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Problem statement
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m Consider a finite set A of alternatives (actions, solutions)
evaluated by n criteria from a consistent family G={g,,...,9,}
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Problem statement

m Taking into account preferences of a Decision Maker (DM),
rank all the alternatives of set A from the best to the worst




Basic concepts and notation

m X, — domain of criterion g; (X;is finite or countably infinte)
n -
= X =[] X, - evaluation space
i=1
m x,yeX - profiles of alternatives in evaluation space
m > — weak preference (outranking) relation on X: for each x,yeX
x-y < ,x is at least as good as y”

x-y =[xy and not y-x] < ,x is preferred to y”

x~y = [x-y and y-x] < ,xis indifferent to y”



Basic concepts and notation

m For simplicity: X; <R, for all i=1,...,n

m For each g, X,=[o, B;] is the criterion evaluation scale, o, < B;,
where o; and B, are the worst and the best (finite) evaluations, resp.

m Thus, A is a finite subset of X and
g : Ao, Bl R, a—>gla)e f{[anﬁi]
where g(a) is the vector of evaluations of al_ternative acA on n criteria
m  Additive value (or utility) function on X: for each aeX
Ule) = 3 ulo @]

where u; are non-decreasing marginal value functions, u;: X; - R,
i=1,...,n



Criteria aggregation model = preference model

m To solve a multicriteria decision problem one needs

a criteria aggregation model, i.e. a preference model

m Traditional aggregation paradigm:

The criteria aggregation model is first constructed and then applied
on set A to get information about the comprehensive preference

m Disaggregation-aggregation (or regression) paradigm:

The comprehensive preference on a subset ARCA is known a priori and
a consistent criteria aggregation model is inferred from this information



Criteria aggregation model = preference model

m The disaggregation-aggregation paradigam has been introduced
to MCDA by Jacquet-Lagreze & Siskos (1982) in the UTA method
— the inferred criteria aggregation model is the additive value function

with piecewise-linear marginal value functions

m The disaggregation-aggregation paradigam is consistent with the
~posterior rationality” principle by March (1988) and the inductive

learning used in artificial intelligence and knowledge discovery



Principle of the UTA method (Jacquet-Lagreze & Siskos, 1982)

m The comprehensive preference information is given in form of
a complete preorder on a subset of reference alternatives ARCA,

AR={a,,a,,...,a,} — the reference alternatives are rearranged
such that a,>a,,,, k=1,...,m-1

® 36~a7.




Principle of the UTA method
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Example:

Let AR={al, a2, a3}, G={Gain_1, Gain_2}

Evaluation of reference alternatives on criteria Gain_1, Gain_2:

Reference ranking:

Gain_1 | Gain_2
al 4 6
az2 5 5
a3 6 4
eal
| ~
a2
| -
° a3
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Principle of the UTA method

Alternatives

Alternative

i Evaluations of Alternatives

A al
A a2
A a3

Reference ranking

=l 1 Rank 1
A al
=- | Rank 2
A a2
=~ | Rank 3
A a3

Criteria Set

=l
=

Criterion

| Type |

C Gain_1
C Gain_2

Gain
Gain

A Gain_1 - [Gain]

OJX|  Final Ranking (list)

| | Gana | Gan2 |  WRark | alernative Litility

al 4 g Al al 0.750000

az 5 3 A2 a2 0.500000
A3 a3 0.230000

a3 B 4

[CB]X] @ Gain_2 - [Gain]

EEX

1 1
09 09
08 08
07 07
06 06
05 05
0.4 0.4
03 03 /
02 02 /
0.1 / 0.1 /
0 | 0
4.000 5.000 4.000

B.000
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Principle of the UTA method

st

i‘-\'temati“es I Evaluations of Alternatives (= )[0)X] ® Final Ranking (list)

: Gain_1 Gain_2 Rank | Alternative LItility
Alternative | al |4 B A1 al 0510000
: 2; 5 . Az a2 0.500000
A A3 a3 0.4590000

a3 = G 4

% Gain_1 - [Gain] [ )[B)X) 7% Gain_2 - [Gain]

1
==l
Reference ranking dh 0.3
=1 Rank 1
A al 0a
- | Rank 2
A a2 0.7
=~ 1 Rank 3
A a3 0e
0.5
0.4 /
03 /
0.2
EF /
Criteria Set dh 01
Criterion |Type | 0
C Gain_1 Gain 4.000 E.UIUU
C Gain_2 Gain
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Principle of the UTA method

m Let’s change the reference ranking:

°eal
l >~
°a2z |
v >- ‘
e 33 »':

° g2

= One linear piece per each marginal value function u,, u, is not enough

Gain_1 | Gain_2
al 4 6
a2 5 5
a3 6 4

u=wyxGain_1, u,=wyxGain_2, U=u,+u,
For al>a3, w,>w;y,
but for a3-a2, w,;>w,,

thus, marginal value functions cannot be linear
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Principle of the UTA method
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LT I Evaluations of Alternatives [ B|X] ¥ Final Ranking (list) Mi=1ET
alternative | Gain_1 Gain_2 Rank | Alternative Litility
A al | 8 Al a1 0.504866
A a2 —1F 5 AZ a3 0305134
A a3 A3 a2 0201317
a3 ] 4
% Gain_1 - [Gain] [ ]B|X] % Gain_2 - [Gain] Mi=1E3
1 1
2=
Reference ranking b = 09 0o
=1 Rank 1
A al 08 na
= | Rank 2
A a3 0.7 07
= | Rank 3 0F 0E
A a2
0s 0s /
04 0.4 /
03 / 03 /
0z 0.z
2= /
Criteria Set db = 0.1 0.1
Criterion | Type | 9 0
C Gain_1 Gain 4,000 £.000 4.000 5.000 6.000
C Gain_2 Gain
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Principle of the UTA method
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m The inferred value of each reference alternative acAR:

U'lg(a)] = Ulg(a)]-o*(a)+ o (a)
where

n
U'lg(a)l= Y u'i[gi(a)] is a calculated value function,
i-1

n
Ulg(a)l= > uilgi(@)] is a value function compatible with
= the reference ranking,

ot and o~ are potential errors of over- and under-estimation of
the compatible value function, respectively.

m The intervals [a,, B;] are divided into (y—1) equal sub-intervals
with the end points (i=1,...,n)

- -1 )
gi =a;+ 4 (Bi —Oti)/ J=1...,v;
vi—1
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Principle of the UTA method

m The marginal value of alternative a<A is approximated by a linear
interpolation: for g;(a)e|g’/, g/

ulg;(a)] = Ui( /J)+ gIJ(+1 gl [u( J+1) i( /J)]

-9/
A Ui

1 4
ul(B,)

u(g;’)
u(g;)

ul(g{a))

gi

v

Zep=t Q; g(a) B;

Il I
1




Principle of the UTA method

m Ordinal regression principle
if Ala,,a..,)=U'lg(a)]-U'[g(a.,;)] then one of the following holds
My, ay,1) > 0 iff a > a,

A(ak/ak+1) =0 iff ag ~a,

N.B. In practice, ,0” is replaced here by a small positive number that may
influence the result

m  Monotonicity of preferences
ulgit)-ulg?)=0 j=1,..,v; -1 i=1,...,n

m Normalization

I_Z:Ui(ﬁi):

17



Principle of the UTA method

m The marginal value functions (breakpoint variables) are estimated by
solving the LP problem

Min — F = ZAR[G+(a)+o(a)J

subject to N\
Aay,a,,,)> 0 iff a, = a,,,
A(ak/ak+1) =0 iff ay ~a,

u,.( J+1) ( /)>O j=1...,v;-1% i=1,...,n

: > (C)
Zul(ﬁi)zl

=1

U,-(OL,-)ZO i:].,...,n

u,-(g,j)z 0, c'(@)>0, c(@)>0, vac A%, Vi and j
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Principle of the UTA method

C

If F*=0, then the polyhedron of feasible solutions for u,(g;) is not empty
and there exists at least one value function U[g(a)] compatible with the
complete preorder on AR

If F>0, then there is no value function U[g(a)] compatible with
the complete preorder on AR - three possible moves:

= increasing the number of linear pieces v; for uy(g;)
= revision of the complete preorder on AR

m post optimal search for the best function with respect to Kendall’s t
in the area F< F'+ ¢

F 3
,\'3

Jacquet-Lagreze polyhedron of constraints (C)

& Siskos (1982)

F< F*+¢

k4
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Wspoitczynnik Kendalla
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Do wyznaczania odlegtosci miedzy preporzadkami stosuje sie miare Kendalla

Przyjmijmy, ze mamy dwie macierze kwadratowe R i R* o rozmiarze m x m,
gdzie m = |AR]|, czyli m jest liczbg wariantdéw referencyjnych

m macierz R jest zwigzana z porzadkiem referencyjnym podanym przez
decydenta,

m Mmacierz R* jest zwigzana z porzadkiem dokonanym przez funkcje
uzytecznosci wyznaczong z zadania PL (zadania regresji porzadkowej)

Kazdy element macierzy R, czyli r; (i, j=1,..,m), moze przyjmowac wartosci:

(0, gdy i=j lub a;-g
r; =90.5, gdy a;~g
1, gdy a>-a;

To samo dotyczy elementéw macierzy R*

Tak wiec w kazdej z tych macierzy kodujemy pozycje (w porzadku)
wariantu a wzgledem wariantu b
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Wspoitczynnik Kendalla

= Nastepnie oblicza sie wspofczynnik Kendalla t:

dk (R/ R *)

—1-4.
‘ m(m —1)

gdzie d,(R,R*) jest odlegtoscig Kendalla miedzy macierzami R i R*:

1 m m
(R,R*)= 33 3y 1y X
I=1 jJ=

s Stad re (-1, 1)

m Jezeli r = -1, to oznacza to, ze porzadki zakodowane w macierzach R i R*
sg zupetnie odwrotne, np. macierz R koduje porzadek a - b - c > d,
a macierz R* porzadek d~-c>b > a

m Jezeli 7= 1, to zachodzi catkowita zgodnos¢ porzadkow z obydwu macierzy.
W tej sytuacji btad estymacji funkcji uzytecznosci F*=0

m W praktyce funkcje uzytecznosci akceptuje sie, gdy > 0.75
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Example of UTA*

m Ranking of 6 means of transportation

PRICE TIME COMFPORT
RER 3 10 1
METRC14 20 2
METROZ 2 20 0
BLI= = 40 0
TAAl |30 3l 3
=MCF |3 20 2
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[ Visual UTA - [D:\Aplikacje\Visual_UTA_partial_orderimetro2.utx]

! L ) E . = ”
e Edt Yew Caloate Tods Window elp Preference attitude: ,economical
0@ E g BEmELy e @@ 2%
. = x|
e Alternatives @ M TIME - [Cost - |8 [E
Alternative |
A BUS B
& METRO_L . 0.9
& METRO_2 é
A RER - 0.8
A SMCF .
A ToI 0.7
0.6
05
¥ Final Ranking (list) m=ER
Rank | Alternative Utility
A1  SNCF 0.060385 0.3
A2 METROL 0054615 03
/\ A3 RER 0842885 :
44  METROZ 0741538
= I 0.1
Reference ranking \ -|-Jﬂ 438 £ Oieelrics
As  Ta 0348269 0
= | Rank1 10.000 20,000 30.000 40.000
& METRO_1
= | Rank 2 . == p——
A METRO.2 7 COMFORT - [Gain] [2)[B][X) |/ PRICE - [Cost] =13
- | Rark 3 '
& BUS
0.9
0.3
07
0.5
B
Criteria Set db 0s
Criterion |Type | 04
C COMFORT Gain ' \
C PRICE Cost 07
C TIME Cost \
0.2 \
0.1
0
2.000 1333 20.667 30.000




B Visual UTA - [D:\Aplikacje\Visual_UTA_partial_order\metro2.utx]

File Edit ¥iew Caculate Tools Window Help

[i=3

Preference attitude: ,hurry”

b= S BEmEET e @09 B %
=
<4 lternatives SR q q = | |
e W Final Ranking (list) £ B @ TIME - [Cost]
Alternative | A ternative Utility 1
A BUS SMCF 0.944563
A METRO_1 METRO_L 0.937740 0s
A METRO_2 RER 0.872260
A RER METRO_2 0.769231 08
A SNCF TaxI 0.533125
A Taxl BLS 0.320000 0.7
0&
05
0.3 \
0.2 \
<=l 0.1
Reference ranking dh
= 1 Rark 1 0
=l 10.000 20.000 30.000 40.000
A RER
- 1 Rank 2 . — ! —
Pl 7@ COMFORT - [Gain] [2)8|X) 7@ PRICE - [Cost]
- | Rank 3
A BUS 1
09
0.8
07
06
x|
Criteria Set B 0s
Criterion | Type | 0.4
C COMFORT Gain '
C PRICE Cost 03 |
C TIME Cost '
- \
0.1
0
2.000 11.333 20 BE7 30.000
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B Visual UTA - [D:\Aplikacje\Visual_UTA_partial_order\metro2.utx]

Fle Edit Wew Caculate Tools Window Help

=

smamenen A ltErnatives

& BmEET -
2zl

@0e 07

Preference attitude: ,hurry”

Alternative

| Rark | Alternative

| Utility

0O|X| @ TIME - [Cost]

A BUS

A WETRO_1
A METRO 2
A RER

A SNCF

A TaxI

Al SMNCF
A2 METRO_1
A3 RER.

A4 METRO_2
AS TAXI
AB BUS

Reference ranking \

2=
=

= 1 Rank 1
A RER

- | Rank 2
A TaxI

- | Rark 3

A BUS

/& COMFORT -

0776202
0776202
0680721
0.553846
0.568310
0.253077

[Gain]

0.4

0.8

0.7

06

0.4

0.4

0.3

0.2

0.1

10.000

ZB)X] % PRICE - [Cost]

20.000

30.000

40.000

0s

0s

07

Criteria Set

2=

0.6

Criterion | Twpe |

C COMFORT Gain
C PRICE Cost
C TIME Cost

045

0.4

03

0z

0.1

2.000

11.333

20.667

30.000
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