$!&%&���	��
�� Al

2

%&��')(�*��'
swp + Ah

2/A
l
2

�

1E+04

1E-02

1E+00

1E+02

1E+04

C m
ax

1E+06

1E+08

1E+10

1E+12

1E+00 1E+02 1E+06 1E+08 1E+10 1E+12 1E+14

V

C=1E-2
C=1E-3
C=1E-4
C=1E-6

���	��
�������-, ��� ���.��������	��� ���	� "!����
V # ���$!&%&���	��
�� C

%&��')(�*��'
swp + Ah

2/A
l
2
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1E+02

1E+03

1E+01

1E+00
100 20 30 40 50

1E-01

1E-02

Sp
ee

du
p

m

V=1 V=1E2 V=1E4

V=1E8 V=1E9 V=1E14

R�S	T�U�V�W5X�Y Z�[]\�^_W�W�`�U�^ba�c
m dfe V$ahg&V�S e U�c V

Y

i"W�^jW�k�`�W�k�lmW e&don�p W3^�V e l�W�c�c�S	k�T n S	q W e krc�S	s�W e&don�p W3^�V e�t�u W�q V dfe Vva&g&V�S e U�c�l e q qwU�k�Syxlmg n S e kzc�^jW�W�`�c3S	c$c p�e|{ k)S	k)R�S	T�Y�X�Y-}�Yv~ n lmg&k t W e&t c�WKV�a�W�` n�p g n ^�V e l�W�c�c�S	k�T n S	q W"`�W�l�V�Wmg&c�W�c
{ S n�p C

`�W�l�V�Wmg&c�S	k�T e k u�� U�^ n�e g)l�W�V n g&S	k u S	q�S n�t W ��e k�` {Jp S	l p l e q ^�U n S	k�T)c�^jW�W�`�S	c n�p W
u S	q�S n S�k�T d g&l n�e V�Y�� u c eGp W�V�W)k e&n S	kEg u	u lmg&c�W�c m = 10

^�V e l�W�c�c e V�c�lmg&k t W�U�c�W�`�Y�� p W�kl e q qwU�k�S	lmg n S e kEc�^jW�W�`=S	c c�qrg u	u C = 1 � x���g u	u ^�V e l�W�c�c e V�czlmg&k t WbU�c�W�` dfe V u	e g&`�c�S	s�W�c
V ≥ �|� Q Y��"c n�p W�l e q qwU�k�S	lmg n S e kzc�^jW�W�`bS	k�l�V�Wmg&c�W�c��fS�Y W&Y C

S	cO`�W�l�V�Wmg&c�S	k�T.� n�p W�c�S	s�W e&d?n�p W^�V e�t�u W�q dfe V {Jp S	l p g u	u ^�V e l�W�c�c e V�c"lmg&k t W�U�c�W�`Cg u c e `�W�l�V�Wmg&c�W�cmY~�k�R�S	T�Y|X�Y Z3c�^jW�W�`�U�^ dfe V?a&g&V�S e U�c�^�V e l�W�c�c e V1k.U�q t W�V�c m g&k�`�^�V e�t�u W�q�c�S	sKW�c V S	c�c p�e�{ k�Y� p W�c�S	s�W e&d V = 1
�fW&Y T�Y t.�.n W|����l�W�V n g&S	k u�� ��S	cJk e&n ^�V�g&l n S	lmg u�t U n S n c p�e|{ c t W p gma�S e V e&d�n�p Wq e `�W u Y)�"cwS n lmg&k t Wzc�W�W�k dfe V�^�V e�t�u W�q�c�S	s�W�c V = 1

c�^jW�W�`�U�^E`�W�l�V�Wmg&c�W�c�g u	uvn�p W n S	q W&Y~ n S	c n�p W�lmg&c�W t W�lmg&U�c�W n�p W u	e g&`CS	c n�e�e c�qrg u	u g&k�` e k�W�^�V e l�W�c�c e V�S	c�g t�u W n�e ^_W�V dfe V�q�g u	u
n�p W"l e q ^�U n g n S e k�c { S n�p S	k n�p W n S	q W e&d g&l n S�a&g n S	k�T�g&`�`�S n S e k�g u ^�V e l�W�c�c e V�c�Y�� p W�g&`�`�S n S e k�g u^�V e l�W�c�c e V�cOV�W�l�W�S�a�W5k ewu	e g&`zg&k�` e k u�� U�k�k�WKl�W�c�c�g&V � l e q q�U�k�S	lmg n S e k l e c n S	c]S	k�`�U�l�W�`�Yv� p Wlmg&c�W e&dou	e g&`�c�S	s�W V = 1 � ��S	cvc�S�q S u ghV {Jp W�k n�p WJk.U�q t W�V e&d ^�V e l�W�c�c e V�c m

W���l�W�W�`�c
14
Y1R e V

m ≤ 14
c�^jW�W�`�U�^�S	c"T�V e|{ S	k�T {Jp S	l p S	k�`�S	lmg n W�c"c e q Ww^�V e&��n5d V e q�^�g&V�g u	u W u S�c�qbY�R e V e&n�p W�V
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V

Sp
ee
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m=2 m=4
m=16 m=64
m=256 m=1024

²�³	´�µ�¶�·5¸�¹ º�»]¼�½_·�·�¾�µ�½b¿�À
V ÁfÂ ¶$¿hÃ&¶�³ Â µ�À m

¹

½�¶ Â�Ä�Å ·�ÆÇÀ�³	È�·�À V
À�½j·�·�¾�µ�½É³	À�´�¶ Â�Ê ³	Ë�´�¹)Ì Â&Í�Î�ÊJÎ ·�Ë Å	Â Ã&¾�À�³	È�·r³	À�À�ÆrÃ Å	Å ·�¶ Í�Î Ã&Ë Í�Î ·rÏ Â ¶�·Æ ·�Æ Â ¶�Ð V ≤ swp Ñ Ã&Ë�¾ ÊJÎ ·�Ë Í�Î ·�½�¶ Â�Ä�Å ·�ÆÒÀ�³	È�· Ä ÐC¿�·�¶�ÐGÆ�µ�Ï Î ·�Ó�Ï�·�·�¾�À Í�Î · Í�Â&Í Ã Å Ï Â ¶�·Æ ·�Æ Â ¶�Ð�À�³	È�· V � m×swp Ñ&Í�Î ·$À�½_·�·�¾�µ�½ ³	À�À�³	Æ ³ Å Ã&¶�Ã&Ë�¾�Ï Å�Â À�· Í�Â�Å ³	Ë�·mÃ&¶�¹?Ô Î ·�¶�· ÁfÂ ¶�· ÑÕÅ ³	Ë�·�À

ÁfÂ ¶ V = 1 Ö ¸ Ñ V = 1 Ö�×�Ñ V = 1 ÖOØ ¸ Â ¿�·�¶ Å Ã&½�¹�Ù Î ·�Ë V ≈ m × swp = Ø|Ö º�À�µ�½j·K¶ Å ³	Ë�·mÃ&¶À�½j·�·�¾�µ�½CÏmÃ&Ë Ä · Â�Ä À�·�¶�¿Õ·�¾ ÑjÄ ·�ÏmÃ&µ�À�·�µ�À�³	Ë�´ m
½�¶ Â ÏK·�À�À Â ¶�À5Ã Å	Å�Â�Ê À ÁfÂ ¶ Î�Â�Å ¾�³	Ë�´�Æ Â À ÍJÂ&Á�Í�Î ·

Å	Â Ã&¾�³	Ë Í�Î ·MÏ Â ¶�·MÆ ·�Æ Â ¶�Ð Ñ]ÊJÎ ³ Å ·bÏ Â Æ�½�µ Í ³�Ë�´ Â Ë Â Ë�·M½�¶ Â Ï�·�À�À Â ¶z¶�·�Ú.µ�³	¶�·�Àrµ�À�³	Ë�´�À Å	Â�Ê ·�¶·�Ó Í ·�¶�Ë�Ã Å Æ ·�Æ Â ¶�Ð�¹v²�³	´�¹.¸�¹ × À Î�Â|Ê ÀOÀ�½j·�·�¾�µ�½ Â�Ä�Í Ã&³	Ë�·�¾zµ�Ë�¾�·�¶OÃ&À�À�µ�Æ ½ Í ³ Â Ë Í�Î Ã Í ·�Ó�Ã&Ï Í�Å Ð m½�¶ Â Ï�·�À�À Â ¶�À�Ã&¶�·�Ã&Ï Í ³�¿&Ã Í ·K¾ Ä ÐGÃ&ËÛÃ&½�½�¶ Â ½�¶�³ÜÃ Í ·�Æ ·�À�À�Ã&´�·�·K¿�·�ËÛ³ Á À Â Æ · Â&Á�Í�Î ·�Æ�¶�·�Ï�·�³�¿�·�Ë Â
Å	Â Ã&¾ Í�Â ½�¶ Â Ï�·�À�À�¹1Ý Í1Î Ã&À Ä ·�·�Ë Â�Ä À�·�¶�¿�·�¾ Í�Î Ã Í�Í�Î ·]Ë.µ�Æ Ä ·�¶ Â&Á ½�¶ Â Ï�·�À�À Â ¶�À ÁfÂ ¶ ÊJÎ ³	Ï Î À�½j·�·�¾�µ�½Ã&Ï Î ³	·K¿�·�¾�³ Í À�ÆrÃ�Ó�³	Æwµ�Æ Ñ Ã Å À Â Ï Â ¶�¶�·�À�½ Â Ë�¾�À Í�Â)Í�Î · ÆrÃ�Ó�³	Æwµ�ÆÒË�µ�Æ Ä ·K¶ Â&Á ½�¶ Â Ï�·�À�À Â ¶�À ÁfÂ ¶
ÊJÎ ³	Ï Î Ã Å	Å ½�¶ Â Ï�·�À�À Â ¶�À]¶�·�Ï�·�³�¿Õ·3À Â Æ · Å	Â Ã&¾�¹vÞ Â ¶�·3³	Ë�À�³	´ ÎÕÍ ³�Ë Í�Â�Í�Î · Ä · Î Ãm¿�³ Â ¶ Â&ÁoÍßÎ ·JÀ�½j·�·�¾�µ�½³	Àr´�³�¿�·�Ë Ä Ðà²�³	´�¹�¸�¹ º�½�¶�·�À�·�Ë Í ³	Ë�´ÉÀ�½j·�·�¾�µ�½á¿�À V ÁfÂ ¶ ¿hÃ&¶�³ Â µ�À m

¹âÝ Í ÏmÃ&Ë Ä ·MÀ�·�·�Ë Í�Î Ã ÍÀ�µ�½j·�¶ Å ³	Ë�·mÃ&¶"À�½j·�·�¾�µ�½�³	À�Ã&Ï Î ³	·K¿�·�¾ ÁfÂ ¶ Í�Î ·w½�¶ Â�Ä�Å ·�Æ�À�³	È�·�À V
³	Ë Í�Î ·w¶�Ã&Ë�´�·�Ã&½�½�¶ Â Ó�³	ÆrÃ Í · Å Ð

(swp,m × swp]
¹5Ù Î ·�Ë Í�Î ·wË.µ�Æ Ä ·�¶ Â&Á ½�¶ Â Ï�·�À�À Â ¶�À�³	À Í�Â�ÂzÄ ³	´ Ñ À�½_·�·�¾�µ�½�¾�·�Ï�¶�·mÃ&À�·�À Ê ³ Í�Î¾�·�Ï�¶�·mÃ&À�³	Ë�´ Å	Â Ã&¾ V
¹
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¨� �«K¢�¤��	¤�£�¡� �¬P1��¨ V ∈ [1 ®°¯ ,m × swp] §�¨��e�� �¥�¥�¤���±K�]¤�«  �¤�����¨� D¢�¥� �¥^¥�¡��/©F¡�¦�ª²¤��	�]�� I�D¢�¥� I���«c��¡��]¤Z³´¤���¥���¢�¡�¡�«S ����]¥5©F¤��]� δ = 1 ®°¯ ª�µL ��D¢���¥� F« ��¨� 2�]�1¢��S���� P¡���¢�£c�>�e�����c«c��¥��lµL P¥� ����2¢���£¢�£�£�¤��]¤����1¢�¡,§�¨����� �¥�¥���¨�¥R¢�¨� I¢��H�]¤�¶�¢U�] �£,¬P1��¨F¡���¢�£	��������� δ = 5 «c��¡��]¤Z³�¤���¥���¢�¡�¡�«S ��e�F§�¨����� �¥�¥i³¤���±K�]¤�«  �¤�¥R¥�����¨��] �¨^�]�1¢��w©F¤��]� δ = 1 ®°¯ �·��¨^¡���¢�£�¥ V ¥�«K¢�¡�¡� �¨F�]�1¢��Y¢�§�§�¨��/¸�¤�«K¢U�] �¡Z¦�¹ ®Wº ¬» �{¤�¥R¢�¡�¥��*µL >�]�] �¨^�]�1¢��w�]�� c������³����s³�����¨� �����« §�����¢U�]¤����	©F�� ��n�]�� c¥� �������£Y¡� H¶� �¡5���l«  �« ��¨�¦
����«  �¥z¤����]� ��¥� �¬z¼	��¡��]¤Z³�¤���¥���¢�¡�¡�«S ����F©F¤��]� δ = 5 ¤�¥P©2��¨�¥� ��]�1¢��[£�¤�¥��]¨�¤�µ����]¤���±c���� �¡���¢�£	¢��>³����¨�£�¤���±��]�{�]�� z¡�¤��� D¢�¨°§�¨���±�¨]¢�«¾½ ¯ ¬�¹!¿´³H½ ¯ ¬ ¯ ¿@©F�� ��K�]�� F����¨� z«  �« ��¨�¦c¤�¥l��¥� �£,¬ » �W¤�¥lµ² ��D¢���¥� �]�� {¡s¢U���] �¨\£�¤�¥��]¨�¤�µ����]¤����*�1¢�¥P����¡�¦K���� {����« «�����¤��D¢U�]¤����K§L �¨P§�¨����� �¥�¥���¨�ª²¢���£	¢c§L �¨��· ��H�F¡���¢�£
µ1¢�¡s¢����� P¨� �¥���¡��]¤���±�¤��S¥�¤�«c��¡���¢��� �����¥~����« §�¡� H�]¤��������|����« §�����¢U�]¤�����¥°��� ¢�¡�¡�§�¨��e�� �¥�¥���¨�¥�¬lÀ^¥l¤��
�D¢��Kµ² z¥� � ��*¤�� 5¤�±�¬ ¯ ¬�¹/Á�«c��¡��]¤Z³´¤���¥���¢�¡�¡�«S ����l« ��£� F���,§�¨��e�� �¥�¥�¤���±I�����]§L �¨��·��¨�« ¥°�]�� z������³��U�s³����¨� R����« §�����¢U�]¤�����¥2 H¶� ��B�·��¨W�]�� {���e�����K¥]¤�Â� �¥ δ ¥�«K¢�¡�¡� �¨l�]�1¢��*�]�� R���� {¥� �¡� ��>�� H£[¢�������¨]£�¤���±�]�S �Ãe�1¢U�]¤�����½ ¯ ¬ º ¿>¬Ä �� 	§�¨� �£�¤��H�]¤�����¥S���R����¨S« ��£� �¡F¢�¨� B������Å1¨�«  �£bµ�¦Æ�]�� 	����« §�����¢U�]¤����1¢�¡2 >¸�§L �¨�¤�«  ����]¥
������£����H�] �£Ç���Ç¢Y��¡���¥��] �¨S��� m = 3 È  ����]¤���« »�»�» ����« §����] �¨�¥S©F¤��]�É¹!Ê{µe¦e�] B���z�]�� B����¨� 
«  �« ��¨�¦�¬ Ä �� *��§L �¨]¢U�]¤���±w¥�¦�¥��] �«G©\¢�¥SËF �£�Ì^¢U��Í�¤��e��¸ÆÎ�¬ � ¬ Ä �� *�] �¥��S¢�§�§�¡�¤��D¢U�]¤�����©\¢�¥
¥� D¢�¨�����¤���±��·��¨F¢�§1¢U���] �¨��B¤��	¢�µ�¤��1¢�¨�¦ Å1¡� �¬WÏ2��« «�����¤��D¢U�]¤�����¥2©2 �¨� �£����� ����$�]�� {µ1¢�¥�¤�¥F���5¢
¥������� H�2¡�¤�µ�¨�¢U¨�¦�¬55¤�±�¬ ¯ ¬�¹�¹P¥����!©P¥W§�¨��e�� �¥�¥�¤���±��]¤�«  W¶�¥D¬ V/m ª��·��¨~������³����s³�����¨� \����« §�����¢U�]¤�����¥��¥�¤���±B¶�¤�¨��]�1¢�¡°«  �« ��¨�¦�ª5¢U��£�«���¡��]¤�³�¤���¥���¢�¡�¡�«S ��e��§�¨����� �¥�¥�¤���±	©F¤��]�����������Y¥�¤�Â� H¥K¹ ®lÐ ªW¹ ®°¯ ª¹ ® Î�ª�¹ ®lÑ ¬WÀÒ£������] �£	¡�¤��� R¨� �§�¨� �¥� ��e�]¤���±S�]�� �¡�¤��� D¢�¨\§1¢�¨�� CV ���C�]�� �����« «c����¤��D¢U�]¤����*�]¤�«  
�1¢�¥�µL � ���¢�£�£� �£�¢�¥�¢$¨] >�· �¨� ����� K¡�¤��� �¬ Ä ��  £1¢�¥��� �£�¨� H�· �¨� ����� K¡�¤��� S¢U�{�]��  µ²�����]��«Ó¤�¥{�]�� 
����« §�����¢U�]¤����c�]¤�«  \��� ¢�¥�¤���±�¡� \§�¨����� �¥�¥���¨l©2��¨��e¤���±���Ô²³�¡�¤��� �¬ » ���]�� F������³����s³�����¨� P§�¨��e�� �¥�¥�¤���±
�]�� ���¥� ����l¶�¤�¨��]�1¢�¡5«  �« ��¨�¦[¤�¥R H¶�¤�£� ����{©F�� ��Y�]�� �¡���¢�£n¢�¥�¥�¤�±��� �£n�]�B¢*§�¨����� �¥�¥���¨� �¸��� � �£1¥
����¨� w«  �« ��¨�¦b¥�¤�Â� U¬ » �Õ«���¡��]¤�³�¤���¥���¢�¡�¡�«  ����K« ��£� [§�¨��e�� �¥�¥�¤���±Æ�]¤�«  	¤�¥K H¶� ��Õ©2��¨�¥� w�]�1¢��
�]�� [������³����s³��H��¨� 	§�¨��e�� �¥�¥�¤���±��·��¨ δ Ö ¹ ®lÐ µL ��D¢���¥� w����« «c����¤��D¢U�]¤������/¶� �¨��� D¢�£�£���« ¤��1¢U�] �¥�¬» ����¨� D¢�¥�¤���±��]�� {���������*¥�¤�Â�  δ ¨� �£����� �¥F�]�� R�]����¢�¡|§�¨����� �¥�¥�¤���±��]¤�«  ^µ����F����¡�¦K�]�c�]�� {¡�¤�« ¤Z�2�������« «c����¤��D¢U�]¤����w�]¤�«  c¨� �Ãe��¤�¨� �£Y�]�B¥��D¢U���] �¨{�]�� S¡���¢�£,¬ Ä �� �¨� H�·��¨� �ª@�]�� S¡�¤��� �¥^�·��¨ δ = 1 ® Î�ª¢���£ δ = 1 ®lÑ �/¶� �¨�¡s¢�§,¬
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communication

computation

computation

S + C1 11 1α V

α11 1A V α12 1A V

S + C1 12 1α V
t11 t12t21 t22tm1 tm2

S + C2 21 2α V

α21 2A V α22 2A V

S + C2 22 2α VS + Cm m mα 1 V

αm m1A V αm m2A V

S + Cm m mα 2 V

... ...

...

time

P1
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Pm

......
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Ê�Ë�ÌKÍ.Î
Ï8Ð�Ð[Ñ�Ò
tik + CαikV + S ≤ t(i+1)k i = 1, ...,m − 1, k = 1, ..., n, Ó�ÔKÕMÖ±×

tmk + CαmkV + S ≤ t1(k+1) k = 1, . . . , n − 1 Ó�ÔKÕÙØF×
tik + S + CαikV + AV

n
∑

l=k

αil ≤ Cmax i = 1, . . . ,m, k = 1, . . . , n Ó�ÔKÕ Ú�×
αikV ≤ Di i = 1, . . . ,m, k = 1, . . . , n Ó�ÔKÕ Û!×

h
∑

i=1

n
∑

k=1

αik = 1 Ó�ÔKÕÙÔF×
tik ≥ 0, αik ≥ 0 i = 1, . . . , h, k = 1, . . . , n Ó�ÔKÕ Ü�×

Ý|ÞàßDáDÞ ÎXâ@ã�ä�ã�ÑFåFã[â@æèç�é�ê�ë7ì^í�î±ïKð@ñ áDÞ Î
ò!Ë�â ßDá Ð á Î
Ê Ó�ÔKÕMÖ±× Î Þ Ê�Ë�ã�ÎTÐ[ó�âZÐmÏ
ÑFæSæTË Þ�á ÏXâZÐ á Ñ Þ Ê�Ñ@ôÐ[ó�ÎyÊ[â@æSÎSÊ.Ðaâ@åFÎSõ�Ñ Þ Ñ@Ð�Ñ±öFÎ
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Ï
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õ áDÞ å'Ê.Ðaâ@åFÎ
Ê�õ�Ñ Þ Ñ@ÐTÑ¡öFÎ
ã ß â@ä Õ Ý|ÞKùÎ
ò!Ë�â ßDá Ð á Î
Ê Ó�ÔKÕ Ú�× åFË�â@ã[â Þ Ð[Î
Î�Ð[ó�âZÐ�â ßDß Ï
ÑFæSä�Ë`ÐaâZÐ á Ñ Þ Ê�ÏXâ Þ Ì�ÎTÏ
ÑFæSä ß Î8Ð[Î
õ áDÞ Ð á æSÎ Cmax ú Ì ø
Ó�ÔKÕ Û!× Ð[ó�Î�Ï
ÑFæSæTË Þ�á ÏXâZÐ á Ñ Þ Ì�Ë`û�Î
ã�Ê�õ�Ñ Þ Ñ@Ð�Ñ¡ö�Î
ã.ü�Ñ¡ý Õ�þ ò!Ë�âZÐ á Ñ Þ Ó�ÔKÕÙÔF× åFË�â@ã[â Þ Ð[Î
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Ê�Ê�ÑFã�Ñ@ô ß â ø Î
ã i
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áDÞ Ð[Î
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õ á âZÐ[Î Þ ÑKõ�Î Ó Ê × áDÞ^ß â ø Î8ã l
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õ/ô�ã�ÑFæ Ð[ó�Î�ÑFã á å áDÞ âZÐ[Ñ@ãQÐ[Ñyâ<ä�ã�ÑKÏ
Î
Ê�Ê�ÑFã áDÞ^ß â ø Î
ã Ö ú ö á âgâ<Ï
ÑFæSæTË Þ�á ÏXâZÐ á Ñ Þ Ì�Ë`û�Î
ãÑ@ô�Ê á � Î D Õ � ó!Ë�Ê ú Ê�Ë�Ï
Ï
Î
Ê[Ê�ÑFã�Ê�Ñ@ô�Ð[ó á Ê�ä�ã�ÑKÏ
Î
Ê�Ê�ÑFã�ã�Î
Ï
Î á öFÎ3âZÐ�æSÑFÊ.Ð D Ë Þ�á Ð[Ê�Ñ@ô ß Ñ�â@õTâ ß Ð[ÑFåFÎ8Ð[ó�Î
ã
áDÞ â<Ê áDÞ å ß Î áDÞ Ê.Ð£â ß æSÎ Þ Ð Õ � Î Þ Ï
Î ú Ð[ó�Î Þ Ë�æTÌ�Î
ã3Ñ@ô�Ê.Ðaâ@åFÎ
Ê á Ê n ≥ nmin = d V

Dph
e Õ
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0 LNM

OQP�R<SUTNVXWZY�S�VXW\[^]7[`_ba3c/_
dNegf)h�i c/_/jlk�m�n>o:prqsqut�v�wxozyb{gw|prv7yNv�}~o:prqs��t�{�yb{gwxprv~��yNv�{�{so�mUyN�={��\pr�u{gm�wx��ozyN��n>wx�J����n��
��n:v�{gn:}Qwxv>�)wx���U�������+��wxv�nzyN������pr�r�gyNq��\pr�G{gm�n�����pr���xn:q�wx�:�
�3�1��_Xc/c�OQP�R e�d
qswxv�wxq�w|�:n

Cmax��t����=n:oF{${gp��

tikl + Cpi−l−1αikV + S ≤ tik(l+1) i = 1, ..., h, k = 1, ..., n,

l = 0, ..., i − 2 � ��� Lr�
tikl + Cpi−l−1αikV + S ≤ t(i+1)k(l−1) i = 1, ..., h − 1, k = 1, ..., n,

l = 1, ..., i − 1 � ��� M��
thki + Cph−i−1αhkV + S ≤ ti(k+1)(i−1) i = 1, ..., h − 1,

k = 1, ..., n − 1 � ��� � �
t1k0 + Cα1kv + S ≤ t2k0 k = 1, . . . , n � ���|��� �

tik(i−1) + CαikV + S + AV
n

∑

l=k

αil ≤ Cmax i = 1, . . . , h, k = 1, . . . , n � �/�|�r� �

pi−1αikV ≤ D i = 1, . . . , h, k = 1, . . . , n � ���|�X� �
h

∑

i=1

n
∑

k=1

piαik = 1 � ���|��� �

αik ≥ 0 i = 0, . . . , h, k = 1, . . . , n � ���|�z� �
tikl ≥ 0 i = 1, . . . , h, k = 1, . . . , n,

l = 0, . . . , i − 1 � ���|�X� �
 ¡v¢{gm�n��xwxv�nzyN�&����pr�r�gyNq£��_Xc/c�OQP�R e�d wxv�n:¤/tUyN�xw¥{�w|n:� � ��� Lr� �rtUyb��ybv/{gn:nJ{gmUyb{¦y§v�nF¨-o:prqsqJt��
v�wxozyb{gwxprvQozyNv9prv��|©>�={�yN�={ªw|��{gm�nuqsn:���gyN�rnuwx�$�\t��x�|©>��n:o:n:w|«rn:}9¬U���={z�¦�© � ��� M�� {gm�nuv�n�®�{�o:prqJ�qut�v�wxozyb{gwxprv¯{gp�{gm�n¦��t�o:o:n:n:}�wxv��¯�°yz©rn:�Bq±yz©²v�pN{
�={�yN�={$t�v��xn:���B{gm�n¦��n:�°yz©�wxv���pN�){gm�n¦����nF«�wxprt��
qsn:���gyN�rn$wx��¬Uv�wx��m�n:}¯yNv�}�{gm�n$��t�³´n:�µyb{+{�m�nBv�n�®�{G�°yz©rn:�+wx�+��nzyN}�©J{�p¦�`n$��n:t���n:}¶�+ ¡v�n:¤/tUyN�xw|{gwxn:�
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origi-
nator

layer 1

layer 2

layer 3

t410 t420 t430

t411 t421
t431

t412 t422

t413 t423

t210 t220 t230t110 t120 t130

t211 t221 t231

t310 t320

t311 t321

t312 t322

Aα31V Aα32V Aα33

Aα21V Aα22V Aα23V

Aα11V Aα12V Aα13V

t330

t331

t332

layer 4
Aα41V Aα42V

Î)ÏxÐrÑ�Ò�Ó¦Ô�Õ�Ö�×�ØµÙrÚsÚuÑ�Û�ÏxÜzÝbÞgÏ|ÙrÛ§ÝNÛ�ß>Ü:ÙNÚsà�Ñ�Þ�ÝbÞgÏxÙrÛ²ÏxÛ>ÝNÛ>ÙrÒ�ß�ÏxÛUÝNÒ=ásÞ�Ò�Ó:Óbâ^ã
ä3ÎæåFç¡è�Ñ�é´Ó:Ò:Õ
ê Ô�Õ Í�ë Ó:Û�ì�Ñ�Ò�ÓsÞgíUÝbÞ¦Þgí�ÓsÜ:ÙrÚsÚuÑ�Û�ÏxÜzÝbÞgÏ|ÙrÛ�ìªÙNîGÞgí�ÓsÜ:ÙrÛ�ì�Ó:Ü:Ñ�ÞgÏ|ïrÓ±ì=Þ�ÝNÐrÓ:ì¦ß�ÙQÛ�ÙNÞ¦ÙXïrÓ:Ò�ð°ÝNà¶Õ±ñ
ì
ò Ó±Ñ�ì�Ó¯ã$ä3Îóì=ÞgÒgÝbÞgÓ:ÐNá9Þgí�Ósì�Ó:Ü:ÙrÛ�ßôÜ:ÙrÚsÚJÑ�Û�ÏxÜzÝbÞgÏ|ÙrÛõÝbÞ�Þgí�Ó�ÞgÒ�Ó:Ó�ÞgÙràöðxÓFïrÓ:ð+ÜzÝNÛöì=Þ�ÝNÒ=Þ÷ÏxÚJç
ÚsÓ:ß�Ï°ÝbÞgÓ:ð|á±ÝbîZÞgÓ:ÒGÞgí�Ó&øUÒ�ì=Þ$Ü:ÙrÚsÚuÑ�Û�ÏxÜzÝbÞgÏ|ÙrÛ±ÞgÙ�ð°ÝzárÓ:Òªårâ ò í�ÏxÜ�í§ÏxìGÜ:ðxÙrì�Ó:ì=ÞBÞgÙuÞgí�Ó�ÙrÒ�ÏxÐrÏ|ÛUÝbÞgÙrÒ:Õ
ù$Ó:Û�Ü:Ó ò Ó$íUÝzïrÓ$Ü:ÙrÛ�ì=ÞgÒgÝNÏxÛ/Þgì ê Ô�Õ|å�ú ë Õ)û¡Û�Ó:ü/ÑUÝNðxÏ|ÞgÏxÓ:ì ê Ô�Õ|årå ë Ó:Û�ì�Ñ�Ò�Ó$ÞgíUÝbÞµÝNðxð�Þgí�Ó$ðxÙ�ÝNß�Ò�Ó:Ü:Ó:Ï|ïrÓ:ß
è�á7Þgí�Ó>à�Ò�Ù/Ü:Ó:ì�ì�ÙrÒ�ì¯Ïxì�à�Ò�Ù�Ü:Ó:ì�ì�Ó:ßæè`ÓFî\ÙrÒ�Ó§Þgí�ÓQÓFÛ�ß1ÙNî
Þgí�Ó>ì�Ü�í�Ó:ß�Ñ�ðxÓ5ÝbÞ

Cmax

Õþý�á ê Ô�Õ|åXÖ ë
ÚsÓ:ì�ìgÝNÐrÓ:ì�ø�Þ$ÏxÛ�ÞgÙJÞgí�Ó�Ü:ÙrÚsÚuÑ�Û�ÏxÜzÝbÞgÏ|ÙrÛ²è�Ñ�é´Ó:Ò�ì:â`ÝNÛ�ß>è�á ê Ô�Õ|å�ÿ ë ÝNðxð´Þgí�Ó�ðxÙ�ÝNß²Ïxì�à�Ò�Ù�Ü:Ó:ì�ì�Ó:ß¶Õ

���������
	������� ÓsÝNì�ì�Ñ�ÚsÓsí�Ó:Ò�ÓJÞgíUÝbÞ�Þgí�Ó�Û�Ñ�Úuè^Ó:Ò�ÙNîµè�Ñ�é´Ó:Ò�ì¦Ïxìªì�Ñ��sÜ:ÏxÓ:Û/Þ�ÞgÙ>Ò�Ó:Ü:Ó:Ï|ïrÓ±ÝNÛ�ß
ì�Ó:Û�ßõÚsÓ:ì�ìgÝNÐrÓ:ì¦ÝbÞ&Þgí�Ó�ìgÝNÚsÓuÞgÏxÚsÓNâ¶ÝNÛ�ß9Þgí�Ñ�ì:â¶Þ ò Ù§Ü:ÙrÛ�ì�Ó:Ü:Ñ�ÞgÏ|ïrÓsÜ:ÙrÚsÚuÑ�Û�ÏxÜzÝbÞgÏ|ÙrÛ�ì&ÜzÝNÛ¢è`Ó
à^Ó:Ò=î\ÙrÒ�ÚsÓ:ß1ì�ÏxÚJÑ�ð|Þ�ÝbÛ�Ó:ÙrÑ�ì�ð|árÕ ù$Ù ò ÓFï�Ó:Ò:â$Þgí�Ó5è�Ñ�é´Ó:Ò�ì§ÝNÒ�Ó5Ò�Ó:Ñ�ì�Ó:ßóÏxÛ Þgí�ÓQÞgí�ÏxÒ�ß1î\Ùrðxð|Ù ò ÏxÛ�Ð
Ü:ÙrÚsÚuÑ�Û�ÏxÜzÝbÞgÏ|ÙrÛ¶Õ�û îGÞgí�Ó�ðxÙ�ÝNßõÒ�Ó:Ü:Ó:Ï|ïrÓ:ßöÏxÛ¢Þgí�Ósà�Ò�ÓFï�ÏxÙrÑ�ì�ÚsÓ:ì�ìgÝNÐrÓsíUÝNì¦Û�ÙNÞ¦è^Ó:Ó:ÛöÒ�Ó:ð°Ýzá�Ó:ß¶â
Þgí�Ó:Û9Þgí�ÓuÛ�Ó���Þ�Ü:ÙrÚsÚJÑ�Û�ÏxÜzÝbÞgÏ|ÙrÛ ò Ïxì�í�ÏxÛ�Ð±ÞgÙ²Ñ�ì�ÓuÞgí�Ïxì&è�Ñ�é´Ó:ÒªÚuÑ�ì=Þ ò ÝNÏ|ÞzÕ���í�Ïxì&Ò�Ó:ì=ÞgÒ�ÏxÜFÞgÏxÙrÛ
ÏxìuÏxÛ/ÞgÒ�Ù/ß�Ñ�Ü:Ó:ß�ÞgÙ9à�Ò�ÓFï�Ó:Û�Þ±ÝNÜ:Ü:Ñ�ÚuÑ�ð°ÝbÞgÏxÙrÛôÙNîBÞgí�Ó²ðxÙ�ÝNß�ÏxÛôÞgí�Ó²ÏxÛ�ÞgÓ:Ò�ÚsÓ:ß�Ï°ÝbÞgÓ±ð°Ý�árÓ:Ò�ì:Õ���í�Ó
Ü:ÙrÚsÚuÑ�Û�ÏxÜzÝbÞgÏ|ÙrÛöÝNÛ�ßöÜ:ÙrÚsà�Ñ�Þ�ÝbÞgÏxÙrÛ���ÝNÛ/Þ�Þ¦Ü�íUÝNÒ=Þ÷î\ÙrÒªÞgí�Ïxì¦ÜzÝNì�Ó±Ïxì¦à�Ò�Ó:ì�Ó:Û�ÞgÓ:ß�ÏxÛôÎ)Ï|Ð�ÕEÔ�Õ ÿ�Õ
û¡Û±Þgí�Ó
î\Ùrðxð|Ù ò ÏxÛ�Ð¦ðxÏxÛ�ÓzÝNÒ+à�Ò�ÙrÐrÒgÝNÚ ò Ó&ì��/Ïxà¯àUÝNÒ=ÞGÙNî¶Þgí�Ó&Ü:ÙrÛ�ì=ÞgÒgÝNÏxÛ�Þgì ò í�ÏxÜ�í§ÝNÒ�Ó$Þgí�Ó
ìgÝNÚsÓ&ÝNì
ê Ô�Õ|årå ë ç ê Ô�Õ|åXÔ ë Õ���í�ÏxìBÏxì�ß�ÙrÛ�Óªî\ÙrÒGÞgí�Ó�Ü:ð°ÝNÒ�Ï|Þ¡á¯ÙNîEÞgí�Ó�à�Ò�Ó:ì�Ó:Û�Þ�ÝbÞgÏxÙrÛ
ä�� � �!	�	�"$#&%&���
ÚsÏxÛ�ÏxÚ�Ï(':Ó

Cmax
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origi-
nator

layer 1

layer 2

layer 3

layer 4

t410 t420 t430

t411 t421 t431

t412 t422 t432

t413 t423 t433

t210 t220 t230t110 t120 t130

t211 t221 t231

t310 t320 t330

t311 t321 t331

t332t312 t322

Aα41V Aα42V Aα43V

Aα31V Aα32V Aα33V

Aα21V Aα22V Aα23V

Aα11V Aα12V Aα13V

U�VXWTY[Z�\^]�_ `�a&bdcTefegY[h[VXikj�l�V(cThmj�h[nCi?c�efo[Y�lpj�l�VXcThqVXhCj�hCcTZ�n[VXhrj�ZBsflpZ�\?\�tvu1w�Uyx{z}|[Y�~�\?Z?_

� Y[|��B\?iLl-l�c[a

tik(l+1) ≥ tikl + Cpi−l−1αikV + S i = 1, ..., h, k = 1, ..., n,

l = 0, ..., i − 2 � ]�_(�{���
t(i+1)kl ≥ tikl + Cpi−l−1αikV + S i = 1, ..., h − 1, k = 1, ..., n,

l = 1, ..., i − 1 � ]�_(�!�T�
t(i+2)k(l−1) ≥ tikl + Cpi−l−1αikV + S i = l + 1, ..., h − 2, k = 1, ..., n

l = 1, ..., h − 2 � ]�_(� R �
t1(k+1)0 ≥ t(h−1)k1 + Cph−2α(h−1)kV + S k = 1, ..., n − 1 � ]�_(�{���
t2(k+1)0 ≥ thk1 + Cph−1αhkV + S k = 1, ..., n − 1 � ]�_�x S �
t2(k+1)1 ≥ thk2 + Cph−2αhkV + S k = 1, ..., n − 1 � ]�_�x��!�

ti(k+1)(i−1) ≥ thk(i−1) + Cph−iαhkV + S i = 1, ..., h, k = 1, . . . , n − 1 � ]�_�xTxT�
�}hfl��[\/j�|�c!�T\1w��<�&�!�����$�&�&����VXh[\?��Yrj��XV(l�V(\ � � ]�_(�{���+WTYrj�Z�j�h�l�\?\Hlp�rj!ldZ�\Ll�Z�j�h � efV ��� VXcThfc���l��[\�Xc�j�nql�c�l��[\^n[\?\?o�\?Z1��jks�\?Z � e�jks � lpj�ZBl-cTh[�(smj���l�\?ZG� Y[�X�(s�Z�\?i?\?V(��VXh[W�l��[\^ef\ ��� j�WT\�_M¡&s � ]�_(�!�T�l��[\Mi?cTefePY[h[VXikj�l�V(cTh � cThgl��[\ � j�ef\M�(VXh[¢�n[c£h[c�l¤c{��\?Z���j�o�_K�¥h[\L��Yrj��XV(l�VX\ � � ]�_(� R �¦z � ]�_�x��!��\?h � Y[Z�\l��rj�l � \?h[n[VXh[Wgj�h[\L§¨ovcTZBl�VXcTh�c���l��[\-�Xc�j�nfn[c�\ � h[c�l � lpj�ZBld|�\L� cTZ�\Hl��[\1|[Y�~�\?Zdj�l&l��[\-Z�\?i?\?V(�T\?Z
V � Z�\?�X\kj � \?n�_d¡&s � ]�_�xTxT�di?cTefegY[h[VXikj�l�V(cTh � c��Kl��[\ � Y[i?i?\?\?n[VXh[W � lpj�WT\ � n[cfh[c�l-i?cTVXh[i?VXn[\�_
©G�[\Z�\?e�j�VXh[VXh[Wgi?cTh � l�Z�j�VXh�l � j�Z�\/lp�[\ � j�ef\^j � i?c�h � l�Z�j�VXh�l � � ]�_(�T�!�¦z � ]�_(�!]T�&VXhCw��ª�d�!�����$�&�&�{«r_
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t413 t423 t433

t210 t220t110 t120

t211 t221
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t311 t321 t331
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Aα41V Aα42V

Aα31V Aα32V

Aα21V Aα22V

Aα11V Aα12V

Ã�ÄXÅTÆ[Ç�È^É�Ê Ë[Ì&ÍdÎTÏfÏgÆ[Ð[ÄXÑkÒ�Ó�Ä(ÎTÐmÒ�Ð[ÔCÑ?ÎTÏfÕ[Æ�ÓpÒ�Ó�ÄXÎTÐ�ÄXÐCÒ�ÐCÎTÇ�Ô[ÄXÐrÒ�ÇBÖ�Ó�Ç�È?È�×�Ø�Ø�Ã Â�Ù Æ�Ú�È?Ç?Ê
Û&Û&ÜAÝrÞ�ß!à�á[Ý�ß!à âvãyâ�ä�å�æ�ä
ç}ÐèÓ�é[ÄXê�ê�È?ÑLÓ�ÄXÎTÐèÓ�é[Èdë�ÒkÖ�È?Ç�ê+Ò�Ç�ÈdÒ�ÑLÓ�Ä(ì�Ò�Ó�È?ÔgÄXÐ^Ó�é[ÈdÎTÇ�Ô[È?Ç�Î�í�Ô[È?Ñ?Ç�ÈkÒ�ê�ÄXÐ[Å/Ð�Æ[Ï Ù È?Ç�Î�í�Õ[Ç�Î�Ñ?È?ê�ê�ÎTÇ�ê?Ê

î�ï�ð�ñ�ò æ�äóç¦ÓCÄXêmÒ�ê�ê�Æ[ÏfÈ?Ôôé[È?Ç�È>ÓpérÒ!ÓCÎTÐ[ë(ÖõÎTÐ[È Ù Æ�Ú�È?ÇmÎ�ígê�ÄXö?È
D
ÄXêmÒkì�Ò�ÄXë�Ò Ù ë(È>Ò�ÓCÈkÒ�Ñpé

Ñ?ÎTÏfÏgÆ[Ð[ÄXÑkÒ�Ó�Ä(Ð[Å÷Ð[Î�Ô[È�ÊôøGé[È:Ñ?ÎTÏfÏgÆ[Ð[ÄXÑkÒ�Ó�Ä(ÎTÐªÒ�Ð[Ô Ñ?ÎTÏfÕ[Æ�ÓpÒ�Ó�ÄXÎTÐ ù�Ò�Ð�Ó�Ó�ÑpérÒ�ÇBÓ�í ÎTÇ�Ø�Ø�Ã
Ñ?ÎTÏfÏgÆ[Ð[ÄXÑkÒ�Ó�Ä(ÎTÐ>êBÓ�Ç�Ò�Ó�È?Å�Ö>Ò�Ð[ÔúÎTÐ[È Ù Æ�Ú�È?Ç£ÄXÐ÷Ò�Ð÷ÎTÇ�Ô[ÄXÐrÒ�Ç�ÖCÓ�Ç�È?ÈPÄXê£Õ[Ç�È?ê�È?Ð�Ó�È?Ô�ÄXÐ÷Ã�ÄXÅ[Ê�É�Ê Ë[Ê
ç}ÐyÓ�é[È$ëXÄXÐ[ÈkÒ�Ç�Õ[Ç�ÎTÅTÇ�Ò�Ïûí ÎTÇ�Ó�é[ÄXê�Õ[Ç�Î Ù ëXÈ?ÏüÑ?ÎTÐ[êBÓ�Ç�Ò�ÄXÐ�Ó�êfÄXÔ[È?Ð�Ó�ÄXÑkÒ�ëMýGÄ(Ó�éÿþ É�Ê ÂTÂ ��� þ É�Ê Â É � Ò�Ç�È
ÎTÏfÄ(Ó�Ó�È?Ô�í ÎTÇMÓ�é[È�Ñ?ë�Ò�Ç�Ä(Ó}Ö�Î�íKÓ�é[È�Õ[Ç�È?ê�È?Ð�ÓpÒ�Ó�ÄXÎTÐ�Ê
Ø����&ä!æ�æ�Û&Û&Ü ï{î
ÏfÄXÐ[ÄXÏ�Ä(ö?È

Cmaxê�Æ Ù	� È?ÑLÓ-Ó�Î[Ì

tik(l+1) ≥ tikl + Cpi−l−1αikV + S i = 1, ..., h, k = 1, ..., n,

l = 0, ..., i − 2
þ É�Ê�
� �

t(i−1)k(l−1) ≥ tikl + Cpi−l−1αikV + S i = 2, ..., h, k = 1, ..., n,

l = 1, ..., i − 1
þ É�Ê�
�Ë �

th(k+1)i ≥ t(i+1)ki + Cα(i+1)kV + S i = 0, ..., h − 1, k = 1, . . . , n − 1
þ É�Ê�
TÉ �
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t413
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t210 t220 t230t110 t120 t130

t211 t221 t231

t310 t320 t330

t311 t321 t331

t312 t322 t332

Aα41V Aα42V

Aα31V Aα32V

Aα21V Aα22V

Aα11V Aα12V

?�@BADCFEHGJI	K�I	L#MONDPQPRCFSF@BTVUXWY@ZNDS[USF\[T)NDPQ]FC^W_UXWY@BNDS`@BSaUS[NDEH\F@BSbUE,cQWYEHG)Gdbe�e�? =gfih C^jkG)E7TVUlHGK
miSnWYoFG[U h Ngp>GrqsNDEHPRCFtuUXWY@ZNDSv@BSFG)w�CbUtB@ZWY@ZG)l[xyI	K =z>{ ADCbUEYUS>WYG)GrWYobUXW h G6qsNDEHG`WYoFG`EHG)tuUVc	@BSFA|WYoFG
PQG)lHlYUADG:@Zl�qsCFtBtZc-EHG)T)G)@ZpDG)\(}bEHl,WVK�~#c|@BSFG)w�CbUtB@ZWY@BG)l:xyI	K =X��{ U h C^jkG)EJUXW�WYoFG:T6NDPQP:CFSF@BTVUXWY@ZNDS
l,�2@ZWYT_ov@Bl�SFNW�CFlHG)\ h c�Wi�ON|PQG)lHlYUADG)l�lH@BPRCFtZW_USFG)NDCFlHtZcDK`�-G)lHlYUADG)l�qsEHNDP�WYoFGQT)NDSFlHG)T)C^WY@ZpDG
l,W_UADG)l2\FNQSFNW2Ngp>G)EHtuU] h c[@BSFG)w�CbUtB@ZWY@ZG)l�xyI	K = I { K

2 �Y���!�����X��� oFG:T)NDPQPRCFSF@BTVUXWY@ZNDS(USF\(T)NDPQ]FC^W_UXWY@BNDS���US>WHWJT_obUE,W�qsNDEJe�e�?�T)NDPQPRCFSF@BTVU fWY@BNDS[l,W_EYUXWYG)AXc-USF\[Wi�7N h C^jkG)EHl�@BS-USaNDEH\F@BSbUE,crWYEHG)G�@Bl1]FEHG)lHG)S>WYG)\$@BS-?�@BAFKbI	K�I	K
e!@BSFGVUE�]FEHNDADEYUP�qsNDE�WYoFG1]FEHN h tBG)P+@Bl�Ul�qsNDtBtZN��1l2xsT)NDSFl,WYEYU@BS>WYl�xyI	KZ�D� {�f xyI	KZ��I { UEHG7NDPQ@ZWHWYG)\

qsNDE7WYoFG�T)tuUEH@ZWicrNq5WYoFG�]FEHG)lHG)S�W_UXWY@BNDS { L
e���� �����	�#�#�#���
PQ@BSF@BP�@Z�)G

CmaxlHC h	� G)T6W�WYNFL

tik(l+1) ≥ tikl + Cpi−l−1αikV + S i = 1, ..., h, k = 1, ..., n,

l = 0, ..., i − 2
xyI	K =�>{
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t(i−1)kl ≥ tikl + Cpi−l−1αikV + S i = 2, ..., h, k = 1, ..., n,

l = 0, ..., i − 1 ¶y·	¸�¹DºD»
t(i−2)k(l−1) ≥ tikl + Cpi−l−1αhkV + S i = l + 2, ..., h, k = 1, ..., n

l = 1, ..., h − 2 ¶y·	¸�¹ ´ »
th(k+1)0 ≥ t2k1 + Cpα2kV + S k = 1, ..., n − 1 ¶y·	¸�¹¼>»
th(k+1)i ≥ t(i+1)ki + Cα(i+1)kV + S i = 1, ..., h − 1, k = 1, . . . , n − 1 ¶y·	¸ µD½ »

¾i¿[ÀYÁFÂ�ÃXÄÆÅgÇ>ÂJÈBÉB¿FÂVÃÊOËFÊHÅDÌDÊYÃÍ/ÎOÏ�Ð�Ð	Ñ�Ñ#Ò#Ó�Ô|ÉB¿FÂ)Õ�ÖbÃÈBÉZÀYÉZÂ)× ¶y·	¸�¹Ø>» ÌDÖbÃÊYÃ¿>ÀYÂ)Â�ÀYÁbÃXÀ1ÀYÁFÂJ×YÃÍQÂÈBÅ>ÃÙaÉB×1ÚbÊH×,À�Û)ÅDÍQËFÈBÂ6ÀYÂ)ÈZÜ[ÊHÂ)Û)Â)ÉZÇDÂ)ÙÞÝÆÅD¿FÈZÜ`ÀYÁbÃ¿|ÛVÃ¿|ÉZÀ2ÄÆÂ�ßsÖFÊ,ÀYÁFÂ)Ê�ÊHÂ)ÈuÃVÜDÂ)Ù ¸1à ÜaÉB¿FÂ)Õ�ÖbÃÈBÉZÀYÉZÂ)×
¶y·	¸�¹DºD» ÍQÂ)×H×YÃÌDÂ)×|×HÂ)¿>À$Ä>ÜáÀYÁFÂv×YÃÍQÂ�ÈuÃVÜ>Â)ÊaÅgÇ>Â)ÊaÀYÁFÂâ×YÃÍQÂâÈBÉB¿Fã�×aÙFÅä¿FÅÀ-ÅgÇ>Â)ÊHÈuÃË ¸/à Ü
¶y·	¸�¹ ´ » ÝåÃ¿FÙ ¶y·	¸�¹¼>» ¿FÅrÍQÅDÊHÂJÀYÁbÃ¿-Àiæ7ÅrÄFÖ^çkÂ)ÊH×�ÃÊHÂ�ÖF×HÂ)Ù$ÉB¿-ÂVÃÛ_Á$Û)ÅDÍQÍRÖF¿FÉBÛVÃXÀYÉZÅD¿a×,æ2ÉZÀYÛ_Á ¸¾i¿FÂ)Õ�ÖbÃÈBÉZÀYÉBÂ)× ¶y·	¸ µD½ » Â)¿F×HÖFÊHÂ�ÀYÁbÃXÀ�ÍQÂ)×H×YÃÌDÂ)×1ßsÊHÅDÍèÀYÁFÂ�Û)ÅD¿F×HÂ)Û)Ö^ÀYÉZÇ>Â�×,À_ÃÌDÂ)×2ÙFÅ�¿FÅÀ�ÅgÇDÂ)ÊHÈuÃË ¸
é1êyë1êíì îâïñð�ò#ó�ïñô�õRö	÷Fø!ø
ù!Â6À�ÖF×�Ã¿bÃÈZÜ	ú)Â:ÀYÁFÂQÙFÖFÊYÃXÀYÉBÅD¿�Åß#ÀYÁFÂQÛ)ÅDÍQÍRÖF¿FÉBÛVÃXÀYÉZÅD¿(ßsÊHÅDÍûÀYÁFÂQÅDÊHÉBÌDÉB¿bÃ�ÀYÅDÊ�ÀYÅ-ÈuÃVÜ>Â)Ê

i
ÉB¿

×HÅDÍQÂ:×,À_ÃÌDÂ
k ¸ ¾i¿âÄFÉB¿FÅDÍQÉBÃÈ�À_ÊHÂ)Â6×�¿FÅ�ÙFÂ)×�ÊHÂ)Û)Â)ÉZÇDÂ�ÈBÅ>ÃÙ(ÅD¿FÛ)ÂQÃ¿FÙ(ÀYÁFÂ)¿âÊHÂ)ÙFÉB×,ÀYÊHÉBÄFÖ^ÀYÂ:ÉZÀ�ÀYÅÀYÁFÂ:ÙFÂ)Â)ËåÂ)Ê�ÈuÃVÜDÂ)ÊH×JÅß#ÃrÀYÊHÂ)Â ¸�ü ÁFÂ)ÊHÂ6ßsÅDÊHÂÝ�ÂVÃÛ_Á�Û)ÅDÍQÍRÖF¿FÉBÛVÃXÀYÉZÅD¿|Í:ÖF×,ÀJÛ)ÅDÍ�ËFÊYÉZ×YÂ�ÈBÅ>ÃÙ$¿FÅÀÅD¿FÈZÜ[ßsÅDÊ2ÀYÁFÂ�¿FÅ	ÙFÂÝÆÄFÖ^ÀJÃÈB×HÅQÀYÁFÂ�ÈBÅ>ÃÙaßsÅDÊ2ÀYÁFÂ�×YÖFÛ6Û)Â)×Y×HÅDÊH×JÉB¿$ÃQÄFÉB¿FÅDÍQÉuÃXÈÞÀYÊHÂ)Â ¸�ü ÁFÂ)ÊHÂ:ÃÊHÂ

p(p + 1)i−1 ËFÊHÅ�Û)Â)×H×HÅDÊH×JÉB¿|ÈuÃVÜDÂ)Ê i ≥ 1 ¸�ü ÁFÂRÅDÊHÉBÌDÉZ¿bÃXÀYÅDÊ2×HÂ)¿FÙF×�ÈBÅ>ÃÙaÀYÅ`ÈuÃVÜDÂ)Ê i
ÉB¿

i
×,ÀYÂ)ËF× ¸ý�ÉBÊH×,ÀVÝÀYÁFÂ1ÅDÊHÉBÌDÉB¿bÃXÀYÅDÊ5×HÂ)¿FÙF×#ÅgÇDÂ)Ê�ÂVÃÛ_Á�ÅßkÉZÀY×

p
Û)ÅDÍQÍRÖF¿FÉBÛVÃXÀYÉZÅD¿RÈBÉB¿Fã�×

p(p+1)i−2αikV
ÈBÅ>ÃÙ

ÖF¿FÉZÀY×OÀYÅRÈuÃVÜ>Â)Ê�þ ¸�ü ÁFÂJÊHÂ)ÍrÃXÉB¿FÉB¿FÌ�ÈBÅ>ÃÙ p(p + 1)i−2αikV
æ2ÉBÈBÈåÄÆÂ�×HÂ)¿�À7ÀYÅ:ÈuÃVÜDÂ)Ê

i
Ç	ÉuÃ�ÙFÉBÊHÂ)Û6À

×HÖFÛ)Û)Â)×H×YÅDÊH×�Åß2À_ÁFÂ`ÅDÊHÉBÌDÉB¿bÃXÀYÅDÊ�ÉB¿ÿÈuÃVÜ>Â)ÊH×
2, . . . , i ¸�� ¿bÃÈBÅDÌDÅDÖF×HÈZÜDÝ�ÂVÃÛ_Á&ËFÊHÅ	Û)Â)×H×HÅDÊ�ÉZ¿ÿÈuÃgÜDÂ)Ê

j < i− 1
×HÂ)¿FÙF×2ÈBÅ>ÃÙrÀYÅ:ÈuÃVÜDÂ)Ê

i
ÉB¿

i− j
×,ÀYÂ)ËF× ¸ ý�ÉBÊH×,ÀVÝ p(p + 1)i−j−2αikV

ÖF¿FÉZÀY×7Åß5ÙbÃ�À�Ã�ÉB×
×HÂ)¿>À�ÀYÅ�ÈuÃgÜDÂ)Ê

j+1
ÅgÇDÂ)Ê�ÂVÃÛ_Á:Åß

p
ËÆÅDÊ,ÀY× ¸�ü ÁFÂ1ÊHÂ)ÍrÃÉB¿FÉB¿FÌ p(p+1)i−j−2αikV

ÈBÅ>ÃÙ�ÖF¿FÉZÀY×�ÃÊHÂ
×HÂ)¿>À#ßsÊHÅDÍ�ÈuÃVÜ>Â)Ê

j
ÀYÅ�ÈuÃgÜDÂ)Ê

i
Ç	ÉuÃ

j � ×#ÙFÉBÊHÂ)Û6À#ÄFÉB¿FÅDÍQÉBÃÈ^ÀYÊHÂ)Â2×HÖFÛ)Û)Â)×H×YÅDÊH×OÉB¿�ÈuÃgÜDÂ)ÊH× j +2, . . . , i ¸ý�ÉB¿bÃÈBÈ ÜDÝ�ÉB¿vÀYÁFÂ[ÈuÃ×,ÀRÛ)ÅDÍQÍ:ÖF¿FÉBÛVÃXÀYÉZÅD¿v×,ÀYÂ)ËÞÝOÃÈBÈ#ÈuÃVÜDÂ)ÊH×
0, . . . , i − 1

×HÉBÍ:ÖFÈZÀ_ÃX¿FÂ)ÅDÖF×HÈZÜâ×HÂ)¿FÙ
αikV

ÈBÅ>ÃÙ-ÖF¿FÉZÀY×1ÀYÅrÈuÃVÜDÂ)Ê
i ¸�� ÅÀYÂ�ÀYÁbÃXÀ�ÃÈBÈ!ÈuÃVÜDÂ)ÊH×�Û)ÅDÍQÍRÖF¿FÉBÛVÃXÀYÂ�×,Ü	¿FÛ_ÁFÊHÅD¿FÅDÖF×HÈZÜDÝÞÃX¿FÙ-ÀYÁFÂ×YÃÍQÂ:ÃÍQÅDÖF¿>ÀY×JÅXß#ÈBÅ>ÃÙ�ÃÊHÂR×HÂ)¿>À�ßsÊHÅDÍ�ÃÛ6ÀYÉZÇDÂ:ÈuÃVÜDÂ)ÊH×�ÀYÅ`ÀYÁFÂ:¿FÂ��	À�ÃÛ6ÀYÉZÇÃXÀYÂ)Ù(ÈuÃVÜDÂ)Ê ¸�ü ÅÀ_ÃÈÛ)ÅDÍQÍRÖF¿FÉBÛVÃXÀYÉZÅD¿�ÀYÉBÍQÂOÉB×�Â)Õ�ÖbÃÈ^ÀYÅ

Si+CαikV (1+p
∑i−2

j=0(p+1)i−j−2) = Si+CαikV (p+
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1)i−1 9	:�;=<,>@?@?BADCE;=FHGD>@C�I$?@JKCE;$LNMPOQJKRESTCEADSUSWVXFH>@JKYZRE;$CEAD?[F,>@YZFHGD;=OQJK?@?@J\<,>[YD]^OQJKRES^AD?_VXFH>[JKYDC$9
` C	>[F/<�V8C�YDJ8FH;$L^FHGD;1?_VbaK;$REC�<cJKREdeC'aNYDIfGDREJKYDJKADCE?[aK9	gPFhSU;bV8YDC/FHGiVXF tik0+Si+CαikV (p+

1)i−1 = tik1, tik1 +S(i− 1)+CαikV (p+1)i−2 = tik2, . . . , tik(i−2) +CαikV +S = tik(i−1)j I0Ok9#l�>@]D9	mN9 npohl�>@]D9�mN9rqKs�9#liJKReFHGD>@CtRE;bV8CEJKYu>[Ft>@CtYDJ8F4YD;$;$LD;$LuFHJ�>@YvFHREJNLDADI$;UFHJ�FHGD;w?@>@YD;$V8R
x REJK]KRHV8SUChI$JKYDC'FHRfVX>@Y�FHC�;�y x RE;$CECH>@YD]eFHGD;,OzV8I0F�FHGiVXF�FfGD;,SU;$CECHV8]K;�S4ADC'F�{|;,OQAD?@?[a^RE;$I$;$>[}K;$LU~iRECEF
V8YDL�JKYD?[a�FHGD;$Y�IbV8Y�>[FU{�;(RE;$?_Vbav;0LB9���;$YDI$;8o1JKYD?[a�}8V8RE>_V8{D?@; tik0

>@C�YD;$;$LD;$L�>@Y!FHGD;(?@>@YD;$V8R
x REJK]KRHV8S�OQJKRES^AD?_VXFH>[JKYDC$9Z��GD;wRE;$SWV8>@YD>@YD]Z}8V8RE>_V8{D?@;$C tikl

OQJKR l = 1, . . . , i − 1 <,>@?@?�YDJ8Ft{|;
ADCE;$LB9

� ;0FWADC�I$JKYDCE>@LD;$R�FHGD;�Y�ADS4{�;$RUJXO�FHGD;(I$JKSUS^ADYD>@IbVXFH>[JKYuC'FfV8]K;$C$9���GD;(JKRE>@]K>@YiVXFEJKR^SWVba
CE;$YDL�VXF,SUJKC'F D ADYD>[FHC�J8O�?@JvV8LwFHJ�;bV8IfG(J8O�>[FHC p YD;$>@]KG�{|JKREC�>@Y�?_VbaK;$R=�K9 ` C,>[F�<1V8C,CHV8>@LwFHGD;
JKRE>@]K>@YiVXFEJKR�>@Y�FHGD;^~iREC'F�C'FH; x CE;$YDLDC p(p + 1)i−2αikV ≤ D ?@JvV8L�ADYD>[FHCFHJZ>[FHCLD;$CEI$;$YDLiV8Y�FHC
>@Y�?_VbaK;$R(�K9���;$YDI$; αikV ≤ D

p(p+1)i−2
9���GD;(FHJ8FfV8?,YNADS^{|;$RUJ8O x REJNI$;$CECEJKRECw>@Y�?_VbaK;$R i >@C

p(p + 1)i−1 9���GD;$RE;0OQJKRE;8o�FHJ8FfV8?	?@JvV8L�FHGiVXF�IbV8Y�{|;4FHRHV8YDC'OQ;$RERE;$L�FHJ�?_VbaK;$R i > 1 >@Y�VZCE>@YD]K?@;
C'FfV8]K;^>[CVXFSUJKC'F Dp(p+1)i−1

p(p+1)i−2 = (p + 1)D 9=��J8FH;eFHGiVXF�FHGD>@C���AiV8Y�FH>[F�a(LDJN;$CYDJ8FLD; x ;$YDL�JKY
i 9�liJKR1?_Vbav;$R�FHGD;=?@JvV8LZ>@C�VXF�SUJKC'F pD 9 ` C1<1;=GiVb}v;=?_Vbav;$REC 1, . . . , h <,GD>@IfG�I$JKS x ApFH;8opFHGD;
FHJ8FfV8?�?@JvV8LWFHGiVXF�IbV8Y�{|;=LD>@C'FHRE>@{DApFH;$LZ>@YZJ8YD;=C'FfV8]K;=>@C (h(p + 1)− 1)D 9h��G�ADC$oDFHGD;=Y�ADS^{|;$R
J8O�YD;$I$;$CECHV8R'a(I$JKSUS^ADYD>@IbVXFH>[JKYZC'FfV8]K;$C,>@C n ≥ V

D(h(p+1)−1)
9

�����&�i�8�����D�p���Q�|�!�� X¡�¢� 

g�Y£FHGD>@CwCE;$I0FH>@JKY£<1;#C'FHADLpa¤��;bV8RE;$C'F � VbaK;$R�l�>@REC'FZ?_Vbav;$RZV8I0FH>[}XVXFH>@JKY£C'FHRHVXFH;$]8aKo�>¥9 ;89[o�?_V\aK;$REC
V8RE;tV8I0FH>[}8VXFH;$L�>@Y�FHGD;tJKRELD;$R�J8O	FHGD;$>@R�LD>@C'FfV8YDI$;�OQREJKS*FHGD;tJKRE>@]K>[YiVXFHJKR$9c��GD;^I0JKSUS4ADYD>@IbVXFH>[JKY
V8YDL�I$JKS x ApFfVXFH>@JKY£LD>_V8]KRHV8S¦OQJKRwFHGD>@CZIbV8CE;�>@C x RE;$CE;$Y�FH;$L�>@Y�l�>@]D9�mN9 np9 � >@YD;bV8R x REJK]KRHV8S
OQJKRES^AD?_VXFH>[JKYZ>[C�V8C1OQJK?@?@J\<,C$§
��¨�©4�z���|ª����i«z¬� �¢�¢N�����
SU>@YD>@S�>[$; Cmax

CEAD{N®';$I0F�FHJD§

tik0 + C(p + 1)i−1αikV + Si ≤ t(i+1)k0 i = 1, ..., h − 1, k = 1, ..., n

j mN9 ¯p��s
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origi-
nator

layer 1

layer 2

layer 3

layer 4

t130t120
t110 t230t220t210 t330t320t310 t420t410

Aα41V Aα42V

Aα11V Aα12V Aα13V

Aα21V Aα22V Aα23V

Aα31V Aα32V

Ç�È@ÉKÊDËEÌ ÆNÍ ÎpÏhÐcÑKÒUÒ ÊDÓDÈ@ÔbÕXÖHÈ Ñ ÓWÕ8ÓD×WÔ ÑKÒUØ ÊpÖfÕXÖHÈ Ñ ÓWÈ@ÓwÕeÙDÈ@Ó ÑKÒ È_ÕXÚDÖHËEÌ$Ì�ÊDÓD×DÌ$Ë�Û�Ü�Ç�Ý'ÖfËHÕXÖHÌ$ÉXÞ Í

thk0 + C(p + 1)h−1αhkV + Sh ≥ t1(k+1)0 k = 1, ..., n − 1ß ÆNÍ àváKâ

tik0 + C(p + 1)i−1αikV + Si + AV

n
∑

l=k

αil ≤ Cmax i = 1, ..., h, k = 1, ..., n

ß ÆNÍ àKàvâ

α1kV ≤ D k = 1, ..., nß ÆNÍ à8ã�â

p(p + 1)i−2αikV ≤ D i = 2, ..., h, k = 1, ..., nß ÆNÍ àvÆKâ
h

∑

i=1

n
∑

k=1

p(p + 1)i−1αik = 1
ß ÆNÍ àKÎvâ

αik ≥ 0 i = 0, ..., h, k = 1, ..., nß ÆNÍ àväKâ

tik0 ≥ 0 i = 0, ..., h, k = 1, ..., nß ÆNÍ àKÅvâ
å�ÓDÌ$æ�ÊiÕ8Ú@È[ÖHÈ@Ì$Ý ß ÆNÍ àpç�â Ì$ÓDÝEÊDËEÌ�ÖfèiÕ�Ö�ÖHèDÌUÔ Ñ ÓDÝEÌ$Ô$ÊpÖHÈ[éKÌ Ò Ì$ÝEÝHÕ8ÉKÌ$ÝeÝEÌ$Ó�ÖtÙvÞ#ÖHèDÌ�ÝHÕ Ò ÌUÚ_ÕbÞKÌ$ËeÕ8ËEÌ
Ó Ñ Ö Ñ éKÌ$ËEÚ_Õ ØDØ È@ÓDÉ Í�ê Þ ß ÆNÍ àváKâ ÖfèDÌ Ò Ì$ÝEÝHÕ8ÉKÌ$Ý,ëQË ÑKÒ ÖHèDÌeÔ Ñ ÓDÝEÌ$Ô$ÊpÖHÈ[éKÌeÝ'ÖfÕ8ÉKÌ$Ý�× Ñ Ó Ñ Ö Ñ éKÌ$ËEÚ_Õ ØBÍ
ì�èDÌ�ËEÌ Ò Õ8È@ÓDÈ@ÓDÉ4Ô Ñ ÓDÝ'ÖHËHÕ8È@ÓvÖHÝ,Õ8ËEÌeÕ8ÓiÕ8Ú Ñ É Ñ ÊDÝcÖ Ñ ÖHèDÌ Ñ ËE×DÈ@ÓiÕ8Ë'ÞWÖHËEÌ$Ì�ÔbÕ8ÝEÌ Í
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origi-
nator

layer 1

layer 2

layer 3

layer 4

t410

Aα41V

t310

Aα31V

t210

Aα21V

t110

Aα11V

t420 t430

Aα42V

t320

Aα32V

t220

Aα22V

t120

Aα12V

t330
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	����Y�����P��lnT��62�	� ��#"'��,��������&"'��	� �$&T�	�8
!#"'8��X	�8\"%84iH��2�2��qV68X^_!U�� �8:$.�&"'	[ P$&80^r��� s�sY`teU^r��� s � `p"'���� ��'$\���+,M�#"%$&�+)uiH���v$&T��X8&"'w'�0�'i=!+�� �!+	�8��ce
 ��+8�8.`c�
57xzyXC_I7GJ{gCF?3|_}=LDOPO�<=<=>
��	� �	��0	[~+�

Cmax8��/��:�+!U$p$&���

tik0 + C(p + 1)i−1αikV + Si ≤ t(i−1)k0 i = 2, ..., h, k = 1, ..., n
^t�P� s��Y`

t1k0 + Cα1kV + S ≤ th(k+1)0 k = 1, ..., n − 1
^r��� �Y�Y`

�=;j^r��� s��Y`=���+8�8&"'���+868��+ Y$piH������"�!+�+�:$."'	� f21"#;Y�+��$&�X�'$&T��+�621"#;��+��86)��0 ��'$6�qZ��+��21"',��aQR ��+�P3"'2�e
	[$&	��+8\^r��� �Y�Y`��+ �8�����\$&T3"%$n$&T��\8��!+!+�+�+)3	� ���8:$."'���+86)��� ��'$6�DZ��+��21"',��

�0�:� �����
�%�\�����]�f���������(�n�U�+�(�

���UiH�����k,����+8��+ Y$&	� ���$&T��k���+8��2[$&8]�'in����)��+2�	� ���b72��U$h�8h��/�8��+�:Z��k$&T3"%$]$&T��k8�,3"'!+�*�'in,M��8�8�	�/�2��
,3"'�&"'���U$&�+��Z%"'2���+86	�8n�+ ����������8+bM"' �)($&T��+���\	�8n ��0V�"#;($&��"' 3"'2[;�~+�\"'2�2J$&T��+	��n,J��8�8�	�/�2���!+���Xe
/�	� 3"%$&	��� �8+��lnT��+���UiH�����'bPV��p���+8:$&��	�!U$a$&T��p8��#"%�&!.T0$&�\$&T��6!+����/�	� 3"%$&	��' �8�$&T3"%$�8��+�+�����#"'8��� 3"'/�2��
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¹Hº�»n¼�»&½'¾U¿&À�¾#½'Á«½'¼�¼�Á�À�¾#½%¿&À[º�Â�Ã+Ä
Å«Æ ¿6Ç�ÃnÂ�º'¿ Æ'È ¿&É3½%¿ Å7Ê ¹Hº�»�Ë�Ç�Á1½%¿&À[º�Â�Ã�À�Âk¿&É Æ ¼�» ÆUÌ À�º�Ç�ÃnÃ Æ ¾U¿&À�º�Âm½'Ã�Ã�Ç�Ë Æ+Í ¿&É3½%¿6½'Á�ÁJÃ:¿.½'Î Æ Ã

½'Â Í ¼�»�ºP¾ Æ Ã�Ã�º�»�ÃkÏ6À�Á�ÁnÐ Æ » Æ ½'Á�Á[ÑÒÂ Æ+Æ+Í�Æ+Í ½'Â Í ½'¾U¿&À Ì ½%¿ Æ+Í ÄÔÓt¿kÀ�Ã�Â�º'¿*½'Á[Ïn½#Ñ�Ã0¿&»&Ç Æ ÄÖÕÖÉ Æ Â
Ã�º�Ë Æ ÂPÇ�Ë�Ð Æ »�º'¹d¼�»�º�¾ Æ Ã�Ã�º�»�Ã=º�»aÃ�¿.½'Î Æ Ã=À�ÃaÃ�Ç-×�¾+À Æ ÂP¿�¿&º]¼�»�ºP¾ Æ Ã�Ã�¿&É Æ Ï6É�º�Á Æ Á�ºY½ Í�È ¿&É Æ Â�Ã�º�Ë Æ
¼�»�º�¾ Æ Ã�Ã�º�»�Ãh» Æ ¾ Æ À Ì�Æ Â�º�Á�ºY½ Í Ä*Ø
Ù-¾ Æ Ã�Ã�À Ì�Æ ¼�»�º�¾ Æ Ã�Ã�º�»�ÃhÀ�ÂP¿&»�º Í Ç�¾ Æ ½ Í�Í À[¿&À�º�Â3½'Á�Ã:¿.½'»:¿&Ç�¼j¿&À�Ë Æ Ã
ÆUÌ�Æ ÂS¿&É�º�Ç�Î�ÉSÂ�º'¿&É�À�Â�Î*À�Ãv¾+º�Ë�¼�Ç-¿ Æ+Í º�ÂW¿&É Æ ËmÄ�ÓRÂSÃ�Ç�¾.ÉuÃ�À[¿&Ç3½%¿&À�º�Â�Ã È ¿&É ÆXÅ7Ê ¹Hº�»�ËXÇ�Á1½%¿�À[º�Â�Ã
Ã�É�º�Ç�Á Í Ð Æ ½ Í%Ú Ç�Ã:¿ Æ+Í ÐPÑ Æ Á�À�Ë�À[Â3½%¿&À[Â�Î*Ç�Â�Â Æ ¾ Æ Ã�Ã.½'»:Ñ Æ+Û Ç3½%¿&À�º�Â�Ã\» Æ Á1½%¿ Æ+Í ¿&º(¿&É Æ Ã�Ç�¼ Æ »:Ü3Ç�º�Ç�Ã
Ã:¿.½'Î Æ Ãp½'Â Í ¼�»�º�¾ Æ Ã�Ã�º�»�Ã+Ä

ÓRÂ9¿&É Æ ¹Hº�Á�Á�ºqÏ6À[Â�Îm¼3½%».½%Î�»&½'¼�É�Ã\Ï Æ ¼�» Æ Ã Æ ÂY¿�» Æ Ã�Ç�Á[¿&Ãhº�Ð-¿.½'À�Â Æ+Í ÐPÑuË Æ ½'Â�Ã]º'¹vÝDÞ3ß-àYáPÝ%â�ã�Ä
ä Ì�Æ »4å'æ�ç�çXÀ�Â�Ã:¿.½'Â�¾ Æ Ãpº'¹ Å7Ê ¼�»�º�Ð�Á Æ Ë�Ã�Ï Æ » Æ Ã�º�Á Ì�Æ+Í Ä�ènÉ�º�Ç�Î�ÉmÀ[¿6À�Ãp½X¹H» Æ+Æ ¾Uº Í�Æ ÝDÞ3ß-àYáPÝ%â�ã
À�Ã�»�º�Ð�Ç�Ã:¿#Ä9ènÉ Æ(Í�Æ Ã�¾+»�À�¼-¿&À�º�ÂÒº'¹6¿&É Æ Á1½'»�Î Æ Ã:¿XÃ�Ç�¾+¾ Æ Ã�Ã�¹HÇ�Á�Á[ÑgÃ�º�Á Ì�Æ+Í À�Â�Ã:¿.½'Â�¾ Æ(Æ Ù-¾ Æ+Æ+Í�Æ+Íêéqë ç
ì ÐYÑP¿ Æ Ã+ÄíènÉ�À[Ãk¹Hº�»�Ë�Ç�Á1½%¿&À[º'ÂîÉ3½ Í º Ì�Æ »(ï'ç�ç�ç�ç Ì ½'»�À1½'Ð�Á Æ Ãk½'Â Íðé ï'æ�ç�ç�çu¾+º�Â�Ã:¿&»&½'À�ÂY¿&Ã#ÄÔènÉ Æ
Ã�º�Á�Ç-¿&À�º�ÂW¿&À�Ë Æ » Æ ½'¾.É Æ+Í å'·fÉ�º�Ç�»�Ã\º�Â9½ éDñ\òpóXô ¿&É�Á�º�Â Ê=õ Ä�öpÂ-¹Hº�»:¿&Ç�Â3½%¿ Æ Á[Ñ È ½'Ã]½'ÂYÑu¾+º Í�Æ'È
ÝDÞ3ß-àYáPÝ%â�ã*É3½'Ã6À[¿&ÃnÁ�À�Ë�À�¿.½D¿&À[º�Â�Ã È ½'Â Í Ï Æ]Í À Í Â�º'¿6Ëk½'Â3½'Î Æ ¿&º�Ã�º�Á Ì�Æ'È3Æ Ä Î�Ä È Ð�À�Î�Î Æ »nÀ�Â�Ã:¿.½'Â�¾ Æ Ã+Ä
ènÉ Æ Ëk½'À�Â(» Æ ½'Ã�º�Âf¹Hº�»�¹_½'À�Á�Ç�» Æ Ã�Ï Æ » Æ Â�Ç�Ë Æ »�À�¾#½%Á�À�Â�Ã:¿.½'Ð�À�Á�À�¿&À Æ Ã+Ä

÷nø_ù6ø:ú û�ü-ýaþ

ÓRÂ�º�Ç�»6Ã�À�ËXÇ�Á1½%¿&À[º'Â�ÃnÏ Æ Ë�º Í�Æ Á Æ+Í ½0É�º�Ë�º�Î Æ Â Æ º�Ç�ÃpÃ:Ñ�Ã:¿ Æ ËÿÏnÀ[¿&É
m = 10

¼�»�º�¾ Æ Ã�Ã�º�»�Ã È
C =

1
Ø�� æ È

A = 1
Ø�� ë-È ½'Â Í

S =
é Ø�� ë�� ¿&É Æ Ã Æ=Ì ½%Á�Ç Æ Ã
¾#½'ÂhÐ Æ ¹Hº�» Æ Ù�½'Ë�¼�Á Æ�� Ð3½'Â Í Ï6À Í ¿&É éDì ÐYÑP¿ Æ�� Ã È

¼�»�º�¾ Æ Ã�Ã�À�Â�Î�»&½%¿ ÆXé	� ÐYÑP¿ Æ�� Ã È Ã:¿.½'»:¿&Ç�¼(¿&À�Ë ÆXé Ë�Ã�
UÄ Ê ½'»&½'Ë Æ ¿ Æ »�Ã
V
È
D
È Ï Æ » Æ\Ì ½'»�À1½'Ð�Á Æ Ä

Å«Æ ¿]Ç�Ã�Ã:¿.½'»:¿�¿&É�À�Ã�Ã Æ ¾U¿&À�º�ÂSÏ6À[¿&Éu¾+º�Â�Ã�À Í�Æ »�À�Â�Î*¿&É Æ º�Ð�Ã Æ » Ì�Æ+Í9Í À�Ã:¿&»�À�Ð�Ç-¿&À�º�ÂW¼3½%¿�¿ Æ »�Â�Ã+ÄXÓRÂ
Ë�º�Ã:¿�º'¹M¿&É Æ ¾+½'Ã Æ Ãa¿&É Æ Ã�À ó+Æ Ãaº'¹JÁ�ºY½ Í ¾.ÉPÇ�Â � Ã�Ã Æ ÂY¿a¿&º4¿&É Æ ¼�»�º�¾ Æ Ã�Ã�º�»�Ã�Î�»�ºqÏKÃ�Á�ºqÏ6Á[ÑhÐMº'¿&É�Ï6À[¿&É
¿&É Æ ¼�»�º�¾ Æ Ã�Ã�º�»]ÂPÇ�Ë�Ð Æ »\½'Â Í ¿&É Æ Ã:¿.½'Î Æ ÂPÇ�ËXÐ Æ »+Ä0Ót¿]À�Ã�Ð Æ ¾#½'Ç�Ã Æ ¼�»�º�¾ Æ Ã�Ã�º�»�Ãh½'» Æ ½'¾U¿&À Ì ½%¿ Æ+Í
Æ ½'»�Á[Ñ*Ï6É Æ Âm¿&É Æ À�Â�À[¿&À1½%Á�¾.ÉPÇ�Â � Ã4½'» Æ Ã�Ëk½'Á�ÁrÄaÓRÂf¿&É Æ Á1½'Ã:¿6Ã:¿.½'Î Æ ¿&É Æ ¾.É�Ç�Â � Ã�À ó+Æ Ã Í�Æ ¾+» Æ ½'Ã Æ À�Â
º�» Í�Æ »a¿&ºh½'¾.É�À ÆUÌYÆ Ã�À�ËXÇ�Á[¿.½'Â Æ º'Ç�Ã�¾+º�Ë�¼�Á Æ ¿&À�º'Â0º'¹d¿&É Æ ¾+º�Ë�¼�Ç-¿.½%¿&À�º�Â�Ãaº�Âk½'Á�Á�¼�»&ºP¾ Æ Ã�Ã�º�»�Ã+Ä�ènÉ�À�Ã
¹_½'¾+À�Á�À�¿.½%¿ Æ Ã�¼ Æ »:¹ Æ ¾U¿6Á�ºY½ Í Ð3½'Á1½'Â�¾ Æ Äaè�É Æ ¾.É3½'Â�Î Æ Ã6º'¹7¿&É Æ�Í ½%¿.½�¾cÉPÇ�Â � Ãp½'» Æ�Í�Æ Ë�º�Â�Ã:¿&»&½%¿ Æ+Í À�Â
� À�Î�Ä-ï�Ä ·-Ä Ê »�º�¾ Æ Ã�Ã�º�»�Â�Ç�Ë�Ð Æ »&Ã�½'» Æ ½'Á�À�Î�Â Æ+Í ½'Á�º�Â�Î]¿&É Æ É�º�»�À ó º�ÂP¿.½'ÁJ½DÙ-À�Ã È Ã�À ó+Æ Ã�º'¹«¿&É Æ ¾.ÉPÇ�Â � Ã
½'» Æ ¼�» Æ Ã Æ ÂP¿ Æ+Í º�ÂW¿&É Æ�ÌYÆ »:¿&À�¾#½'Á�½DÙ-À�Ã+Ä�ä4Ð�Ã Æ » Ì�Æ ¿&É3½%¿�¼�»&ºP¾ Æ Ã�Ã�º�»

P10

» Æ ¾ Æ À Ì�Æ+Í À[¿&ÃvÁ1½'Ã:¿�Á�ºY½ Í
¾.É�Ç�Â � À�Â(¿&É Æ ¼ Æ ÂPÇ�Á[¿&À�Ëk½%¿ Æ Ã:¿.½'Î Æ'È ½'Â Í Â�º0Á�ºY½ Í À�ÃnÃ Æ ÂP¿6¿&º

P10

À�ÂfÃ:¿.½'Î Æ
n = 3

Ä
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>�?A@=BDCFEHGJI <JK�L�MDN�OQPDR E RASTN�UWV�X BDYDZ�[\[F?A])E)[-?AY U ?_^`E)CFE)YTa\[,a N @=E)[cb
A = 1

L
−3, D = d LfeDg

V h G L�iTjlkmS C1[,a N C)I

nHEl[ XDS�o a X E#?AYqprBDE)Y V E S�krV)S=OQO BDYD? V	N as? S YutDBq^`E)C�[F?A])E
D
S Yva X E P C SJV E)[F[F?AYD@�as? O E

Cmax?AY N >�?A@DI5GJI wqI-x X EyYJB O tzE)C S�k [,a N @=E)[
h
o7N [�[FE R E V asE U [FB V�X a XrN a

Cmax

o7N [ O ?AYD? O B O I
{ Y R_|

D = d L�}vU ?A[,as?AYD@=BD?A[ X E)[�?_as[FE R_k`k C S=O a X E PDRAS as[ kmS C�a X E S a X E)C V)S=OQO BDYD? V	N as? S Y~tDBq^`E)CF[)I
x X ?A[y?_[ N CFE)[FB R a S�k E MqV E)[F[F?_�TE k C N @ O E)YTa N as? S Y S�k�V)S=OQO BDYD? V	N as? S Y V	N BD[FE U t | a S�S [ OyN�RAR
V)S=OQO BDYD? V	N as? S Y�tDBq^`E)C)I�x X E S a X E)C

D
� N�R BDE)[ o E)CFEv[FBq� V ?AE)YTa R_| tD?A@�a SQN � S ? U ?_a	I

��Y S C U E)C�a S tzE6aFasE)C U E P ? V a:?AYqprBDE)Y V E S�k a X E R ? O ?�asE UcV)S=OQO BDYD? V	N as? S YctDBq^`E)C�[F?A])E o E
N Y N�R_| ])E U a X E V	N [FE S�k a X E O ?AYD? O B O�PzS [F[F?At R E�Y�B O tzE)C S�k [ V	N aFasE)CF?AYD@�[,a N @=E)[ g ?�I E�I

nmin =

d V
Dm

e
I�x X E~CFE)[FB R as[ N CsE:[ XDS�o Y�?AY�>�?A@DI!GJI d } I:> S C D = ∞

O ?AYD? O B O Y�B O t�E)C S�k [,a N @=E)[
?A[

n = 1
g�N Y U a X E O ?AYD? O B O Y�B O tzE)C S�k�P C SJV E)[F[ S CF[�?A[

m = 1
I�x X E RAS�o E)C�t S BDY U b�� � j�g

CFE P CFE)[FE)YTas?AYD@c? U E N�R2V ?AC V B O [,a N Y V E)[ S�k�P C SJV E)[F[F?AYD@Ha X E RASTN�U�g ?A[ N�UDU E U a S [ XDS�o E M ?A[,as?AYD@
PzS asE)YTas? N�R2kmS CQa X E\CFE U B V as? S Y S�k a X E P C S�V E)[F[F?AYD@cas? O E�I���Y�a X E\? U E N�R�V	N [FE N a R E N [,a S YDE
V)S=OQO BDYD? V	N as? S Y~[,a N C,asB P as? O E O BD[,a#E R�N�P [FE�t�E kmS CFE N Y |~P C S�V E)[F[ S Cl[,a N C,as[ V)S=OQP Bqas?AYD@DI�x X E
V)S=OQP Bqas?AYD@ PDXrN [FE OyN	| Y S a R�N [,af[ XDS C,asE)C�a XrN Y V A

m

o2X ? V�X ?A[�a X E V	N [FE S�k ? U E N�RJRASTN�U t N�R�N Y V E�I
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¬�A®=¯D°F±u²J³ «q´
Cmax µJ¶ V ·m¸ ° µ�¹ °F ¸ ¯ ¶ D

Aº ¹:¶,»�¹ °)¼ A ½�¾	¿�ÀÂÁ�·m¸ ° »sÃ ±uÄz± ¶,» ¸ Ä ¶ ±)° µ ±)Å\º

Æ Ã ¯ ¶ ¼ S + V A
m

 ¶�¹:Ç ¸�È ±)°2Ä ¸ ¯DºDÅ È ±v¯ ¶ ±)Å�³lÉ�º\¬�A®D³�²J³ ¾�Ê Ç AºD± ¶ ·m¸ ° D = ∞ ¹ ºDÅ D = 1E0

¸ µ ±)° Ç�¹�Ë Ä�Ì »sÃ ± ¶ ± Ç ±)Í »  ¸ º ¸�· µ�¹�Ç ¯D± ¶ A,C, S
³�Æ Ã ± Ç AºD± ¶ ·m¸ ° ¸ »sÃ ±)°�Í ¸=ÎQÎ ¯DºDAÍ ¹�»  ¸ º-ÄD¯qÏ`±)°

¶ AÐ)± ¶ ·m¸ ÇAÇ ¸�È »sÃ ± Ç AºD± ¸�· AºqÑrºD » ±�ÄD¯qÏ`±)° È Ã ±)º V ≤ D
¼ ¹ ºDÅ »sÃ ± Ç ¸�È ±)°�Ä ¸ ¯DºDÅ È Ã ±)º V ≥

mD
³ÒÆ Ã ±\Í Ãr¹ ºD®=± ¶ Aº Ë ° ¸ Í)± ¶F¶ AºD® »  Î ± ·m¸ ° V ∈ [D,mD] ¹ °F± Î Aº ¸ °)³ÓÉ »  ¶:»sÃ ±\Í ¹�¶ ±Äz±)Í ¹ ¯ ¶ ± ·m¸ ° V ≤ D

¼ ¸ º Ç Ì ¸ ºD± Ë ° ¸ Í)± ¶F¶ ¸ °� ¶2¹ Í »  µ�¹�» ±)Å�¼ ¹�¶ ·m¸ ° D = ∞
³fÔ Ã ±)º V

±�ÕqÍ)±)±)Å ¶
D ÎQ¸ °F± »sÃr¹ º ¸ ºD± Î ± ¶F¶s¹ ®=± Î ¯ ¶,» Äz± ¶ ±)º » ¼ ¹ ºDÅÖ »  ¶�Ë ° ¸ Ñ »�¹ Ä Ç ± » ¸ ¹ Í »  µ�¹�» ± ¹ ÅDÅD »  ¸ º ¹�Ç
Ë ° ¸ Í)± ¶F¶ ¸ ° ¶ ³�×1ÅDÅD »  ¸ º ¹�Ç�Ë ° ¸ Í)± ¶F¶ AºD® Ë ¸�È ±)°vÍ ¸=Î Ë ±)º ¶s¹�» ± ¶ ·m¸ ° »sÃ ±~®=° ¸�È AºD® V

¼ ¹ ºDÅ CmaxÅ ¸ ± ¶ º ¸ » AºDÍ)°F± ¹�¶ ± ¶ A®=ºD_ÑrÍ ¹ º »sÇ Ì=³ØÉ · V > Dm ¹�ÇAÇ7Ë ° ¸ Í)± ¶F¶ ¸ ° ¶�¹ °F± ¹ Í »  µ�¹�» ±)Å�¼ »sÃ ±)°F± ·m¸ °F±
Ë ° ¸ Í)± ¶F¶ AºD® »  Î ±� ¶1¶  Î  ÇA¹ ° » ¸ »sÃ ± Ç ¸�È ±)°1Ä ¸ ¯DºDÅ�³¬�A®D³!²J³ ¾�Ê ¶FÃ ¸�È ¶�»sÃr¹�» °F± Ç�¹�»  µ ±�ÅD_Ï`±)°F±)ºDÍ)±:Äz± » È ±)±)º »�Ã ± Ë ° ¸ Í)± ¶F¶ AºD® »  Î ± ¶ ·m¸ ° µ�¹ °F ¸ ¯ ¶Í ¸=ÎQÎ ¯DºDAÍ ¹�»  ¸ ºÖÄD¯qÏ`±)° ¶ AÐ)± ¶  ¶ Î Aº ¸ °)³�Ù#± » ¼ »sÃ ±ÚÅD_Ï`±)°F±)ºDÍ)±ÚAº ¹ Ä ¶ ¸ Ç ¯ » ± » ±)° Î ¶ Í ¹ ºØÄ�±
¹ °FÄD » ° ¹ °F Ç ÌQÄDA®D³�Æ Ã  ¶  ¶ ÅD± ÎQ¸ º ¶,» ° ¹�» ±)ÅÚAºÚ¬�A®D³D²J³ ¾=¾ ¶FÃ ¸�È AºD® »sÃ ±�ÅD_Ï`±)°F±)ºDÍ)±uÄ�± » È ±)±)º »sÃ ±
Ë ° ¸ Í)± ¶F¶ AºD® »  Î ± ·m¸ ° D ½�¾�¿#Û ¼ ¹ ºDÅ ¸ »sÃ ±)°�ÄD¯qÏ`±)° ¶ AÐ)± ¶ ¼ ·m¸ ° nmin

³�Æ Ã ±)°F±~ ¶ º ¸ ÅD_Ï`±)°F±)ºDÍ)±
·m¸ ° V < 1 ¿#Û ³HÜ�¯D± » ¸ »sÃ ± ¶ ± Ç ±)Í »  ¸ º ¸�· A

¼
C
¼
S ¹ ºDÅ m µ�¹�Ç ¯D± ¶�»sÃ ± Ç AºD± ¶ ¸�· D = ∞

¹ ºDÅ D ½�¾�¿�Ê$¸ µ ±)° Ç�¹�Ë ³�Æ Ã ±�ÅD_Ï`±)°F±)ºDÍ)± ¸�· Cmax ·m¸ ° µ�¹ °F ¸ ¯ ¶ D
®=° ¸�È ¶ È  »sÃ V

¯Dº »  Ç D
¼
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ô�õAö=÷DøFùuúJû_ü óqý
Cmax þJÿ V ��� ø þ�� øFõ � ÷ ÿ D ����� nmin

õ ���:ÿ
	�� ø)û

������ ù þ ù �Aÿ ������� ø V > mD
û1ô � ø V > mD � D � ü���� ����� D � ü���� 	�� ù � õ � ù ÿ�� øFù�� � ø ����� ù �� ù � � ÷ ÿ ù 	�� ù � ÷Dø �!	 õ � � ��� 	�� ù�� �#" �D÷ 	 õ � ö$� � ø 	 õ ÿ�	�� ù ÿ�� " ù � ����� � ���&%'	�� ù�� �#"(" ÷ � õ�� �!	 õ � �

	 õ " ù�õ �)	�� ù+*rø ÿ
	2ÿ
	�� ö=ù�õ ÿ,� õ � ù)øFù �-	 û�. � õ ÿ õ ÿ/� øFù ÿ ÷ �&	 ��� � õ � ù)øFù �0	 � �#"(" ÷ � õ�� �!	 õ � � � ÷ � ù)ø ÿ
ÿ õ�1)ù ÿ�������� õ � ù)øFù �0	 " ù ÿsÿ�� ö�ù � ù � ö 	��Dÿ û2 � ô�õAöDû�úJû_ü43 ÿ
	������5� ø �6� ù þ õ �!	 õ � � ��� 	�� ù7�Dø � �)ù ÿFÿ � ø'� �#" � � ù 	 õ � ��	 õ " ù ÿ σ ��� ø nmin

õ ÿ
� ù �Dõ�� 	 ù � û). � ù þ!��� ÷Dù σ

õ ÿ8� " ù ��ÿ ÷DøFù ��� 	�� ù(�Dø � �)ù ÿFÿ � ø � � ��� õ " � ������� �)ù�û:9 � ÿ ù)ø þ ù 	��5�!	
	�� ù�õ " � ������� �)ùvõ ÿ;	�� ù � õAö=ö=ù ÿ
	 ��� ø nmin � � ù � � ÷ ÿ ù n > nmin ����� ��< ÿ ��� ø ÿ ù ��� õ � ö " ù ÿFÿ�� ö=ù ÿ
��� � õ � ù)øFõ � ö ÿ õ&1)ù ÿ � � ù � �)ù � ù 	=	 ù)ø � � ��� � ���>��� �)ù2õ ÿ � � ÿFÿ õ � � ù�û�? � �Dÿ ù @�÷Dù �0	��&% � ô�õAöDû�úJû_ü43 ÿ=� �4< ÿ
	�� ù <A� ø ÿ
	 � ��ÿ ù ��� 	�� ù � � ��� õ " � ���>��� �)ù�ûHô � ø ÿ " ����� � ÷ � ù)ø ÿ õ " � ������� �)ù�õ ÿ�ÿ " ����� ù)ø)ûHô � ø
D = ∞ 	�� ùvõ " � ���>�!� �)ù$� ��� � ù � ø � õ 	 ø � øFõ �&% � õAö � ù � � ÷ ÿ ù � ���&% � � ù��Dø � �)ù ÿFÿ � ø � ù)ù �Dÿ�	 � � ù
� � 	 õ þ��!	 ù � � ÷ 	 ��� m > 1

û
9 �B	�� ù � ��ÿ õ ÿ ��� 	�� ù � � � þ ù7� �5� ø 	sÿ � � ù " �C%D	�� õ ��EF	��5�!	$	�� ù7� �#"(" ÷ � õ�� �!	 õ � � � ÷ � ù)ø

ÿ=� � ÷ ��� � ù ÿ " ����� � % ù 	 � � õAö�ù � � ÷Dö �G	 � �	þ � õ � ùIHJ�)ù ÿFÿ õ þ ù " ù ÿFÿ�� ö=ù � ø � ö " ù �0	��!	 õ � � ûLK 	 õ �&� �
	�� ù)øFù�õ ÿ � � ù "(� øFù < ��% õ � < � õ�� � � �#"(" ÷ � õ�� �!	 õ � � � ÷ � ù)ø " �C% õ �JM ÷Dù � �)ù+�Dø � �)ù ÿFÿ õ � ö 	 õ " ù�û? � �Dÿ õ � ù)ø ��� ùIH � " � � ùvõ � ô�õAöDûzúJû_ü�N ý

m = 3 � A = C = 1 � S = 0 � V = 3
û/O � ù � D = 1 �
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time
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P2

P3

P0
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D = 1

computation

computation

computation

S + C1 11 1α' V
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time
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D = 1.5

¸X¹�º#»�¼=½�¾~¿&À�ÁJÂ�ÃA¹�ºrÄ�»JÅ�½ ¼=Æ�Ç7ÈCÉ)Ê�¼=½oË#½ Ì-Í�¹�ÇrÄ5È�Î�È�Ì�Ï ½+Ð�ÑnÍ�Ò�½$Ï Ð#Ç(Ê�Î�½oÍ�¹�Ð#Ì)Í�¹�Ç(½�¿
Ð#Ì�Î&É�Ð#Ì�½AÆ
Í�È�º#½A¹�ÆXÌ�½ ½ Ó�½ Ó�Ô

n = 1 Õ ¿nÖ/Ò�½,Ê�¼=Ð~Ï ½ Æ=Æ=Ð#¼=Æ�¼=½ Ï ½ ¹&Ë#½
α11V = α21V = α31V = D =

1
Ð�ÑXÓ5È!Í�ÈrË#Ð#Î�»�Ç(½�¿�Ö/Ò�½�Ï Ð#Ç(Çr»�Ì�¹�ÏCÈ4Í�¹&Ð#Ì:Ê�Ò5È�Æ=½�Î>È�Æ
Í�Æ�Ár»�Ì�¹&Í�Æ;Ð�ÑXÍ�¹�Ç(½�×JÍ�Ò�½$Ï Ð#Ç(Ê�»JÍ�È!Í�¹�Ð#Ì�Æ

Ð#Ì'Í�Ò�½,Î>È�Æ
Í�È�ÏoÍ�¹&Ë!È!Í�½ ÓrÊ�¼=Ð~Ï ½ Æ=Æ=Ð#¼�Ï Ð#Ç(Ê�Î�½oÍ�½AØÙ»�Ì�¹&Í�ÆRÐ�Ñ�Í�¹�Ç(½AÈ!ÑÚÍ�½ ¼XÍ�Ò�½,Ï Ð#Ç(Çr»�Ì�¹�ÏCÈ!Í�¹&Ð#Ì8Æ
Í�È�¼
Í
Ô�ÏoÑ�¿r¸X¹�º�¿Û¾~¿&À�Á5ÔÜÈ Õ ¿rÝ+ÌDÍ�Ò�½�Ð�Í�Ò�½ ¼ÙÒ5È�Ì�ÓÛ×ÛÞ;Ò�½ Ì

D ≥ 1.5
È)Ó�¹&Å�½ ¼=½ Ì-ÍÙÎ�Ð0È�ÓDÓ�¹�Æ
Í�¼=¹�Ä�»JÍ�¹�Ð#ÌF¹�Æ

ÊßÐ#Æ=Æ=¹�Ä�Î�½�Â
α11 = 1.5, α21V = 1, α31 = 0.5

×!È�Î�Î�Ê�¼=Ð~Ï ½ Æ=Æ=Ð#¼=Æ`Æ=¹�Çr»�Î&Í�È!Ì�½ Ð#»�Æ=Î&ÉVÆ
Í�Ð#Ê$Ï Ð#Ç(Ê�»JÍ�¹�Ì�º
ÁJ¿à¾Ù»�Ì�¹&Í�Æ�Ð�ÑßÍ�¹&Ç(½;È!ÑÚÍ�½ ¼�Í�Ò�½�Äß½ º�¹�Ì�Ì�¹�Ì�º$Ð�Ñ�Í�Ò�½�Ê�¼=Ð-Ï ½ Æ=ÆÙÔ�ÏoÑ�¿�¸X¹�º�¿-¾~¿&À�Á5Ô�Ä Õ=Õ ¿XÖ/Ò~»�Æ ×-Í�Ð~Ð$Æ=Ç7È�Î�Î
Ï Ð#Ç(Ç'»�Ì�¹�ÏCÈ!Í�¹&Ð#Ì:Ä�»JÅ�½ ¼;Ç7ÈCÉ:Ï È�»�Æ=½�¹�Ç'Ä5È�Î>È�Ì�Ï ½+Ð�ÑnÍ�Ò�½$Ï Ð#Ç(Ê�»JÍ�¹�Ì�º�Ï Ð#Ç�Ê�Î�½oÍ�¹�Ð#Ì)Í�¹�Ç(½ Æ;È�Î�Æ=Ð�¿
Ö/Ò�½cÎ�Ð0È�ÓÙ¹�ÇrÄ5È�Î�È�Ì�Ï ½�ÏCÈ�Ì�Äß½�¹�Ç(Ê�¼=Ð�Ë#½ Ó�Ä0ÉÙ»�Æ=¹�Ì�º�Æ=Ò�Ð#¼
Í�½ ¼`Ç(½ Æ=Æ�È�º#½ Æ ×�Ä�»JÍ`Í�Ò�¹�Æ`¹�Ì�Ï »�¼=Æ`º#¼=½CÈ!Í�½ ¼
Ì-»�ÇrÄ�½ ¼VÐ�Ñ�Æ
Í�È�¼
Í�»�ÊÍ�¹&Ç(½ Æ ¿�Ö/Ò-»�ÆVÍ�Ò�½8¼=½ Î>È!Í�¹�Ð#Ì�Äß½oÍáÞA½ ½ ÌDÍ�Ò�½8Î�Ð0È�Ó�Ä5È�Î>È�Ì�Ï ½�×ßÇ(½ Æ=Æ�È�º#½'Æ=¹�â ½�×
Ä�»JÅ�½ ¼;Æ=¹�â ½�È�Ì�Ó:Í�Ò�½$Ì~»�Ç'Äß½ ¼/Ð�ÑXÇ(½ Æ=Æ�È�º#½ Æ�¹�Æ/Ï Ð#Ç(Ê�Î�½Iã�È�Ì�Ó�Ì�Ð�Í�Æ
Í�¼�È�¹�º#Ò0Í=Ñ�Ð#¼
Þ,È�¼=ÓÛ¿

äáÌ)¸X¹�º�¿-¾~¿&ÀCØ�Ó�½ Ê�½ Ì�Ó�½ Ì�ÏC½VÐ�ÑÛÊ�¼=Ð~Ï ½ Æ=Æ=¹�Ì�º�Í�¹�Ç(½/Ð#Ì
D

×~È�Ì�Ó
n

Ñ�Ð#¼�åJãJ½ Ó
V

¹�Æ�Æ=Ò�Ð�Þ;ÌÛ¿
D

¹�Æ
½IãJÊ�¼=½ Æ=Æ=½CÓ:È�ÆcÈÙÑ�¼�È�ÏoÍ�¹�Ð#Ì�Ð�Ñ

V
¿RäáÌ�¹&Í�¹>È�Î&Î·É

Cmax
Ó�½ Ï ¼=½CÈ�Æ=½ ÆAÞ;¹&Í�Ò�º#¼=Ð4Þ;¹�Ì�º

n
¿RÖ/Ò�½�¼�È!Í�½;Ð�Ñ�Í�Ò�½

Ó�½ Ï ¼=½CÈ�Æ=½r¹�Æ;ÑÜÈ�Æ
ÍVÑ�Ð#¼VÆ=Ç7È�Î�Î
n
×�Ä�»JÍ+Î>È!Í�½ ¼;Í�Ò�½'¼=½oÍ�»�¼=Ì�ÆVÑ�¼=Ð#Çæ¹�Ì�Ï ¼=½CÈ�Æ=¹�Ì�º

n
È�¼=½8Ó�¹�Ç(¹�Ì�¹&Æ=Ò�¹�Ì�º�¿

ç ÑÚÍ�½ ¼;½IãJÏ ½ ½ Ó�¹�Ì�º)È�Ï ½ ¼
Í�È�¹�Ì�Î�¹�Ç�¹·ÍC×
Cmax

º#¼=Ð4Þ;Æ/Þ;¹&Í�Ò
n
¿cÖ/Ò�¹�Æ�¹�Æ;È�Ì�½oÅ�½ ÏoÍVÐ�ÑRÆ
Í�È�¼
Í�»�Ê�Í�¹�Ç(½

S
È�Ê�Êß½CÈ�¼=¹�Ì�ºrÞ;¹&Í�Ò�½CÈ�Ï�Ò�Ï Ð#Ç(Ç'»�Ì�¹�ÏCÈ!Í�¹�Ð�ÌÛ¿

S
¹�Æ;È�Ó�Ó�½ Ó½oË#½ Ì¹&Ñ`Í�Ò�½$Æ=¹�â ½$Ð�ÑnÍ�Ò�½$Î�Ð0È�Ó:Ï�Ò~»�Ì�è

¹�Æ/éJ¿�Ö/Ò�¹�Æ/Ì�½CÈ�¼=Î&É)Î�¹�Ì�½CÈ�¼Aº#¼=Ð�Þ/Í�Ò�Ð�Ñ
Cmax

Þ;¹·Í�Ò
n

ÏCÈ�Ì�Äß½ÙÏ Ð#Ì�Æ=¹�Ó�½ ¼=½ ÓÈ�Æ;È�Ì:¹�Ì5È�Ï Ï »�¼�È�ÏoÉ)Ð�Ñ
Í�Ò�½8Ç(Ð~Ó�½ ÎnÄß½ ÏCÈ�»�Æ=½'¹&ÍVÇ(½CÈ�Ì�Æ�Í�Ò5È!ÍVÞ,½8Æ
Í�¹�Î�Î`Æ=½ Ì�ÓFÍ�Ò�½rÈ�Æ=Æ=»�Ç(½ ÓFÌ~»�Ç'Äß½ ¼

nm
Ð�Ñ�Ç(½ Æ=Æ�È�º#½ Æ

½oË#½ Ì�Í�Ò�Ð#»�º#Ò�Æ=Ð#Ç(½ÙÐ�ÑnÍ�Ò�½ ÇjÏ Ð#Ì-Í�È�¹�Ì:Ì�Ð(Î�Ð0È�ÓÛ¿
¸5¼=Ð#ÇêÍ�Ò�½�È�ÄßÐ�Ë0½Ùå5º#»�¼=½ Æ;ÞA½�Ó�¼�È�ÞëÈ�Ï Ð#Ì�Ï Î�»�Æ=¹�Ð#Ì:Í�Ò5È!Í;Í�Ò�½ ¼=½�¹�Æ/Æ=Ð#Ç(½$Ð#ÊJÍ�¹�Ç7È�Î�Ï Ð#Ç(Çr»~ì

Ì�¹�ÏCÈ!Í�¹�Ð#Ì�Ä�»JÅ�½ ¼AÆ=¹�â ½
D∗ ×~È�Ì�Ó)Ì-»�Ç'Äß½ ¼cÐ�ÑaÆ
Í�È�º#½ Æ

n
Þ;Ò�¹�Ï�Ò)Ð#Ì7Ð#Ì�½�Ò5È�Ì�ÓÛ×~Ê�¼=½oË0½oÌ-Í,½IãJÏ ½ Æ=Æ�¹&Ë#½
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#%$'&�(*),+.-0/
13254768+�9:+�;*<*+�;*=3+?>�@
Cmax

>�;
D,n

/

A +�B,BDC�&�+.@E)DC�& A +�;GFHC�FD$'>�;�I C�;*<JFDK*+.>�FDK*+�)8K�C�;*<�I:L�C�M�C�;*=�+�BNFDK*+?M'>GC�<POQ+�M'MR/TSU+?<*$'B,=�(*B,BNFDK*$'B
$';JV0+�=�FD$'>�;J-0/ 2*/

WTXZY[XR\ ]_^*`8acb8de^5fgd7b8`ghiacb8jlkmacd7npo0^*qrqrs
tu;pFDK*$'B�B,+�=�FD$'>�;pOQ+v9*),+�B,+�;GF7),+�B,(*M
FDB%>�@ A >0<*+�M'$';*&N>�),<*$';�C�)�w?C�;*<pL*$';*> A $�C�MGFD),+�+�B�/%SU+Q9*),+�B,+�;xF
),+�M�C�FD$'>�;*B�BD9 +�=�$
y�=[@E>�)eFDK*+TFD),+�+�Bl>�;*M
wpL:+�=3C�(*B,+8<*+�9 +�;*<*+�;*=3+8>�@

Cmax

>�;
D,n

C�),+[B,$ A $'M'C�)%FD>
FDK*+l>�;*+�Bz@E>�)rFDK*+lB�FHC�)�/�{N;*M'+�B,B�B,9:+�=�$
y�+�<p<*$
|}+�),+�;GFDM
w�I�OQ+vC�B,B,( A +�< p = 2, h = 10, A = 1 ~%� � I
C = 1 ~%�c� I S � 1 ~%� � $
;�C�M'M}FDK*+�@E>�M'M
>"O[$';*&pBD$ A (*M�C�FD$
>�;*B�/

#%$'),B�F�M'+�F�(*B�C�;�C�M
w0��+JFDK*+�B,$'��+�B�>�@�FDK*+JM'>GC�<�=�Kx(*;*�xBPC�B,B,$'&�;*+�<�FD>UFDK*+�9*),>x=�+�B,B,>�),B�>�@
FDK*+�=�>�;*B,+�=�(5FD$
��+�M�C3w�+�),B�/��r+�F�(*B�;*>�FD+�FDK�C�FiFDK*+�M'>GC�<*B�B,+�;GF�FD>�FDK*+�<*+�+�9:+�)�M�C"w�+�),B�>�@lL:>�FDK
>�),<*$';�C�)�w�IzC�;*<�L*$';*> A $'C�M�FD),+�+�B?C�),+�B,9*M'$
F�$';GFD>P=HKx(*;*�xB?+3C�=HK�FD$ A +pFDK*+�M'>GC�<�$'B�),+�M�C"w�+�<��E=�@c/
$';*+��x(�C�M'$
FD$
+�B��R-0/
1�����IT�R-0/ � -��,��/P�TK*+ A +�B,BDC�&�+�B,+�;GF?@E)D> A FDK*+�>�),$'&�$';�C�FD>�)�FD>�FDK*+�y�),B�FpM�C3w�+�)
K�C�B[$
FDB[B,$'��+�M'$ A $�FD+�<�FD> D

/7�TKx(*B�I FDK*+�B,$'��+�B[>�@ A +�B,BDC�&�+�BNB,+�;GFNFD>�M�C3wG+�) i
C�),+.C�F A >�B�F D

pi−1$';PFDK*+?>�),<*$';�C�)�w�FH),+�+�B3I}C�;*< D
p(p+1)i−2

$';�FDK*+.L*$';*> A $�C�M}FD),+�+�B�/[�TK*+p+��59 >�;*+�;GFH$'C�M�),+�<*(*=�FD$'>�;
>�@8FDK*+�M'>GC�<�=HKx(*;*�xB�),+�B�FD),$'=�FDB�(*BDC�L*$'M'$
Fuw�>�@8FDK*+J<*+�+�9�B,=3C�F,FD+�),$';*&�FD),+�+�B�Iv+�B,9:+�=�$�C�M'M
w�O[K*+�;
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¸D¹*ºP»'¼G½�¾«¿�ÀD½�Á'Â*Ã�Ä�¼�Å�º�Á'Âx¸D¼�Æ*»�½3Ç�È�ÉT¹*º�¼�Æ5¸DÁ'ÅpÊ*ÅË¾*Á'Ã�¸DÀ,Á'Ì*Ê5¸DÁ'¼�Â«¼�ÍN¸D¹*º�»'¼G½�¾�½�Å�¼�Â*¿�¸D¹*º
»�½3ÇGº�À,Ãl¾*¼0º�ÃQÂ*¼�¸Qº�Î5Æ:¼�Ã,º�½�Ï5Î5º�¾�À,º�¿�Ê*»�½�À,Á
¸uÇ�È�ÐN¼"Ñvº�Ò�º�À�Ó5Ã,¼�Å�º8Ä�¼�Å�Å�¼�Â�Æ�½�¸,¸Dº�À,Â*ÃQ¹�½3Ò�º8Ì:º�º�Â
¼�Ì*Ã,º�À�Ò�º�¾�ÈlÉT¹*º�Á'Â*Á
¸DÁ'½�» »�½3ÇGº�À,ÃQÑ[Á
¸D¹�ÍEº�ÑÔÆ*À,¼0Ä�º�Ã,Ã,¼�À,Ã[¼�Í�¸Dº�Â�À,º�Ä�º�Á
Ò�º�¾PÂ*¼�»'¼G½�¾�È�Õ�¸[½�Æ*Æ:º3½�À,ÃQ¸D¼
Ì:ºi½�¾5Ò�½�ÂG¸H½�¿�º�¼�Ê*Ãl¸D¼p½�Ä�¸DÁ
Ò�½�¸DºN¾*º�º�Æ º�Àv»�½3ÇGº�À,Ã7Ñ[¹*Á'ÄH¹�¹�½3Ò�º8Å�¼�À,ºNÆ*À,¼0Ä�º�Ã,Ã,¼�À,ÃQÑ[¹*Á'»'º[¼�Å�Á
¸,¸DÁ
Â*¿
¸D¹*ºpÁ'Â*Á
¸DÁ'½�»z»�½3Ç�º�À,Ã�È�ÉT¹*º�Ã,Á'Ö�ºp¼�Íe¸D¹*ºpÄH¹xÊ*Â*×xÃ�Ã,º�ÂG¸�¸D¼�¸D¹*ºp¾*º�º�Æ�»�½3Ç�º�À,ÃiÁ'Ã8À,º�Ã�¸DÀ,Á'Ä�¸Dº�¾�ÌGÇJ¸D¹*º
Ä�¼�Å�ÅpÊ*Â*Á'Ä3½�¸DÁ
¼�Â�Ì*Ê5Ø}º�ÀQÃ,Á'Ö�º

D
Ê*Ã,º�¾�ÍE¼�À7¸D¹*º8Ä�¼�Å�ÅpÊ*Â*Á'Ä3½�¸DÁ
¼�Â�Ì:º�¸uÑQº�º�Â�¸D¹*º8¼�À,Á'¿�Á'Â�½�¸,¼�Àl½�Â*¾

¸D¹*ºJÏ�À,Ã�¸�»�½3Ç�º�À�ÈÙÉT¹*º�À,º�ÍE¼�À,º�ÓT¸D¼�º�Î5Æ*»'¼�Á
¸�¸D¹*ºJÆ*À,¼0Ä�º�Ã,Ã,¼�À,Ã�¼�Í�¸D¹*º�¾*º�º�ÆÚ»�½3ÇGº�À,Ã�¸D¼U¸D¹*ºJÍEÊ*»'»
º�Î0¸Dº�ÂG¸3Óz¸D¹*º�Å�½�Î5Á'ÅpÊ*ÅÛ»'¼G½�¾�ÑT½�Ã�Ã,º�ÂG¸3Ó�ÁRÈ º�È D

pi−1

Á'Â�¸D¹*º�¼�À,¾*Á'Â�½�À�ÇJ¸DÀ,º�º�Ã�Ó%½�Â*¾ D
p(p+1)i−2

Á'Â
¸D¹*º8Ì*Á'Â*¼�Å�Á�½�»*¸DÀ,º�º�Ã�È7ÉT¹*ºiÃ,º�»'º�Ä�¸DÁ'¼�Â�¼�Ír¸D¹*º8»�½3ÇGº�À,Ãl¸D¼pÌ ºiÊ*Ã,º�¾�Ó�½�Â*¾�¸D¹*º8¼�À,¾*º�ÀQ¼�Í�½�Ä�¸DÁ
Ò�½�¸DÁ'Â*¿
¸D¹*º�ÅËÀ,º�Å�½�Á'Â_¼�Æ º�Â�Æ*À,¼�Ì*»
º�Å�Ã?Ñ[¹*Á'Ä�¹«¹�½3Ò�ºPÄ�¼�ÅpÌ*Á'Â�½�¸D¼�À,Á'½�»lÂ�½�¸DÊ*À,º�È�ÜeÀ,¼0Ä�º�Ã,Ã,Á'Â*¿�Á'Â�¸DÀ,º�º�Ã
À,º�Ã,º�ÅpÌ*»'º�½�¹*º�¸Dº�À,¼�¿�º�Â*º�¼�Ê*ÃPÃ�¸H½�À�Ý�¸D¹*º�»�½3ÇGº�À,Ã�½�À,º�¹*º�¸Dº�À,¼�¿�º�Â*º�¼�Ê*ÃPÆ*À,¼0Ä�º�Ã,Ã,¼�À,Ã�Ä�¼�Â*Â*º�Ä�¸Dº�¾
¸D¼�¸D¹*ºp¼�À,Á'¿�Á'Â�½�¸D¼�À[Ò0Á�½�¹*º�¸Dº�À,¼�¿�º�Â*º�¼�Ê*Ã�Ä�¼�Å�ÅpÊ*Â*Á'Ä3½�¸DÁ
¼�ÂJ»'Á'Â*×xÃ�È�ÕuÂ�¸D¹*ºp¹*º�¸Dº�À,¼�¿�º�Â*º�¼�Ê*Ã�Ã�¸H½�À
¸D¹*º�¼�Æ5¸DÁ'ÅpÊ*ÅÞÃ,º�»'º�Ä�¸DÁ'¼�Â�¼�Íi¸D¹*º�Æ*À,¼xÄ�º�Ã,Ã,¼�À,Ã�¸D¼�Ì:º�Ê*Ã,º�¾Ú½�Â*¾�¸D¹*ºJ½�Ä�¸DÁ
Ò�½�¸DÁ'¼�Â«¼�À,¾*º�À�¹�½3Ò�º
Ä�¼�ÅpÌ*Á'Â�½�¸D¼�À,Á�½�»}Â�½�¸DÊ*À,º�Ó ½�Â*¾�Á
ÃN½�Â*¾�ß8Ü%àu¹�½�À,¾�Æ*À,¼�Ì*»'º�Å°½�Ã[¾*º�Å�¼�Â*Ã�¸DÀD½�¸Dº�¾�Á'Â�á0º�Ä�¸DÁ'¼�ÂJâ5È
ã�È

ÉT¹*º8Ä�¼�Å�Æ*»'º�Î�Â�½�¸DÊ*À,ºN¼�Í�¸D¹*ºN¼�Æ5¸DÁ'Å�Ê*Å�»�½"Ç�º�ÀQ½�Ä�¸DÁ
Ò�½�¸DÁ'¼�Â�¼�À,¾*º�ÀlÁ'Ã7º�Î5Æ:¼�Ã,º�¾�Á'Â�¼�Â*º8Å�¼�À,º
Ñv½"Ç�È�ägÌ*Á
¿�¿�º�Àp»'¼G½�¾_Å�½3ÇUÌ:º�Æ*À,¼0Ä�º�ÃDÃ,º�¾�Á'Â«½�Ã,¹*¼�À�¸Hº�À�¸DÁ'Å�º�¸D¹�½�Â�½�Ã,Å�½�»'»'º�À?»'¼G½�¾�Ñ[¹*º�Â
ß8åzæÚ½�Ä�¸DÁ
Ò�½�¸DÁ'¼�Â�¼�À,¾*º�ÀiÁ'Ã�½�Æ*Æ*»'Á
º�¾�Ór½�Â*¾

h, n
½�À,º�Å�Á'Â*Á
ÅpÊ*ÅçÆ:¼�Ã,Ã,Á'Ì*»'º�È.ÉT¹*Á'Ã�Á'ÃiÁ'»'»
Ê*Ã�¸DÀD½�¸Dº�¾

Á'Â�æ%Á'¿*È0è0È
ã�è�Ã,¹*¼�Ñ[Á'Â*¿?¾*º�Æ:º�Â*¾*º�Â�Ä�º�¼�Í}¸D¹*º8Æ*À,¼0Ä�º�Ã,Ã,Á'Â*¿?¸DÁ'Å�º[¼�Â�¸D¹*º8Ã,Á'Ö�º8¼�Í�¸D¹*ºNÆ*À,¼�Ì*»'º�ÅéÍE¼�À
Ì*Á'Â*¼�Å�Á�½�»*¸DÀ,º�ºNÑ[Á
¸D¹�ß8åzæU½�Ä�¸DÁ
Ò�½�¸DÁ'¼�Â�¼�À,¾*º�Àv½�Â*¾

D = 1 êlë ÈeÉT¹*À,º�ºi»'Á'Â*º�Ãl¾*º�Æ*Á'Ä�¸vÆ*À,¼xÄ�º�Ã,Ã,Á'Â*¿
¸DÁ'Å�º�ÃNÍE¼�ÀN¸D¹*ºpÅ�Á'Â*Á'Å?Ê*ÅgÂ0Ê*ÅpÌ º�Ài¼�Íe¸H¹*ºpÃ�¸H½�¿�º�Ã�½�Â*¾�»�½3Ç�º�À,Ã�Ó}ÍE¼�ÀN¸D¹*ºpÌ:º�Ã�¸�¼�Ì*Ã,º�À�ÒGº�¾�Ä3½�Ã,º�Ó
½�Â*¾�ÍE¼�ÀT½�Â�½�»
¸Dº�À,Â�½�¸DÁ
Ò�ºiÄ�¼�Å�ÅpÊ*Â*Á'Ä3½�¸DÁ
¼�Â�Ã�¸DÀD½�¸Dº�¿�Ç�ìZåzíTî�È*Õ�¸[Ä3½�ÂPÌ º�Ã,º�º�Â�Á'ÂPæ%Á'¿*È*è0È
ã�è.¸D¹�½�¸
Æ*À,¼0Ä�º�Ã,Ã,Á'Â*¿P¸DÁ'Å�º�Å�½3Ç�¾*º�Ä�À,º3½�Ã,º�Ñ[Á
¸D¹�Á'Â*Ä�À,º3½�Ã,Á'Â*¿

V
ÍE¼�À

nmin
È�ÉT¹*º�º�Î5Æ*»�½�Â�½�¸DÁ'¼�Â�ÍE¼�Ài¸D¹*Á'Ã

Ä�¼�Ê*ÂG¸Dº�À,Á'Âx¸DÊ*Á
¸DÁ
Ò�ºeÌ:º�¹�½3Ò0Á'¼�À�Á'Ãr¸D¹�½�¸zÍE¼�Àr¸D¹*ºl¿�Á
ÒGº�Â
V
¼�Â*»
Ç�½[Ä�º�À�¸H½�Á'Â?ÂxÊ*ÅpÌ:º�À�¼�Í�»�½3Ç�º�À,Ã�Ä3½�Â?Ì º

½�Ä�¸DÁ
Ò�½�¸Dº�¾�Ñ[Á
¸D¹*Á'Â�¸D¹*º�»'Á'Å�Á�¸Dº�¾�Ã,Æ�½�Â�¼�Í%Ä�¼�Å�ÅpÊ*Â*Á'Ä3½�¸DÁ'¼�Â�¸DÁ'Å�º�ÈeäT¾*¾*Á'Â*¿�Å�¼�À,º�»�½3Ç�º�À,Ã[Á'ÃTÂ*¼�¸
Æ*À,¼0¾*Ê*Ä�¸DÁ
Ò�ºvÌ º�Ä3½�Ê*Ã,ºv¸D¹*º�À,ºvÁ'Ã%Â*¼8ÑQ¼�À,×�ÍE¼�Àz¸D¹*º�Å�ÈeïiÂ?¸D¹*ºv¼�¸D¹*º�À%¹�½�Â*¾�ÓG½�¾*¾*Á'Â*¿i½8»'Á
¸,¸D»
ºlÅ�¼�À,º
»'¼G½�¾?½�»'»
¼"Ñ[ÃrÍE¼�À�½�Ä�¸DÁ
Ò�½�¸DÁ'Â*¿N½NÂ*º�Ñ_»�½"Ç�º�ÀrÑ[¹*Á'ÄH¹?¹�½�Ã�½�¸�»'º3½�Ã�¸z¸D¹*ºQÃD½�Å�º7ÂxÊ*Å�Ì º�À�¼�Í�Æ*À,¼xÄ�º�Ã,Ã,¼�À,Ã
½�Ãv½�»'»*¸D¹*º8Æ*À,º�Ä�º�¾*Á'Â*¿?»�½"Ç�º�À,ÃiìZÌ º�Ä3½�Ê*Ã,ºi¼�Ízß8åzæU½�Ä�¸DÁ
Ò�½�¸DÁ'¼�Â�¼�À,¾*º�ÀHî�ÈeÉT¹*Á'ÃQ½�»'»'¼"Ñ[Ã7ÍE¼�ÀlÃ,¹*Á
Í�¸DÁ'Â*¿
Å�¼�Ã�¸�¼�Í�¸D¹*ºv»'¼G½�¾?¸D¼8¸D¹*ºv¾*º�º�Æ�»�½"Ç�º�À�ÓG½�Â*¾?¸D¹0Ê*Ã�À,º�¾*Ê*Ä�º�Ã�¸D¹*ºvÆ*ÀD¼xÄ�º�Ã,Ã,Á'Â*¿i¸DÁ'Å�º�È�ÉT¹*ºTÅ�º�¾*Á'Ê*Å
»'Á'Â*º[¼�Í}¸D¹*º8Ì º�Ã�¸v¼�Ì*Ã,º�À�ÒGº�¾�Ä3½�Ã,º8Á'»'»'Ê*Ã�¸DÀD½�¸Dº�Ãe¸D¹*ºNÆ:¼�Ã,Ã,Á'Ì*»'º[Ì:º�Â*º�Ï*¸v¼�ÍrÁ'Â*Ä�À,º3½�Ã,Á'Â*¿�¸D¹*º8ÂxÊ*ÅpÌ:º�À
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�/�)��0�(*1*,.02��3"4*,6570�8*36�:9;,.1;<=1*4*,.1*�>��?@�),.AB8*AC4*,.���)%+,.D*8@�),6��1*�
�E��%�D*,.� n 02��8*�+��4>D�9-�)(*�F,.1*������D*,.36,6�:9G���'HJIK�+��36#���%��ML�(*�N�)(*,.%+4O3.,.1*�QPRHJS�T��+(*�! ��U?V���)��1W�),X��3
����,.1*�Q�E%+��AY8*�+,.1*�;��4*,6Z[��%+��1W�G0���A7AB8*1*,.02�\�),6��1]���)%)�\�)����9^ �(*,.0_(KD=���+���-��1K�+��3.��0$�),.1*�;��1*�
4*����?]3X�29���%`�E��%
0���A7?*8@���\�),.��1*�` �(*,.3.�-8*�+,.1*�a�)(*�O���)(*��%
3X�29���%+�B�E��%B0���A7A
8*1*,.02�\�),6��1*�B��1*369��
L�(*�Q��36�)��%+1=�\�),6#��`0���A7AB8*1*,.02�\�),6��1b���)%)�\�)����9b ����c0���1*���)%+8*0$�)��4���1>�)(*�`�E��3.3.�! �,61*�GD=���+,.���Nd��
3.�2�����c��1*�`3X�!9���%UAB8*���cDe�
��0$�),6#\�\�)��4f�Ngh8*?*?e���+�B��1*369/3X�29���% i ,.�c��0$�),6#\�\�)��4f&f��1*4>�)(*�`3.����4b,.�
�+��1���,.1O��iW8=��3j0�(W8*1*kW��,.1/��3.3[�������������lL�(*�N1h8*ABDe��%����m?*%+�W0����+�+��%+��,.1O3X�29���% i ,.� p(p + 1)i−1 �
L�(*�;?*%+�W0����+�+,.1*�]�),.A7�n,.� Cmax(n) = n ∗ (iS + V

np(p+1)i−1 C(p + 1)i−1) + A V
np(p+1)i−1

&
 �(*,.0�(o,.�O�p�E8*1*0$�),.��1q��� n �rL�(*�a<=%+���O4*��%+,6#��\�),6#��>��� Cmax

�s#���% n ,.� iS − AV
p(p+1)i−1n2

�
Cmax

(=���/A7,.1*,.AB8*At�E��% n∗ =
√

AV
iSp(p+1)i−1

�uL�(*�;3.�! ���%ODe��8*1*4v02��1vDe���+��3.��0$�)��4w���
A7,.1*,.A`8*A C1

max(n
∗) �!#���%-3X�29���%+� i = 1, . . . , h �vL�(*�>3.�! "��%GDe��8*1*4K�E��8*1*4�,.1]�)(*,.�7 ��!9

���+�+8*A7���"��(=�s���)(*�c0���A7AB8*1*,.02�\�),6��1G0$9h0�3.�c3X�����)�"3.��1*����%M�)(=��1-0���A7?*8@�),.1*�F�)(*�c3.����4-%+��0���,6#���4
,.1���1*�7�����������/xU�)(*��%� �,.�+�G�/4*,6Z[��%+��1��F�E��%+AB8*3X�-�_y@?*%+���+�)���`�)(*�G?*%+�W0����+�+,.1*�b�),.A7�\z C2

max =

(iS+ V C
n∗p

)+ AV
p(p+1)i−1

 �(*��%+�M�)(*�l1W8*A
DV��%����@,6�)��%)�\�),.��1*�j,.�J��%+D*,6�)%)��%+,.3{9c�+�$�J�)� n∗ ��L�(*�M3.,.1*�lHJS
,.1G|m,.�*� � �6} � �+(*�! ��M�)(*��AG�sy@,.AB8*Ar���[�)(*��?*%+�h0����+�+,.1*�F�),.A7���E��%'�)(*���+���~ "�`�+,6�)8=�\�),.��1*���mL�(*,.�
���)%)�\�)����9-,.���$Z[��0$�),6#��F�����R��%�����?*%+�W0����+�+,.1*�Q�),.A7�U,.��0���1*�+,.4*��%+��4f&=D*8@���2#���%)������8@�),.3.,6�2�\�),6��1-���
�)(*�F?*%)�W0����+�+,.1*�-%+���+��8*%+0����cAG�29�De�`8*1*�)�\�),.���R��0$�)��%�9������U02��1bDe�F0���1*0�3.8*4*��4b�)(=�\�U?*%+�W0����+�+,.1*�
�),.A7�
4*��?e�$1*4*�B��1n�)(*�7�+��3.��0_��,6��1����"�)(*�G��0$�),6#\�\�)��4;3.�!9���%+��&m��1*4n�)(*�G��0$�),6#��\�),.��1n��%+4*��%��GL��
�2#���,.4n��%+D*,6�)%)��%�9>4*��0�,.�+,.��1*��,.1n�+��3.��0$�),.1*���)(*�Q�+�$�F���"3X�29���%+���)�/��0$�),6#��\�)�B "�Q0���1*�+,.4*��%+��4��)(*�
A7,.1*,.A`8*A�1W8*A
DV��%����m3X�29���%+��,.1��)(*���E��3.3.�! �,61*�
4*,.�+0�8*�+�+,.��1f�

L�(*�;4*��?e��1*4*��1*0��p��� Cmax
��1 V �E��%�#���%+,.��8*� D &NHJHJ|���0$�),6#��s��,6��1���%+4*��%O,.�/�+(*�! �1

,.1^|m,.�*� � �6}!�@�bL�(*���+�O4*��?V��1*4*��1*02,.���B�E��%`D*,.1*��A7,.��3'�)%+���G �,6�)(^�UHJ|���0$�),6#\�\�),.��1;��%+4*��%
��1*4
��%+4*,.1=��%�9G�)%+�����U��%+��#���%�9O�+,.A7,.3.��%����:1/�)(*�N02���+�F��� D = ∞ ��1*369-��1*�NA7���+�)�����N,.��1*����4*��4/�)�
�+��1*4a��3.3f�)(*�F3.����4f������1*0���&[��1*369 p ?*%+�h0����+�+��%+�U,.1b3X�29���%F}`��%+�`��0$�),6#��\�)��4f��I'%+�h0����+�+,.1*�7�),.A7�
�E��% D = 1E � ,.�lD*,.������%'�)(=��1Q�E��% D = ∞ ��L�(*,.�MA7�2�\1*�l�)(=�\�M0���A7AB8*1*,.02�\�),6��1QD*8@Z[��%M,.���)�h�
�+AG��3.3�&\A7���+�)�����"�E%)����A7��1����\�),.��1`,.�m�_y@0����+�),6#���&W0���A7AB8*1*,.02�\�),6��1F�),.A7�M4*��A7,.1=�\�)������1*4B,.�m�$#���1
3.��1*����%l�)(=��1G?*%)�W0����+�+,.1*�`�)(*�U �(*��3.��3.����4G��1G��1*�U3X�29���%��'|=��% D ∈ � }!�M�h&6}!�l�\�e�)(*�U0_(=��1*�����"���
�)(*�c?*%+�h0����+�+,.1*�B�),.A7�U��%+�c�+,.A7,.3.��%'�)�`�)(*�c02���+�����j�)(*�c������%"�)��?e��3.���\9>PE0$�~�l|m,.�*� � �6} � T_�m�o(*��1
V < pD ��1*369/��1*�B3X�29���%U���M?*%+�W0����+�+��%+�N,.�c��0$�),6#��\�)��4f�c�o(*��1 V ∈ [pD, (h(p + 1) − 1)D]
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D = 1 ÃMÄ Â

A Å ± ÃmÆ~Ç Â C Å ± ÃmÆ ¨ Â S Å ± ÃmÆ~Ç�È °
¸)É*®/«�+´sÊ�ª.·*«

V
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V > (h(p + 1) − 1)D
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C

A
)j −

J((1 + C
A
)j − 1)

1 − ( A
A+C

)m + CAm−1

(A+C)m

=
J(1 − ( A

A+C
)m−j + CAm−j−1

(A+C)m−j )

1 − ( A
A+C

)m + CAm−1

(A+C)m

�d� � £�z
¡`uA{����K��~�{	u��N{	|�w({

L1 − x
���K�6~����{	����uDw���t1�}7|�u�t���v�uIv�u�����{	|1}�w��1��uD�|�~��'{	u���u�t��o¢9u���}�u��

{	|�u�~��N{	���%���¤�}�|�u�t���v�u��0��{	|Lw���t���t�v�un���2{	u��'��w�v`����{	|�u�}�~������N{�w({	��~����0~����~���u����~H}�u���~��
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max = CV +mS+Aa0V � ½A×cÏ Õ Ê�ü��HÏ��	�7Ï
ÔFÁn½�¾�¿�½�¾�Î�½�É�Îx¾(Æ	Á αi
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αi+1 = (
C

A
+ 1)αi +

S

AV
�� Ï �	�

α1 = α0 �� Ï �	�
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m
∑

i=1

αi = 1 BC;D A3E F
GIHKJMLNH�OQP RSH�LNH�T4RSH�UVOQP�WXJMYQW�Z,Y[J\RSOQP,]7RS^,H�_`Jba;OQ_@Z,_9ced	TNTNOQf,YQHg] JMOQPihjLNd	_k_@Z,YlRSOnmoOlP,T4R�JMYQYl_pH�P R

c,LNd5W�H�TNTNOQP,] D�q ^,H�LNHrhjd	LNHMsutKH/JMTNTNZ,_vH/JMP.OQU,HXJMY%WXJ\TSH
S = 0, n = ∞

OQPwtx^,OQW�^yT4R�JML4RSZ,c,TiJMLNH
H�YQOQ_vOlPzJ\RSH�U{JMP,U�c,OQH�W�H�TpJMLNH|JMT/TN_`JMYQYKJMT/U,H�TNOQLNH�U D~} LNd	_�H���ZzJ\RSOQd	P,T BC;D � F m BC;D A3E F tKH|WXJMP
WXJMYQW�Z,Y[J\RSH�RS^,Hi�MJMYQZ,HidMh

α1 D

1 =
m

∑

i=0

αi = α0 + α1 + (
C

A
+ 1)α1 + (

C

A
+ 1)2α1 + . . . = α1(2 +

m−1
∑

i=1

(
1

A′
+ 1)i) BC;D A	AbF

α1 =
1

A′(A′+1
A′

)m − A′ + 1

tx^,H�LNH
A′ =

A

C
BC;D Ab�	F

��dbt�YQHrRKZ,TKLNHrRSZ,LNP`RSd�RS^,H�_@Z,YlRSO�m�OlP,T4R�JMYlYl_vH�P R>c,LNd5W�HrTSTNOQP,] Dgq ^,H�TN_`JMYQYlH�LgRS^,H�c,OQH�W�H�T7JMLNHMs
RS^,HxTNd5d	P,H�L>JMYQY,c,LNd�W�H�TNTNd	LNTKT4R�JML4R�c,LNd5W�H�TNTNOQP,] Dg� Z;R>OlheRS^,HxP�Z,_@feH�L�dMhuW�d	_v_@Z,P,OQWXJ\RSOQdMP/]	LNdbtxT
RS^,HVRSOQ_vH�TNc�H�P�RiOQP.W�d	_p_/Z,P,OQWXJ\RSOld	P,T�T4R�JML4RSZ,c,TiJMYQTNd`]	LNdbt<T D�� hgRS^,H@YQd	JMU.OQTxRSL�J\P,TS_pOlRNR�HrU.OQP
_`JMP �`c,OQH�W�H�TKRS^,H�c,LNd5W�H�TNTNOQP,]@RSOQ_vH�WXJMP,P,dMR<feH�YQH�TNTKRS^zJMP

CV Dgq tKd/WXJMTNH�T<TN^,d	Z,YQU�feH�R�JM�MH�P
OQP RSdvJMW�W�d	Z,P RX�

A D AV ≤ (m − 1)CV D�� PwRS^,OQT�WXJMTNHVRS^,HVc,LNd5W�H�TNTNOQP,]`R�Ol_vH�OQT�H���ZzJMY%RSd
CV D�� R�LNH�TNZ,YlRSThjLNd	_�RS^,H/hJMWrRXs�RS^zJ\R�OQP�Hr�	H�L4��_vd	_vH�P RiU,Z,LNOQP,]�RS^,H/OQP�RSH�L4�\JMY�dMhKYQH�P,]MRS^

CV
s-d	P,H/dMh

RS^,Hvc,LNd5W�H�TNTNd	LNT@OQT�f,Z,T4��txOlRS^�RSLSJMP,TN_vOQTNTNOQd	PIJMP,U�RS^,HvLNH�_`JMOQP,OQP,]
m − 1

c,LNd5W�H�TNTNd	LNT
WXJMPIW�d	_vc,Z;RSH D�� H�WXJMZ,TNH AV ≤ (m − 1)CV

OlR�OQT�c�d	TNTNOQf,YQHpRSd�c,LNd�W�H�TNT@JMYQYgUzJ\R�J|OQP
RSOQ_vH

CV + Aa1 D�q ^,H/YQJMT4Ric,OQH�W�H�T
a1

JMP,U
a0

_@Z,T4RifeH@W�d	_vc,Z;RSH�U�J\h�RSH�L�RS^,HVtx^,d	YQH
RSLSJMP,TN_vOQTNTNOQd	P�OQT<U,d	P,HMszf,Z;RxRS^,H�OQL<TNOQ��H�OQTxJMYQ_vd	T4R E D

� D AV ≥ (m − 1)CV D�� P"RS^,OQT�WXJMTNHMs�J\h�RSH�L`RS^,H.RSLSJMP,TN_vOQTNTNOQd	P"dMh�RS^,HyY[JMT4R�czJML4R|dMh
RS^,H�YQd JMU�sgJMYQY>c,LNd5W�H�TNTNd	LNTpT4RSOQYQY>^zJX�	H�TNd	_vH�YQd JMUIRSdyc,LNd�W�H�TNT DIq ^,H�TNOQ��H�dMhxRS^,H�YQd JMU
c,LNd5W�H�TNTNH�UwOQP�RS^,HiRSOQ_vH

CV
OQT (m−1)CV

A
Dgq ^,H�LNH�_`JMOQP,OlP,]

V − (m−1)CV
A

Z,P,OlRST<dMh�RS^,H
YQd JMU�WXJMP.feHVc,LNd�W�H�TNTNH�U�OQPwczJMLSJMYQYlH�Y&f��

m
c,LSd�W�H�TNTNd	LNT D�q ^,H�LNHrhjd	LNHMseRS^,H�RSOQ_vH�P,H�H�U,H�U

hjd	L7RS^,OQT<OQT AV −(m−1)CV
m

D
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G = C∞

max

C1
max µ ³V´S¶,³/·S¸\´S¹Qº`ºM»�´S¶,³@¼N½¾¶,³�¿,À,ÁQ³/ÁQ³�Â,ÃM´S¶

C∞
max

»jº	·
n = ∞

¸MÂ,¿
C1

max

»jºM·
n = 1 Ä�Å ¶,³@Æ\¸MÁQÀ,³VºM»

G
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G
¿,³�Â,ºM´S³ µ ³r´N´S³�·�Ã ¸M¹QÂ�ÍuÇx¶,¹Q½�¶�Év³X¸MÂ,¼�´S¶z¸\´i´S¶,³/´S¹QÉv³@Â,³�³�¿,³�¿�»jº	·iÈ,·Nº\Ë
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G Ð

G =
CV

CV + Aα1V
=

1

1 + A′α1

»jº	·
A′ ≤ m − 1 ÑÒ;Ä °3Ó	Ô

G =
CV + AV −(m−1)CV

m

CV + Aα1V
=

1 + A′−(m−1)
m

1 + A′α1

»jº	·
A′ ≥ m − 1 ÑÒ;Ä °XÕ Ô
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G =
A′(A′+1

A′
)m − A′ + 1

A′(A′+1
A′

)m + 1
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A ≤ m − 1 ÑÒ;Ä °bØ	Ô
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A′
)m − A′ + 1)(A′ + 1)

m(A′(A′+1
A′
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»jº	·
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G
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A′ = m − 1 Ä>Þ ³�Â,½�³iÇ7³�¶z¸XÆ ³ Ð

G =
(m − 1)( m

m−1
)m − m + 2

(m − 1)( m
m−1

)m + 1
ÑÒ;Ä °bß	Ô

Å ¶,³�Ã	·N³X¸\´S³�·
m

´S¶,³ µ ³r´N´S³�·xÃ ¸M¹QÂ G
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µ ³�¸M½�¶,¹Q³rÆ	³�¿vÇK³�½X¸MÁQ½�À,Á[¸\´S³K´S¶,³xÁQ¹QÉv¹n´gºM»
G

Çx¶,³�Âp´S¶,³
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limm→∞( m

m−1
)m−1 = limm→∞(1 + 1

m−1
)m−1 = e Ä�Þ ³�Â,½�³ Ð
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lim
m→∞

G = lim
m→∞

(m − 1)( m
m−1

)m − m + 2

(m − 1)( m
m−1

)m + 1

= lim
m→∞

( m
m−1

)m−1m − m + 2

( m
m−1

)m−1m + 1

= lim
m→∞

( m
m−1

)m−1 − 1 + 2
m

( m
m−1

)m−1 + 1
m

=
e − 1
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ï�Í[Î É ¿�Õ�Õ�Ã È Î'¿ Ñ Í[ð�Ã È	Ñ ÍÕ�¿�ËÃ	Â�ñ!Ã�ñ Ñ Â�òóÂ�Ã	ôvÁ¿�Â�Ã	ñ!Ã�ÍvÎ'Õ�¿�Íõñ_ÁÌ�Î'¿÷ö�¿�ÍÕ�Î�Ô�Ì�Ì�ñ�Ã	Í�Î�øÂ ÑvÈ Ã	Õ�Õ�¿�ÍÀÅ
ï�Í�Î É ÃPøÂ Ñ#È Ã	Õ�Õ�¿�ÍÀÐÎJò#øxÃPøÂ�Ã	Õ�Ã	ÍvÎ'Ã	Ëù¿�ÍOÎ É Ã�øÂ�Ã�Ó#¿ Ñ ÁÕ1Õ�Ã È Î'¿ Ñ ÍùÔ�Ì�Ì<Ë�ÔcÎ�Ô È�É ÁÍúvÕ È	Ñ ÁÌ�Ë É Ô�Ó�Ã
Ë¿�ÒuÃ	Â�Ã	Í�ÎFÕ�¿�û	Ã	Õ	Å<ü É Ã]Õ�¿�û	Ã Ñ�Ï Î É Ã>Ì�Ô�Â�À�Ã	Õ�ÎNø�Ô�Â�Î Ñ�Ï Î É Ã>Ì Ñ Ô�Ë\ËÃ�Î'Ã	Â�ñ!¿�ÍÃ	Ë\Î É Ã>ñ!¿�Í¿�ñ!Ô�Ì�ñ!Ã	ñ Ñ Â�ò
ý Á�ÒuÃ	Â Ï~Ñ Â}Î É Ã�øÂ Ñ#È Ã	Õ�Õ Ñ Â�Õ	Å1þ8Í�Î É Ã Ñ Î É Ã	Â É Ô�ÍËO¿�Î6¿�Õ:Ô�Ì�Õ Ñ ø Ñ Õ�Õ'¿ ý Ì�Ã�Î Ñ Ë¿�Ó#¿�ËÃ\Î É Ã�Ó Ñ Ì�Áñ!Ã
Ñ�Ï Ë�ÔcÎ�Ôù¿�Í�Î Ñ ø�Ô�Â�Î'Õ Ñ�Ï Ã	ôvÁ�Ô�Ì6Õ�¿�û	Ã	Õ	Åõï�ÍRÎ É ¿�Õ�Î�ò#øxÃ Ñ�Ï øÂ Ñ#È Ã	Õ�Õ�¿�ÍÀ%Î É Ã)¿�ËÌ�ÃÐÎ'¿�ñ!Ã	Õ!¿�Í(Î É Ã
Î'Â'Ô�ÍÕ�ñ!¿�Õ�Õ�¿ Ñ Í Ñ Â6¿�Í�Î É Ã�øÂ Ñ#È Ã	Õ�Õ�¿�ÍÀ È Ô�ÍOÔ�øøxÃ�Ô�Â	ÅVü É Ã	Â�Ã Ï~Ñ Â�Ã�ÿxÎ É Ã�Õ È�É Ã	ËÁÌ�Ã�Ì�Ã	ÍÀ�Î É ð}¿�Ì�Ì ý Ã
À�Â�Ã�ÔcÎ'Ã	Â	Å Ç ¿�Í È Ã:Ô�Ì�Ì ÈÊÉ ÁÍúvÕ É Ô�Ó�Ã6Î É Ã6Õ'Ô�ñ!Ã6Õ�¿�û	Ã}Î É Ã:ñ!Ã	ñ Ñ Â�òPÂ�Ã	ôvÁ¿�Â�Ã	ñ!Ã	Í�Î'Õ È Ô�Í ý Ã6Õ�ñ*Ô�Ì�Ì�Ã	Â
Î É Ô�Í%¿�Í Î É Ã*øÂ�Ã�Ó#¿ Ñ ÁÕ È Ô�Õ�Ã�Å�ü É ¿�Õ�ñ!Ã�Î ÉÑ Ë Ñ�Ï øÂ ÑvÈ Ã	Õ�Õ�¿�ÍÀO¿�Õ�Ô�Ì�Õ Ñ Õ�¿�ñ!øÌ�Ã	Â8Î Ñ ¿�ñ!øÌ�Ã	ñ�Ã	Í�Î
Î É Ô�ÍCÎ É Ã Ï~Ñ Â�ñ!Ã	Â Ñ ÍÃ�Å��%Ã È Ô�Í Ï~Ñ Â�ñ_ÁÌ�ÔcÎ'Ã�Î É Ã�Ã	ôvÁ�ÔcÎ'¿ Ñ ÍóËÃ�Õ È Â'¿ ý ¿�ÍÀ Î É ¿�Õ�ñ Ñ ËÃ	Ì Æ�� Ã�Î
Ts
ËÃ	Í Ñ Î'ÃÐÎ É Ã�Î'¿�ñ!Ã ý Ã�Î�ðVÃ	Ã	Í(Î'Â'Ô�ÍÕ�ñ!¿�Õ�Õ�¿ Ñ ÍÕ Ñ�Ï:È	Ñ ÍÕ�Ã È Á�Î'¿�Ó�Ã�Ë�ÔcÎ�Ô ÈÊÉ ÁÍúvÕ�Î Ñ Î É Ã�Õ'Ô�ñ!Ã

øÂ Ñ#È Ã	Õ�Õ Ñ Â	ÿxÔcÍË
δ
ËÃ	Í Ñ Î'Ã�Õ�¿�û	Ã	Õ Ñ�Ï Î É Ã\Ì Ñ Ô�ËÐÕ�Ã	ÍvÎ}Î Ñ Î É Ã\øÂ Ñ#È Ã	Õ�Õ Ñ Â�Õ

P1, . . . , Pn

Ts = max{S + δ(C + A),m(S + Cδ)} � Ä�Å ���
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Cmax = (n − 1) ∗ Ts + m(S + Cδ) + Aδ B @6C D
E�F
GIH

Ts = S + δ(C + A) J'KML0NPOPQMQMRTS'UVQ/WXOPJYRTQ�NPL
Z[J'\6W^]_WXRTL
Sa`bL
\'S'cY]AS'cY]AS)RTc'dTOeWXRTZ[OfRTSaWXg'O
NPL
Z[Z<\'S'RTNh]_WXRiL
SV]AJ'JjOh]AKMQ C GIH Ts = m(S + Cδ) J'KMLkNPOPQMQMRTS'U*Q/WXOPJlRTQmNPL
Z[Z<\'S'RTNh]_WXRiL
S[`bL
\'S'c
]AS'cn]AS�RTc'dTO*WXRTZoOoRTSpWXg'OqNPL
Z[J'\6W^]_WXRTL
Sr]AJ'JbOh]AKMQ C G S�`bLAWXg�Nh]AQMOPQPst] H WXOPK9WXKX]AS'QMZ[RiWMWXRiS'Ua]AdTd
cu]_W^]6s6WXg'O9L
KMRTU
RTSu]_WXLAK2Nh]ASaJ'KMLkNPOPQMQvWXg'O9dTL�]AcwL H QMRTxPO δ

C:y OPS'NPOAz
αi = δ = V/(mn + 1) ≤ B

H L
K i = 0, . . . ,m B @6C D
{�F
| S<WXg'O7LAWXg'OPKgu]AS'coR H WXg'O2QMRTxPO B L H WXg'O2Z[OPZ[L
K/}f`'\6~�OPKMQ�RTQ�U
Ri��O�SoRiWRTQ�JbL
QMQMRT`'dTOmWXL��uS'c<WXg'O
Z[RTS'RTZ[]Ad0Sk\'Z*`jOPK�L H RTS'Q/W^]AdTdTZoOPS�W^QKMOP�k\'RTKMOPc�skQMLeWXgu]_WtWXg'OvdTL�]Ac*N^gk\'S'�kQ��'W:RTS�WXL�WXg'OvZ[OPZ[L
K/}
`'\6~�OPKMQ C

n ≥ d(V − B)/(Bm)e B @6C ����F
� g'O�Z[RTS'RTZ[]Ad6Z[OPZ[L
K/}*`'\6~�OPK:QMRTxPOPQ H L
K�J'KMLkNPOPQMQMRTS'U��vRiWXgo�_]AKMR�]A`'dTOvQMRTxPOPQ:L H WXg'O�dTL�]Ac)B$]AQ

c'RTQMNP\'QMQMOPcYRTSwWXg'O�J'KMOPNPOPc'RTS'UVQMOPN�WXRTL
S'Q F ]AKMO�QMg'L.�vS)RTS)��RTU @6Ci=?> ]AS'caWXg'O�Z[RTS'RTZ[]Ad�Z[OPZ[L
K/}
`'\6~�OPKeKXO��k\'RTKMOPcrQMRTxPOPQ H L
K�J'KML0NPOPQMQMRTS'Ul�vRiWXgY�6�6OPcrQMRTxPOPQ9L H WXg'O*dTL�]AcYN^gk\'S'�kQ�]AKMO*QMg'L?�vSrRTS
��RTU @6Ci=.D6C G S[`jLAWXg[Nh]AQMOPQtWXg'Ov`'\6~�OPK�QMRTxPOPQ:]AKMO7O��6J'KMOPQMQXOPcV]AQ�Ju]AK/WXQtL H WXg'O7WXLAW^]Ad6�
L
dT\'Z[O7QMRTxPO C� OaNh]AS,S'LAWXRTNPOlWXgu]_WV]_dTQML H L
KoZ<\'diWXR��IRTS'Q/W^]AdidiZoOPSkWoJ'KMLkNPOPQMQMRTS'Ur�vRiWXg,c'Ri~�O�KXO�SkW[QMRTxPOPQ[L H
cu]_W^]VJ'RTOPNPOPQ�WXg'O*`jOPQ/W9�_]AdT\'OPQeNh]ASY`bOo]AN^g'RTO��
OPcY�vg'OPS A′ = m − 2 B�N H C ��RTU Cf@0Ci=?>
F�C � g'RiQ
Z[Oh]AS'Q2WXgu]_W H L
KmWXg'OeQ/}0Q/WXOPZ[Q7�vRiWXgwU
Ri�
OPS A′ �_]AdT\'O��mOeQMg'L
\'dTcw\'QMO m = A′ + 2 J'KMLkNPOPQMQML
KMQ
RTS�L
KMc'OPK<WXLYZ[RTS'RTZoRixPOVZ[OPZ[L
K/}�KMOP�k\'RTKMOPZ[OPS�WXQ C �'L
K*Z<\'diWXR���RiS'Q/W^]AdidiZ[OPS�W<J'KML0NPOPQMQMRTS'UY�vRiWXg
OP�k\u]Ad�QMRTxPOPQ�L H cu]_W^]qN^gk\'S'�kQ��mO<Nh]AS)L
`'QMOPK/��O�WXgu]_W�WXg'O�QMN^g'OPc'\'dTO*dTO�S'UAWXg)c'OPJbOPS'c'QeL
S'di}wL
S
WXg'O�Sk\'Z*`jOPKqL H J'KXLkNPOPQMQML
KMQw]AS'c,J'KML0NPOPQMQMRTS'UnQ/WXOPJ'QrB�N H C ��RTU C8@6Ci=.D�F�C G WqRTQ[WXg'O�L
`��0RTL
\'Q
KMOPQM\'diW�L H OP�k\u]_WXRTL
S�B @6C D
{�F�C �uL
KvWXg'RTQ��kRTS'c�L H J'KML0NPOPQMQMRTS'UVZ[OPZ[L
K/}l`'\6~�OPKMQ�Nh]AS)`jO�QMZq]AdTdTOPK
WXgu]AS H L
K:WXg'OeJ'KMLkNPOPQMQMRTS'U*�vRiWXgVc'Ri~�OPKMOPSkW7J'RTOPNPO�QMRTxPOPQ C�� \6W7`bOPNh]A\'QMO9L H OP�k\u]Ad�J'RTOPNPOPQ2�mOeNh]AS
O��6JbOPN�W�WXgu]_W�J'KML0NPOPQMQMRTS'UoWXRTZ[O��vRTdTd�`bO9dTL
S'U
OPK2WXgu]ASaRTSwWXg'Oe�uKMQ/W�Z[O�WXg'L0c Cm� N�g'OPc'\'dTO9dTOPS'UAWXg
KMOPc'\'N�WXRTL
S H L
KmZ<\'diWXR��IRTS'Q/W^]AdidiZoOPSkW:J'KML0NPOPQMQMRTS'U<�vRiWXgVOP�k\u]Ad�QMRTxPOPQ2L H WXg'O�dTL�]AcqRTQmJ'KMOPQMOPS�WXOPcaRTS
��RTU Cu@6Ci=h�6C � g'O�]ASu]Adi}0QMRTQ2�2]AQ�c'L
S'O H L
K A′ = 10 ]AS'c S ′ = 1E − 5

C � OfNh]ASaL
`'QMOPK/�
OfWXgu]_WH L
K�QML
Z[O9�_]AdT\'OPQ�L H WXg'OfJu]AKX]AZ[O�WXOPKMQvWXg'O�QMN^g'OPc'\'dTO<dTO�S'UAWXg�RTQ�O��
OPSYdTL
S'U
OPK7WXg'OPS H L
K�QMRTS'U
dTO^�
RTS'Q/W^]AdTdTZoOPS�W9J'KML0NPOPQMQMRTS'U C G WfRTQ9`bOPNh]A\'QMO[WXg'O[NPL
Z[J'\6W^]_WXRTL
SYWXRTZ[O*c'L
Z[RTSu]_WXOPQeWXg'O[QMN^g'OPc'\'dTO
dTOPS'UAWXga]AS'caQMO��
OPKMOfdTL�]AcwRTZ<`u]AdT]AS'NPOe]AJ'JbOh]AKMQ CiC
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S'=1E-5,m=12,A'=10 S'=1E-3,m=10,A'=16 S'=1E-7,m=16,A'=10
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÷�"�÷  ý�ÿ��yõ�ü  ùR÷���ô�úRúRÿ����yú�ýaõ��Oô�ú n∗ �#��ô  ô	����ú#÷���ý�ó�ô�ø�õ�ü�û�ô�ú A′ õ���� S ′ ���$" S ′ ÿ�ú�ü�õ�ù��Oô!ý�ó�ô	�
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A1α1V

A4α4V

A2α2V

A3α3V

S C2 2 2+ α V

S C4 4 4+ α V

S C3 3 3+ α V

S C2 2 2+ ( )βα V

S C4 4 4+ ( )βα V

S C3 3 3+ ( )β α V

P1

P2

P3

P4 à�á	âEã�ä©å1æ�ç'á=èGé

A1α1V

S C2 2 2+ α V S C V2 2 2+ ( )βα

P1

P2

P3

P4 A4α4V

A3α3V

A2α2V

S C4 4 4+ α V

S C3 3 3+ α V

S C V4 4 4+ ( )βα

S C V3 3 3+ ( )βα
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A/C
���*���+��� �

�s�®]w>n¢kG¯&¯&°�s�z
� ����|��+�B�*~�~��+�+�&�*���+���v�����+���+���*�����%��}������B~����$���B���������+}4���S��|�}2~����G��}���������� � {B|�}g~����$�B��}��¡�B���~����G��}��������

Pi
|����4���+±�}

αi �4² �*�«|����.��|�}�~����G��}����������2������~���}�����}��4��|�}����O�����+��}��ª���*���������+���³>´�µ·¶ ¸�¹Gº¨»�¼*½>������~���}������+���ª���+����������|�� � {B|�}<��}����������+����������~���}�����}����$�����+�����4����}<��}	��������}��������|�}������+�������*�����������¾��~�~�}�����}��ª���v����}����O��~��O�0���+} � {B|�}������+���+�����¨���+}<�&������}����O�����+��}���¡����}�������~���}������+���v}&����|ª~����$�4�+�'������� � {B|�}S����|��+}	��}���������~���}������+���ª���*���+�Y��}	��}������+��}�����|�}���������¡�¿������|�}B��}	��������}�����}���������� �.� �¿�K���7��}&��������}�����|��*� β(x) = 0.55x � {B|�}�������~���}������+������*���+�À��������~�}	}��¦��}�~�}����¾���ª��|�}S�����¡��}��¡���g���������+±�}����¿��|�}S�+��~��O� �0� �¾������}��0���À}��+�+�������*��}Á �����*���+}&���$�����+��������±�}!Â���|��+�g��}	~�}�����}����&}���������~����$���g���K�*���+}&���$� T ¼�¤GÃÄ�K}���}Y��}��¡�<������|�}
~����G��}����������������B��}�������}g������~���}������+��� �
Å s�°Æz
Ç����+�N�+���È������������}��m�����<��~u}����*���+���Ä�+�N��}�� �*���+�����������*����������}�� �£É ��~�~�����}¥��|�}���}�����}x�I�%����*����������}���Ê

X
} � � � ������|D���+�+�$�S���0����~�~��+�+}��S�+��}��m������}�����º¿������}���º���������}�����}���}	��� � º������ Y������|ª�Y�+�+�$�����.~����G�����	����������|�������}���ºu~����+��}	�&ºu}	��� � �����ª����~�~��+�+}	���+��}��m������}�� � {B|�}<��}��������0���
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â$ã�ä+å<ã�æuç�è�é*ê�ä+ã�å<ã�å
X
é�å�ë

Y ì�í ã�î�ï+ë<ð�ç%ã�å�ç7ñ�ï+ç¿ò�ä�ê í é�ï+ä ì ê>ã�ó ì î�æ�æ�ï+ä+ç�è ìKô å�é�õ�ç ì�ö é�ë�ë�è�ç ì�ì ç ì�öç	ê�÷�ø�ù�é�å�ë¦ê í ç�æ�è�ãGë�î�÷	ê ì ê í çYè�ç ì æ�ç�÷	ê�ä�ú�ç ì î�æ�æ�ï+ä+ç�è2æ�è�ã¢úGä+ë�ç ì ø�û í ç2â$ã�ä+å¦é�ï+ü�ã�è�ä�ê í õý÷&é�åxðuç
î�å�ë�ç�è ì ê�ãGãmë�é ì ÷&é�ï+÷�î�ï é*ê�ä�ã�åxã�óK÷&é�è$ê�ç ì ä é�å]æ�è�ãGë�î�÷	ê X × Y

ã�óKê í ç�ê"ò%ã�ä+å�ä)ê�ä+é�ï.ë�é*ê�é�ð�é ì ç ì ø
X × Y

÷&é�åªð�ç�úGä+ç	ò%ç�ë¾é ì évþ!ÿ"ë�ä+õ�ç�å ì ä+ã�å�é�ï é�è�è�é � ä+å'ò í ä+÷ í ã�å�ç<è�ã!ò ÷�ã�è�è�ç ì æuã�å�ë ì ê�ãvã�å�çè�ç�÷�ã�è�ë
xj
ó�è�ã�õ ñ�ï+ç

X
é�å�ë¥ã�å�çv÷�ã�ï+î�õ�å]÷�ã�è�è�ç ì æuã�å�ë ì ê�ãªã�å�çvè�ç�÷�ã�è�ë yk

ó�è�ã�õ£ë�é*ê�é�ð�é ì ç
Y
ø��2å¦ê í ç�ä+å¡ê�ç�è ì ç�÷	ê�ä+ã�åxã�óKè�ã!ò xj

é�å�ëx÷�ã�ï+î�õ�å
yk
æ�é�ä+è

(xj, yk)
ä ì ÷�è�ç&é*ê�ç�ë`ø (xj, yk)

ä ìê�è�é�å ì ó�ç�è�è�ç�ëÀê�ã�ê í ç4ã�îOê�æ�îOê%ñ�ï+ç4ã�å�ï � ä�ó`ê í ç0ñ�ç�ï+ë ì ã�ó`ê í ç ì î�æ�æ�ï+ä+ç�è%ä+ë�ç	åmê�ä�ñ�ç�è�õvé*ê�÷ í ø��"åÀã�î�èä+õ�æ�ï+ç�õYç�å¡ê�é*ê�ä+ã�å�ã�ó�ë�ä ì ê�è�ä+ð�îOê�ç�ëSâ$ã�ä+å ö ã�å�çgã�ó>ê í ç�ë�é*ê�é�ð�é ì ç ìSô�ì é � X
ù�òBé ì ê�è�é�å ì õ�ä�ê�ê�ç�ëÀê�ãé�ï+ï�æ�è�ãG÷�ç ì�ì ã�è ì ñ�è ì ê&øYû í ç�å ö ê í ç ì ç�÷�ã�å�ë]ë�é*ê�é�ð�é ì ç ô Y ù0òBé ì ÷�îOê<ä+å¡ê�ã'æ�é�è$ê ì Yi

é�÷�÷�ã�è�ë�ä+å�ü
ê�ã�ê í çY÷&é�ï+÷�î�ï é*ê�ç�ë¾ú�ã�ï+î�õ�ç ì αi ö é�å�ë ì ç�å¡ê�ê�ã'æ�è�ãG÷�ç ì�ì ã�è ì Pi (i = 1, . . . ,m)

ø��7é�÷ í ã�ó�ê í çæ�è�ãG÷�ç ì�ì ã�è ì ÷&é�ï+÷�î�ï é¢ê�ç	ë0â$ã�ä+å�ã�å X
é�å�ë

Yi
é�å�ë�ê í ç%è�ç ì î�ï�ê ì ò%ç�è�çBè�ç	ê�î�è�å�ç�ëSê�ã4ê í çKã�è�ä+ü�ä�å�é*ê�ã�è�ø� é*ê�é�ð�é ì ç ì X

é�å�ë
Y
òKç	è�ç�é�è$ê�ä�ñ�÷�ä é*ï+ï � é�å�ë�è�é�å�ë�ã�õ�ï � ü�ç�å�ç�è�é*ê�ç�ë ö ê í ç�è�ç	ó�ã�è�ç<ê í ç�é�õ�ã�î�åmêã�ó>è�ç ì î�ï�ê ì òKé ì
	 å�ã!ò�å`ø β

ç��Oæ�è�ç ì�ì ç�ë'ê í çgè�é*ê�ä+ãSã�óLê í ç�é�õ�ã�î�å¡êBã�ó>è�ç ì î�ï�ê ì é�å�ë'ë�é*ê�é�ð�é ì ç Y

ì ä��ç�ø
������������������� �"!$#%�&!(')#�*+!$*-,��"�/.0*1��� � �
2 ã�å ì ä+ë�ç�è0ü�è�é�æ í G(V,E) ö ò í ç�è�ç V

ä ì é ì ç	ê4ã�ó�ú�ç�è$ê�ä+÷�ç ì�ö é�å�ë E = {{vi, vj} : vi, vj ∈ V }ä ì é ì ç	ê%ã�ó`ç�ë�ü�ç ì ø430ãGë�ç�÷�ã�ï+ã�è�ä+å�ü�æ�è�ã�ð�ï+ç	õ ÷�ã�å ì ä ì ê ì ä+å�é ì�ì ä+ü�å�ä+å�ü�÷�ã�ï+ã�è ì ê�ã�ê í ç0å�ãmë�ç ì�ì î�÷ íê í é*ê¿å�ã2ê"òKã�é�ë*â�é�÷�ç�å¡ê7å�ãmë�ç ì vi, vj í é!ú�çKê í ç ì é�õ�çK÷	ã�ï+ã�è�ø65�ã�è�çKæ�è�ç�÷�ä ì ç�ï � ö å�ãGë�çK÷�ã�ï+ã�è�ä+å�ü4ä ìévõvé*æ�æ�ä+å�ü
f : V → {1, . . . , k} ö ò í ç�è�ç {vi, vj} ∈ E ⇒ f(vi) 6= f(vj)

ø87�ä+å�ëªõ�ä+å�ä+õ�î�õ
k ö ä ø ç�ø¿÷ í è�ã�õvé*ê�ä+÷2åmî�õ�ðuç�è χG

ø
� ç	ê�ç�è�õ�ä+å�ä+å�üYü�è�é�æ í ÷ í è�ã�õvé*ê�ä+÷2åmî�õ�ðuç�è�ä ì é í é�è�ë�÷�ã�õ�ð�ä+å�é¢ê�ã�è�ä+é�ï¨æ�è�ã�ð�ï+ç�õ ö ê í ç�è�ç	ó�ã�è�ç

í ç�î�è�ä ì ê�ä+÷�é*ï+ü�ã�è�ä�ê í õ ì é�è�ç ì î�ä�ê�é�ð�ï+ç<ó�ã�è ì ã�ï�úGä+å�üÀä�êgé�æ�æ�è�ã9�Oä+õvé*ê�ç�ï � ø;:gç�å�ç	ê�ä+÷ ì ç&é�è�÷ í=< á�á?> ä ìã�å�ç<ã�ó�ê í ç<õ�ç	ê�é í ç�î�è�ä ì ê�ä+÷ ì é�æ�æ�ï+ä+÷�é�ð�ï+ç2ò�ä�ê í ê í ä ì è�ç ì æ�ç�÷	ê&ø
�"åªã�î�è�ä+õ�æ�ï+ç�õYç�åmê�é*ê�ä�ã�å�ã�ó.ê í çü�ç�å�ç	ê�ä+÷ ì ç&é�è�÷ í ç&é�÷ í�ì ã�ï+îOê�ä+ã�å]ä ì éªü�ç�å�çÀè�ç�æ�è�ç ì ç�å¡ê�ç�ëÈð � é ì ê�è�ä+å�ü�ã�ó�÷�ã�ï+ã�è ì é ì�ì ä+ü�å�ç	ë¥ê�ãê í çB÷�ã�å ì ç�÷�îOê�ä�ú�ç�å�ãGë�ç ì ø@:gãmãGë ì ã�ï+îOê�ä+ã�å ì ó�è�ã�õ@ê í çBä+å�ä�ê�ä+é�ïGæ�ã�æ�î�ï é¢ê�ä�ã�å�é�è�çB÷�ã�õSð�ä+å�ç�ë�î ì ä+å�üü�ç�å�ç	ê�ä+÷¿ã�æ�ç�è�é*ê�ã�è ì ê�ã�ã�ðOê�é�ä+å�éBå�ç	ò�æuã�æ�î�ï é*ê�ä+ã�å`ø û í ç�õ�ç&é ì î�è�ç7ã�ó ì ã�ï+îOê�ä+ã�åBAmî�é�ï+ä�ê � ä ì ÷&é�ï+ï+ç�ëñ�ê�å�ç ì�ì ó�î�å�÷	ê�ä+ã�ågò í ä+÷ í ä+å�ã�î�èL÷&é ì ç7òBé ì ê í ç�åmî�õSð�ç�èLã�óOê í ç�÷�ã�ï+ã�è ì î ì ç�ë�æ�ï+î ì ê í ç�åmî�õ�ðuç�èLã�óä+åOó�ç&é ì ä+ð�ï � ÷�ã�ï+ã�è�ç�ëSå�ãGë�ç ì ø.ûLò%ãgü�ç�å�ç	ê�ä+÷Kã�æ�ç�è�é*ê�ã�è ì ò%ç�è�çBî ì ç�ëSê�ãgã�ðOê�é�ä+å�å�ç	òDC ä+å�ë�ä�úGä+ë�î�é�ï ì CFE
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l0mon�popon?q-r0m@sut�vxwzyd{|s {~}�nut�����mon�popon�q�r0m@}�p6s���}�t&sum^�hn���r0m~s {~n�m6r��dl|�&sut���}�t��;{|su}��Fp�nu��{~��r
p^{~mo}�t���p
}�t�{���n���r0t�r0pTp^{|sum^{~}�t��/s {�s�m~sut�v�n�w��F��por0��r0lV{~r0v�����sul0ru�z�
��r�rV��r0lV{Tnu�@{~��rxl0mon�popon�q�r0m�sut�v
por0��r0lV{~}�t�����n1n+v�pon���yd{~}�n�t�pb{~n���mon+v�y�l0rTnu��po��mo}�t���pS}�p
{~�&s {Jl0r0m^{|su}�t���mon���r0m^{~}�r0pSnu��{~��rT}�t�}F{~}�su�
pon���yd{~}�n�t�p�l9sut���r4}�w�����}Fl0}�{~���B}�v�r0t1{~}F�&r0vTsut�v�l0n�wh��}�t�r0v�����yd{|s {~}�n�t;n���r0m~s {~n�m$w�su�ur0p(m~sut�v�n�w
l|�&sut���r0pB}�t�{~��rh}�t�v�}Fq+}�v�y&su�Fp8sut�v�v�}Fq�r0mopo}F�&r0p8{~��r���n���y���s {~}�n�t��8�+n���yd{~}�n�t�pS��r0morhpor0��r0lV{~r0v�{~n
��mon+v�y�l0r%nu��po��mo}�t���p��S}F{~� ��mon��&su��}���}�{��)}Ft�l0mor9supo}�t��=��mon���n�m^{~}�n�t&su�����={~n=v�r0l0mor9supo}�t��=nu��{~��r
��{~t�r0pop���y�t�lV{~}�n�t)¡�t�nu{~r�{~�&s {T��r��&s9q�r�w�}�t�}�wx}F¢9s {~}Fn�t�£��/¤Bmo}���}Ft&s {~n�m���r0t�r0m~s {~r0v�{~��r�}�t�}F{~}�su�
��n���y���s {~}�n�thnu� i?¥�¥�¥ m~sut�v�n�w¦pon���yd{~}�n�t�pS¡���r0t�r0p|£��6�
��}�p6��n���y���s {~}�n�t��
sup4v�}�p^{~mo}���yd{~r0vxsuw�n�t��
{~��r���mon+l0r0popon�mop�sul0l0n�mov�}�t���{~n§{~��r�l9su��l0y���s {~r0vRqusu��y�r0p�nu� αi ¨ p0�X©4sul�����mon+l0r0popon�m�l0mor9s {~r0v
s/�d�dr0v§t1y�wh��r0mTnu�
t�rV�ª��r0t�r0m~s {~}�n�t�pTsut�v§morV{~y�mot�r0v��&t&su�4��nu��y���s {~}�n�t«{~n/{~��r�n�mo}���}Ft&s {~n�m0�
�
�1y�p0¬ β(x) = x �h�
��rx��r0t�rh�S}F{~����r0supo}�����rhl0n���n�mo}�t���sut�v�{~��rzpow�su����r0p^{�t1y�wh��r0m�nu�@l0n���n�mop
y�por0v��bsupSpor0��r0lV{~r0v�supSsz�&t&su��pon���yd{~}�n�t��

x®^¯ °X±�²´³�²Sµ$¶�·�¸(µ
¹ t�{~��}�p8por0lV{~}�n�t���rhn�yd{~��}�t�rTmor0poy��F{~pBn��d{|su}�t�r0v�}�t�{~��rhr��d��r0mo}�wxr0t1{~px¡�lV�`��su��pon�º j�» ¬�¼ » ¬�½u¾ ¿À£��
Á r;r��d��r0mo}�w�r0t-{~r0v�n�t�porVq�r0m~su�$v�}F��r0mor0t1{S�&sumovd�
s m~rTsut�v�ponu�À{��bsumor;����s {o��n�mow�p0�6Â8y�r;{~nz{~}�w�r
sut�v[��n�mo�-��n�mol0r/��}�w�}�{|s {o}�nut�pzt�nu{�su���
su������}�l9s {~}Fn�t�p���r0mor���r0m^��n�mow�r0v[n�t=rVq�r0m^�[l0n�t�po}�v�r0mor0v
����s {o��n�mow�� ¹ tz�(su����rSÃ+� i ��rbpoy�w�w�sumo}�¢0r4�S��}�l|�xsu������}�l9s {~}�nutT�bsup�{~r0p^{~r0vxn�t��S��}�l|�z����s {o��n�mow��
Ä ����morVq+}�s {~}�n�t�v�r0v��xp^{|sut�v�p;��n�mBv�r0v�}�l9s {~r0v%t�rV{`��n�mo��por0��w�r0t1{;}�t1{~r0mol0n�t�t�rVlV{~}�n�t�¬(sut�v«��y����
��n�m
��y�����}�l�t�rV{���n�mo�/s9qusu}���su����r8��n�m
nu{~��r0mb{~m~s Å�l;}�t�{~��r;r��d��r0mo}�w�r0t1{~p
{~}�w�ru�

�
��r�w�su}�tT��n-su�1nu�d{~��r�r��d��r0mo}�w�r0t-{~p(�bsup({~nBsu�����F�;v�}Fq+}�po}����Fr6{|supo�;w�n1v�r0�1}�t���m~sulV{~}�l0r�sut�v
{~n�q�r0mo}F�À��l0n�momor0lV{~t�r0pop;nu�@}F{~pB��mor0v�}�lV{~}�n�t�p0�;�
��rzq�r0mo}F�&l9s {~}�n�t��
sup�v�n�t�rz�-��l0n�w��&sumo}�t���{~��r
mor9su��sut�v�{~��r���mor0v�}�lV{~r0v�r��dr0l0yd{~}�n�t�{~}�w�r0pJnu�6pon�w�rhsu������}�l9s�{|}Fn�t/�S��r0t�v&s {|s�}�pJv�}�p^{|mo}���yd{~r0v
}�thl��1y�t��1p4nu��po}�¢0r0pJ¡ αi ¨ p|£�l9su��l0y���s {~r0v���mon�wXr0Æ1y&s {~}�n�t�pS¡ÇÃ+� i £ÉÈV¡ÇÃ+�Ê½�£��(�(nB��n�mowhy���s {~r�sut-�hnu��{~��r
su��n?q�r�r0Æ1y&s {~}�n�t�pJ��r�t�r0r0v�r0v�v&s {|sd¬�}Ç� ru�
�&sum~suw�rV{~r0mop Aj, Cj, Sj

��n�m j = 1, . . . ,m �S�
��r0mor�È
��n�moru¬+��rB�&suv�{~nhw�r9supoy�morJ{~��r0por��&sum~suw�rV{~r0mop@�&mop^{9�6�
��r�l0n�wxwzy�t�}�l9s {~}Fn�t��&sum~suw�rV{~r0mop���r0mor
w�r9supoy�mor0v��-��s���}�t�� È���n�t��x{~r0p^{9�B¤Bmo}���}�t&s {~numSpor0t-{B{~n�s���mon+lVr0pop~numBpon�w�r�suw�n�y�t1{Jnu�6v&s {|sd�
�
��r���m~n1l0r0popon�mB}�w�w�r0v�}�s {~r0����morV{~y�mot�r0v�{~��r0porhv&s {|sd� Ä p^�+w�w�rV{~m^�/nu��{|��r�lVn�w�wzy�t�}�l9s {~}Fn�t
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â�ãuä�å�æ á+çFß�è4é å�ã êoë�ì�íoî�ï�ð+ïJãuñ�ñ�å�ò�ó9ã ê~ò�ì�ô�ïãuñ�ñ�å�ò�ó9ã ê~òFì�ô
→

ïoæ9ãuíoó�õ/ë�ì�í ó0ì�îzö ÷^ì�ò�ô ó0ì�å�ì�íoò�ô�øñ�å�ã êoë�ì�íoî ãzñ&ã êoê~æ0íoô ñ�íoæ0ïoïoò�ì�ôù è õ�æVê~æ0íoì�ø�æ0ô�æ0ì�ú�ïXû+ú�ôýübì�íoþ1ï^ê|ã ê~ò�ì�ô�ï èé�ÿ������ æ ��ç�� ê~õ � æ0ï
	 è õ�æVê~æ0íoì�ø�æ0ô�æ0ì�ú�ï é�
 ï è�� ò�ô1ú� �bé�ÿ����ñ�ú�ä ç�� ê~õ ç � æ0ï � æ0ï

8è ô�ì � æ0ï(ìuë���	 � û é����ué�ÿ������ æ ��ç��8é û � æ0ï� è õ�ì�î�ì�ø�æ0ô�æ0ì�ú�ï é�
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αi �Q�@�����������������2�0���� 4�6¡q���L�0�2�4�C¢6�6 4 4���������£¢6���0�2�Y�i��L¤���¡�¥
A �Q�2�4�C¢6�6 4 4¤�¡2¦0�L��L�§¤�¡b��¨2���0��¦��6¡2�6���2 £ �©= ��L�6�b¥
A′ = A

C �Qª2�\«@¡2�6ª¬��¡2�<©�����£¨2���0��¦��6¡2�6���2 � �©= ��L�6�0 6¥
Ai �Q�2�4�=¢\�6 4 L¤<¡2¦�L��L�&�����2�4�=¢6�6 4 4��� Pi ¤�¡®¨2�\�L�6�4��¦��6¡2�6���2 ¯ �©= ��L�6�b¥
ALi1, ALi2 �#¢6�=�\°0¢6¤��6¡q�L ����±�L¨2�&��¤�¡2�E���Q���2¡2¢\�L¤���¡*ª2�6 4¢6�4¤�²2¤�¡2¦��2�4�=¢6�6 4 4¤�¡2¦³�L¤��0�¯�����-�L¨2�&¢6���4�
�0�6�0����©
AHi1, AHi2 �-¢6�=�\°0¢6¤��6¡q�L G�����L¨2�´��¤�¡2�E�������2¡2¢\�L¤���¡bª2�6 4¢6�4¤�²2¤�¡2¦0�2�4�=¢6�6 4 4¤�¡2¦0�L¤��0���������=¤<�4�L�@���
�0�6�0����©*�2 4¤�¡2¦��L¨2�§ª2¤� 4µ ��L���L��¦���¶
B �Q 4¤�·6�&�����0�6�0����©*²2�Y¸��6��¤�¡b��¨2���0��¦��6¡2�6���2 � �©= ��L�6�b¥
Bi �Q 4¤�·6�§�����0�6�0����©²2�Y¸��6�������2�4�=¢6�6 4 4��� Pi ¤�¡®¨2�\�L�6�4��¦��6¡2�6���2 ¯ �©= ��L�6�b¥
B′ �¹ 4¤�·6�£���'�0�6�0����©´²2�Y¸��6�#¤�¡���¨2���0��¦��6¡2�6���2 # �©= ��L�6�b¥C�4�6�F��L¤<���-�L���L¨2�£ 4¤�·6�£�����L¨2���������2�0�
V ¥
C ���L�L��¡2 ����6���L��L�§¤�¡b��¨2���0��¦��6¡2�6���2 £ �©= ��L�6�b¥
Cj ���L�L��¡2 ����6���L��L�&������¤�¡2µ j ¤�¡®¨2�\�L�6�4��¦��6¡2�6���2 ¯ �©= ��L�6�b¥
Cmax �Q 4¢i¨2�6ª2�2���´���6¡2¦��L¨�¥
C inf

max �Q 4¢i¨2�6ª2�2���´���6¡2¦��L¨®¤�¡b�� �©= ��L�6��º£¤<�L¨b�2¡2��¤���¤<�4�6ª®�0�6������©�¥
Csat

max �Q 4¢i¨2�6ª2�2���´���6¡2¦��L¨®¤�¡b�� �©= ��L�6��º£¤<�L¨®�L���i�����0�6�0����© 4¤�·6�§�6»C�@�����L� V ¥
C1

max �Q 4¢i¨2�6ª2�2���´���6¡2¦��L¨������£ 4¤�¡2¦����J�K¤�¡2 ��i���<�<���6¡C�£�2�4�C¢6�6 4 4¤�¡2¦2¥
Cn

max �Q 4¢i¨2�6ª2�2���´���6¡2¦��L¨������£�³�2�<�L¤¼�½¤<¡2 ��i�����<���6¡q���2�4�C¢6�6 4 4¤�¡2¦�º�¤<�L¨ n  ��L�6�2 ´¥
¾�¿�À
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C
′n
max × Cn

max

CV Ø
C∞

max ÙQÚ4ÛiÜ2Ý6Þ2ß2à�Ý´à�Ý6á2â�ãLÜ�ä�å�æ£ç³ß2à<ãLè¼Ù½è<á2Ú�ãié�à�à<ç�Ý6áqã�ê2æ4åCÛ6Ý6Ú4Ú4è�á2â�ë�è<ãLÜ n = ∞ Ú�ãLÝ6ê2Ú Ø
D ÙQÚ4è�ì6Ý§å�ä�Û6å�ç0ç³ß2á2è�ÛEéãLè�å�á�í2ßYî�Ý6æ�è�á®Ü2å�ç0å�â�Ý6á2Ý6å�ß2Ú£Ú�ï=Ú�ãLÝ6ç Ø
D′ Ù�Ú4è�ì\Ý¯å�ä�Û6å�ç0ç�ß2á2è<ÛEéãLè�å�á�í2ßYî�Ý6æ�è�áé&Ü2å�ç0å�â�Ý6á2Ý6å�ß2Ú�Ú�ï=Ú�ãLÝ6ç Ø æ4Ý6àFéãLè<ðqÝ�ãLå&ãLÜ2Ý¯Ú4è�ì6Ý�å�ä�ãLÜ2Ý
ð�å�à�ß2ç0Ý V Ø
Di ÙQÚ4è�ì6Ý&å�ä�Û6å�ç0ç�ß2á2è�ÛEéãLè<å�á�í2ßYî�Ý\æ¯åäÏê2æ4åCÛ6Ý6Ú4Ú4å�æ Pi è�á�Ü2Ý\ãLÝ6æ4å�â�Ý6á2Ý6å�ß2Ú¯Ú�ï=Ú�ãiÝ\ç Ø
δ ÙQÚ4è�ì6Ý§å�äÏé�ÛJÜCß2á2ñ�è�á®Ú4è�ç0ê2à�Ý�ç³ß2à<ãLè¼Ù½è<á2Ú�ãié�à�à<ç�Ý6áqã�é�à�â�å�æ4è<ãLÜ2ç Ø
G ÙQâqé�è�á�ä�æ4å�çòç³ß2à<ãLè¼Ù½è<á2Ú�ãié�à�à<ç�Ý6áqã£ê2æLåCÛ6Ý6Ú4Ú4è�á2â Ø
h ÙQáCß2ç³í'Ý6æ£å�äÏàFéEï�Ý6æ4Ú�è�á®é�í2è�á2å�ç0è�é�à'ãLæ4Ý6Ý Ø
m ÙQáCß2ç³í'Ý6æ�å�ä�ê2æ4åCÛ6Ý6Ú4Ú4å�æ4Ú Ø
n ÙQáCß2ç³í'Ý6æ�å�ä�Ú�ãLÝ6ê2Ú¯è�á�ç�ß2à<ãLèóÙKè<á2Ú�ãié�à<à<ç0Ý6áqã£ê2æ4å=Û6Ý\ÚLÚ4è�á2â Ø
nmin ÙQç0è�á2è�çaß2çòé�Þ2ç0è�Ú4Ú4è�í2à�Ý�áCß2ç³í'Ý6æ�å�ä�Ú�ãLÝ6ê2Ú¯è�á�ç�ß2à<ãLèóÙKè<á2Ú�ãié�à<à<ç0Ý6áqã£ê2æ4å=Û6Ý6Ú4Ú4è�á2â Ø
n∗ Ù�å�êYãLè�çé�à2á=ß2ç³í'Ý6æQå�ä±Ú�ãLÝ6ê2Ú-è�á0ç�ß2à<ãLèóÙKè<á2Ú�ãié�à<à<ç0Ý6áqã�ê2æ4å=Û6Ý6Ú4Ú4è�á2âaãLå³é�ÛiÜ2è�Ý\ð�Ý¯ãLÜ2Ý¯ç0è�á2è�çaß2ç
Ú4ÛiÜ2Ý6Þ2ß2à�Ý´à�Ý6á2â�ãLÜ Ø
p ÙQÞ2Ý6â�æ4Ý6Ý´å�äÏé�á2å=Þ2Ý§è�ábé�í2è�á2å�ç0è�é�à'ãLæ4Ý6Ý Ø
P0 ÙQå�æ4è�â�è<á@éãLå�æ Ø
Pi ÙQê2æ4åCÛ6Ý6Ú4Ú4å�æ¯áCß2ç�í�Ý6æ i Ø
P Ù�ãLÜ2Ý§Ú4Ý\ã¯å�ä�ê2æ4å=Û6Ý6Ú4Ú4å�æ4Ú
ρ = C

A ÙQÞ2Ý\ô@á2Ý6Þ¬å�á2à<ïä�å�æ£Ü2å�ç0å�â�Ý6á2Ý6å�ß2Ú£Ú�ï=Ú4ãLÝ6ç�Ú Ø
σ = S

A Ù-Þ2ÝJô@á2Ý6Þ¬å�á2à<ïä�å�æ�Ü2å�ç0å�â�Ý6á2Ý6å�ß2Ú�Ú�ï=Ú�ãLÝ6ç0Ú Ø
S ÙQÛ6å�ç0ç�ß2á2è<ÛEéãLè�å�á*Ú�ãié�æ�ãLß2ê®ãLè�ç0Ý�è�ábé�Ü2å�ç0å�â�Ý6á2Ý6å�ß2Ú�Ú�ï=Ú�ãLÝ6ç Ø
S ′ = S

CV ÙQÞ2Ý\ô@á2Ý\Þ¬å�á2à<ïä�å�æ£Ü2å�ç0å�â�Ý6á2Ý6å�ß2Ú�Ú�ï=Ú�ãLÝ6ç0Ú Ø
Sj ÙQÛ6å�ç0ç³ß2á2è�ÛEéãLè�å�á�Ú�ãié�æ�ãLß2ê®ãLè�ç0ÝGä�å�æ£à�è�á2ñ j è�á®Ü2Ý\ãLÝ6æ4å�â�Ý6á2Ý6å�ß2Ú¯Ú�ï=Ú�ãLÝ6ç Ø
swp ÙQÚ�ë�é�êbê'å�è�áqã�è�ábé�Ü2å�ç0å�â�Ý6á2Ý6å�ß2Ú�Ú�ï=Ú�ãLÝ6ç Ø
swpi ÙQÚ�ë�é�ê¬ê�å�è�áCã£å�ä�ê2æ4å=Û6Ý6Ú4Ú4å�æ Pi Ø
Ts Ù¹ãLÜ2Ý�ãLè�ç0Ý£í�Ý\ãoë-Ý6Ý6áãLæLé�á2Ú4ç0è�Ú4Ú4è�å�á2Ú#å�ä�Û6å�á2Ú4Ý6Û6ßYãLè<ðqÝ¯Þ@éãié§ÛiÜCß2á2ñCÚQãLå§ãLÜ2Ý�ÚLé�ç0Ý�ê2æ4å=Û6Ý6Ú4Ú4å�æ
è�á®ç³ß2à<ãLè¼Ù½è<á2Ú�ãié�à�à<ç�Ý6áqã£ê2æ4å=Û6Ý6Ú4Ú4è�á2â Ø
V Ù�ãLå�ãié�à�Ú4è�ì6Ý§å�ä�ãLÜ2Ý§à�åqé�Þ�õ


