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Weak points of preference modelling using utility (value) function

m Utility function distinguishes only 2 possible relations between actions:

preference relation: a>=b < U(a) > U(b)
indifference relation: a~b < U(a) = U(b)

® > is asymmetric (antisymmetric and irreflexive) and transitive
® ~ is symmetric, reflexive and transitive

m  Transitivity of indifference is troublesome, e.q.

= In consequence, a non-zero indifference threshold g, is necessary

= An immediate transition from indifference to preference is unrealistic,
so a preference threshold p;> g; and a weak preference relation >
are desirable

m  Another realistic situation which is not modelled by U is incomparability,

so a good model should include also an incomparability relation ?
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Four basic preference relations and an outranking relation S

m Four basic preference relations are: {~, >, >, ?}

preference

a-b asb a~b b>a b-a

g(a)-p(b) g(a)-qb) 913 g(a)+q(a) g(a)+p(a)

gi(:b)

m Criterion with thresholds p;(a)>g;(a)=0 is called pseudo-criterion

m The four basic situations of indifference, strict preference, weak
preference, and incomparability are sufficient for establishing

a realistic model of Decision Maker’s (DM’s) preferences



Four basic preference relations and an outranking relation S

m  Axiom of limited comparability (Roy 1985):

Whatever the actions considered, the criteria used to compare them,
and the information available, one can develop a satisfactory model
of DM’s preferences by assigning one, or a grouping of two or three

of the four basic situations, to any pair of actions.

m Outranking relation S groups three basic preference relations:
S = {~, >, =} - reflexive and non-transitive
aSb means: ,action a is at least as good as action b”

m For each couple a,beA:
asSb A non bSa < avb v a-b
asSb A bSa & a~b

non aSb A non bSa < a?»b



ELECTRE Is: choice problem (P,)

A Chosen subset A’
0 of best actions

Rejected subset
A\A’ of actions



ELECTRE Is

m Input data: finite set of actions A={a, b, ¢, ..., h}
consistent family of criteria G={g,, g5, ---, 9,}

m Preferential information (i=1,...,k)
intracriteria: - indifference thresholds g;(a)=a9xg,(a)+p4

- preference thresholds p/(a)=orxg(a)+pr

intercriteria: — importance coefficients (weights) of criteria k;
— veto thresholds vi(a)=ayxg(a)+p

m 0<g,(a)sp,a)sv,a) are functions of a worse evaluation of the two
being compared

m The preference model, i.e. outranking relation S in set A
is constructed via concordance and discordance tests



ELECTRE Is - concordance test

m Checks if the coalition of criteria concordant with the hypothesis aSb
is strong enough (for each couple a,beA)

m Concordance coefficient C,(a,b) for each criterion g;:

4+ Ci(a,b)
1 ; ; ; ! preference
1 1 1N b cessescsccscese »
gain-type

0 : : | . >

(b
g(@)-p(b) g(ara(b) 918 g(a)tg(a) gla)+pa) Gi5)
+Ci(a,b)

171 preference
receccccccccccs
cost-type

0 4 | ;

T .=b
gla)-p(a) gla)-gla) 94a) g(a)+q(b) g(a)+p b) 91b)



ELECTRE Is - concordance test

m Aggregation of concordance coefficients for a,beA:

m C(a,b) € [0, 1]
m Concordance test is positif if: C(a,b) > A

where A is a cutting level, such that 0.5<A <1— m|n /Z, ki



ELECTRE Is - discordance test and outranking relation

m Checks if among criteria discordant with the hypothesis aSb there is
a strong opposition against aSb (for each a,beA such that C(a,b) > 1)
m For a discordant criterion g;, the opposition is strong if:
(for gain-type criterion) g.(b) — g.(a) = v(a)
(for cost-type criterion) g.(a) — g(b) = v,(a)

m Conclusion: aSb is true if and only if C(a,b) > A and there is no
criterion strongly opposed to the hypothesis

m In result, for each couple a,beA, one obtains relation S either true (1)
or false (0)

m The preference structure in set A can be represented by a graph
where nodes represent actions and arcs represent relation S



ELECTRE Is — exploitation of the outranking graph

m The outranking graph S represents a preference structure in A

S|la|b|c|d]e
all|j0f1]1]1
bl1]1|1(1]0
c|O0|O0O]|1(0|1 =
d|o0o|0|0|1]0
e| 0]/]0]|1]|]0]|1

m What are the best actions ?

m Kernel K of the outranking graph:

m actions (nodes) belonging to K do not outrank each other
(no arc between them)

m each action not belonging to K is directly outranked

by at least one action from K
10



ELECTRE Is — search for the kernel

m In order to have a single kernel, the graph should be acyclic

cycle {c,e} e

m Cycles should be first eliminated in one of two ways:

m replacing the cycle by a dummy node representing an equivalence
class (clique)
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ELECTRE Is — search for the kernel

m In order to have a single kernel, the graph should be acyclic

cycle {c,e} \.

m Cycles should be first eliminated in one of two ways:

m replacing the cycle by a dummy node representing an equivalence
class (clique)

m cutting the cycle = eliminationg the ,weakest” arcs (outranking
relations)
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Algorytm wykrywania cykli w grafie

Utworzy¢ tablice z jednym wejsciem. W kazdym wierszu wpisac¢ indeksy

bezposrednich nastepnikéw danego wierzchotka x; (tzw. liste ZA).

Poszukac linie pustg i skreslic numer tej linii wszedzie tam gdzie wystepuje w

tablicy. Linie z samymi skreslonymi indeksami traktowac jak puste. Skreslanie
kontynuowac az do wyczerpania mozliwosci.

razie ma co najmniej jednej cykl.

Jesli wszystkie indeksy mogty by¢ skreslone, to graf nie ma cykli. W przeciwnym

Wybrac¢ indeks dowolnej linii niepustej a w niej dowolny nie skreslony indeks i

skresli¢ go. Skreslanie kontynuowa¢ do momentu, gdy sekwencja skreslonych

indeksow utworzy cykl.

b . B Y- 0.
a 2 alc alc nie wszystkie wybieramy wiersz  a | & ax ax itd. azdo -a}x cykl tworza
C bl - indeksy mogty aiindeksc bl - h h i . c,dia
cld c B eEens cld cld cld e
o dla dla dla dla d{x ey
d e|b,c e|kc e|b,c e|b,c e]|b, e|b,c
b o. B. Y.
’ otrzymany graf b]- b b b b b wszystkie indeksy
of jeszczeraz prze- elb,f elb,f el f el f e’k ell¥ mogty by¢ skreslone
puszczamy przez fl- £l - £l - £ £ £ wiec graf jest acy-
algorytm ' ' ' kliczny




Algorytm wykrywania cykli w grafie

a. Utworzyc tablice z jednym wejsciem. W kazdym wierszu wpisac¢ indeksy
bezposrednich nastepnikéw danego wierzchotka x; (tzw. liste ZA).

B. Poszukac linie pustg i skreslic numer tej linii wszedzie tam gdzie wystepuje w
tablicy. Linie z samymi skreslonymi indeksami traktowac jak puste. Skreslanie
kontynuowac az do wyczerpania mozliwosci.

v. Jesli wszystkie indeksy mogty byc¢ skreslone, to graf nie ma cykli. W przeciwnym
razie ma co najmniej jednej cykl.

5. Wybrac indeks dowolnej linii niepustej a w niej dowolny nie skreslony indeks i
skresli¢ go. Skreslanie kontynuowa¢ do momentu, gdy sekwencja skreslonych
indeksow utworzy cykl.

b o B Y- 0.
a alc nie ma pustych linii wybieramy wiersz  a | ¥ itd. azdo -a}x cykl tworza;
C bld wigc przechodzimy aiindeksc bld bld bld bld c,dia

cld do ostatniego kroku cld cld cld el

o dla dla dla d|x Cap: S

d e|b,c e[b,c e|b,c e]|bc e|b,c
b . B. Y.
otrzymany graf b|f blf b |k b b b wszystkie indeksy
f jeszczeraz prze- elb,f e|b,f elbkx el|b%x elrk -elgx mogty byc’; skreslone

puszczamy przez fl- £ £ £ £ £ wigc graf jest acy-
algorytm T T ' ' ' kliczny
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Algorytm znajdowania jgdra w grafie acyklicznym

Utworzy¢ tablice z jednym wejsciem. W kazdym wierszu wpisac¢ indeksy
bezposrednich poprzednikow danego wierzchotka x; (tzw. liste PRZED).

Zaznaczyc linie pustg (znaczkiem x). Skresli¢ cate linie, w ktérych wystepuje

wierzchotek z indeksem zaznaczonej linii pustej.

Skresli¢ indeks skreslonego wiersza gdziekolwiek pojawia sie w tablicy.

Kazda linia z samymi skreslonymi indeksami jest uznawana z pusta.

Iterowac az do wyczerpania mozliwosci.

Jesli wszystkie indeksy mogty by¢ zaznaczone lub skreslone, to graf ma
pojedyncze jadro ztozone z wierzchotkow odpowiadajgcych zaznaczonym (x)

wierszom.
al - al - al - xal- xXal- xal- wszystkie wiersze mogty,
c b|d b|d b|d b| sk X bl X bl zostz?ézaznaf:zonelub
cla d e clade <elade <clade <clade <clade %}ﬁ@:}'ﬁg@mﬁ
dla dla tHa tHa ada tHa N={a, b} e
d elb elb elb elb elb b
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ELECTRE Is - final recommendation

m The best actions = the kernel:

K={b}

m Actions in the kernel can be:

initial (without predecessors)

isolated (incomparable to all others)
intermediate (both outranking and outranked)
final (without successors)
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ELECTRE Is - example

Electre 1s 2002 - Current project

Thresholds editor - PRICE

File ‘iew Alternatives Afiributes Electrels Options  Windc
D e & KA &R E 83 MhThrTDh;L
pha .
H "Metro” Metro.xml Beta [
AHlernatives Concordane Discordance Robustness Outranking
Threzhold p
PRICE TIME COMFORT Alpha |E'47
RER 3 10 1
METRO_1 4 20 o Beta |U
METRO_2 2 20 0 Threshold
BUS b 40 1] dlpha |05
Beta |0 W Useyeto [ Close |  Help
SNCF 3 20 2 |

Thresholds editor - TIME

Threzhold q Threzhold g
Alpha |I13 Alpha |EI
Beta [g Beta |0
Threzhald p Threshold p
Alpha ||14 Alpha |EI
Beta |D Beta |1
Threshold v Threshold «
Alpha [05 Krime=5 fpha [0 KcomrorT=2
Beta |0 ¥ Useyeta i [Llose Beta |2 W Useweto |L Llose




ELECTRE Is - example

! Atematives ! Cunmrdmne! Dizcordance ! Robustnass ! Dutranking ! Outranking Graph ! Final Graph —

RER METRO 1 METRO_2 BUS TAXI SNCF
RER 1 0.8 0.9 1 0.8 0.8
METRO_1 0.5 1 0.7 1 0.8 1
METRO_20.3 0.8 1 1 0.8 0.8
BUS 0 0.2 0.2 1 0.8 0
Tax] 0.2 0,53333333333|0,563333333333|0.7 1 0,53333333333
SNCF 0.5 1 0.9 1 0.8 1
A=0.75
e e e T o T o Yo U
BER METRO 1 METRO 2 BUS TaXI SNCF
HER 0 0 0 0 0 0
METRO_1 - 0 = 0 0 0
METRO_2 - 0 0 0 1 0
BUS = = = 0 1 =
TAxl - - - - 0 -
SNCF = 0 0 0 0 0

Atematives Concordance ’ Discordance ? Robustness ’ Outranking ! Outranking Graph Final Graph

HER METRO 1 METRO 2 BUS Tax] SNCF
RER 1 1 1 1 1 1
METRO_10 1 0 1 1 1
METRO_20 1 1 1 0 1
BUS 0 ] 0 1 0 ]
TAXI 0 ] 0 ] 1 ]
SNCF 0 1 1 1 1 1
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ELECTRE Is - example

Atematives Concordance Discordance Robustness Outranking

%Eﬁteﬁng zalected
%L&aving selected

Edge

J/

Outranking Graph

ETRO_1

° e

O

elacted 2
elacted 1

ode

RER
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ELECTRE Is - example

’ Atematives ? Concordance ? Discordance ? Robustness ? Outranking ? Outranking Graph Final Graph

%Eﬁtenng selected ° ETRO_1
%L&aving selectad > A

Edge

J/

° e ﬁ-}{l

°u=- ER

elacted 2

elacted 1

) BLE
ode




ELECTRE Is - example

’ Atematives ? Concordance ? Discordance ? Robustness ? Outranking ? Outranking Graph Final Graph

%Eﬁteﬁng zalected
%L&aving selectad

Edge

J/

o ETRO_1

° e

=

e

elacted 2
elacted 1

ode

)"
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ELECTRE Is - example

Atematives Concordance Discordance Robustness Outranking Outranking Graph Final Graph

%Eﬁteﬁn selectad Status: valid Reason:
; R ETRO_! Electrels method and MECR hz

%L&a\ring selected 4 k. been run

——e PRICE TIME COMFC

RER 3 10 1

? v Q-

SNCF 3 20 2

=00 e Cifa.b) |1 1 0

/v Difa,b] D 0 0

Ci[b,a] 1 0 1

Difb,a) D 0 0

elected 2

elected 1

ode
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ELECTRE Is - example

| Atematives | Concordance | Discordance J Fobustness | Ouranking | Outranking Graph ) Final Graph
. Status: walid Feason:
Enitering selected

Electrels method and M
%L&aving selected been run
E =t Solution 1
Clique 1

1'st altern METRO 1
2'nd altery SNCF

mel

elacted

ode

Kernel= {RER}
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ELECTRE TRI: sorting problem (PB)

/ X X

XXXX
X X

XXX

Class 1~ Class 2 > ... = Class p

Class 1

Class 2

Class p
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ELECTRE TRI

m Input data: finite set of actions A={a, b, ¢, ..., h}
consistent family of criteria G={g,, g5, ---, 9,}
preference-ordered decision classes Cl,, t=1,...,p

Decision classes are caracterized by limit profiles b,, t=0,1,...,p

cl, cl, cl,, Cl,

bo bl b2 °° bp_z bp-l bp

~ < < > gl
~ N
\ \/ \ R /
~ N \ > gz
== - - 05
\\\ \a \ coe d// / )
~o e
~ o Pl gn

m The preference model, i.e. outranking relation S is constructed for
each couple (a, b,), for every acA and t=0,1,...,p

v
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ELECTRE TRI

m Preferential information (i=1,...,k)
intracriteria: - indifference thresholds g/ for each class limit, t=0,1,...,p

— preference thresholds p! for each class limit, t=0,1,...,p

intercriteria: — importance coefficients (weights) of criteria k;

— veto thresholds for each class limit v}, t=0,1,...,p
s 0<g/<ptv}! are constant for each class limit b,, t=0,1,...,p

m Concordance and discordance tests of ELECTRE TRI validate or

invalidate the assertions aSb, and b.,Sa

26



ELECTRE TRI - concordance test

m Checks how strong is the coalition of criteria concordant with
the hypothesis aSb, (for each couple (a,b,), vaeA and t=0,1,...,p)

m Concordance coefficient C(a,b,) for each criterion g;:

+Ci(a,by)
1 preference
: : ............... >
: : gain-type
i : ' >
gi(b,)-pf g/(b%)-q} 9i(by) g(b)+q} g(b,)+p} gi(a)
“C,-(a,bt)
1 preference
1 1 oreccccccccccce
| : cost-type
0 : : : X
g(b)-pt  g(b"-q} g,(b) g(by)+qt  g(b,)+pt gi(a)
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ELECTRE TRI - concordance test

m Aggregation of concordance coefficients for a,beA:

= C(a,b,) e [0, 1]
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ELECTRE TRI - discordance test

m Checks how strong is the coalition of criteria discordant with

the hypothesis aSb, (for each couple (a,b,), VacA and

m Discordance coefficient D/(a,b,) for each criterion g;:

1Di(a,b,) Ci(a,b,)

t=0lll"'lp)

preference

gain-type

0
gi(b)-vi gi(b.)-pt g(bt)-q} gi(by) g(b)+qt g(b)+p} gi(a)
- Di(a,b;)
1 | ' ' : preference
Py
ol L ; | :
gi(b)-pt  g(bh)-q} g,(b) g(b)+qt g(b)+p} g{b)+vi gi(a)
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ELECTRE TRI - credibility of the outranking relation

m Conclusion from concordance and discordance tests — credibility of
the outranking relation:

- 1- D; (a/ bt)
o(a, b;) = C(a, b; )11;[__ 1-C(a, by)

where F = {i : D,-(a, bt) > C(a, bt)}

= o(a,b,)el0, 1]

c(a,b,)>\
not yes
c(b,,a)>\ c(b,,a)>\
not yes
a’? bt bti —\/D> ta aj —\/D> tb‘ a ~ b‘

m What is the assignment of actions to decision classes ?
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ELECTRE TRI - exploitation of S and final recommendation

m Assignment of actions to decision classes based on two ways of
comparison of actions a<A to limit profiles b,, t=0,1,...,p

= Pessimistic: compare action a successively to each profile b,,
t=p-1,...,1,0; if b, is the first profile such that aSb,, then a—C/,,

T
comparison of action a to profiles b

cl, o c,.,
b, bL b, bp_z bp 1 bp . &
N~/ N o
- A
N\ [

= Pessimistic, because for zero thresholds, a—Cl,., & g/(a)>g.b,) Vi,
e.g. a—»Cl




ELECTRE TRI - exploitation of S and final recommendation

m Assignment of actions to decision classes based on two ways of
comparison of actions a<A to limit profiles b,, t=0,1,...,p

= Optimistic: compare action a successively to each profile b,,
t=1,...,p; if b, is the first profile such that b,{>> v >}a, then a—Cl,

comparison of action a to profiles b,

[ —
[—

bo bl b2 °°° bp_z bp—l b,D
N~/ \ / .
/ ’\a\' \ \ p)
4\’ — > g3
S G R A I
~ = » Jp

= Optimistic, because for zero thresholds, a—~Cl, < g/(b,)<g.a) Vi,

e.g. a—~Cl,
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ELECTRE TRI - example

Edit Project Edit Project

= Project Information

= Criteria
= PRICE

/ Categories

= TIME |Ennd

- COMFORT

— Profiles | Category 3

o M-G Category 2

- B-M Category 1

— Alternatives
- RER
- METRO_1
METRO_2?
BUS
TaxXl

=]

Hedium
Bad

=] =] =]

SNCF

Performances of Alternatives

FRICE TIME COMFORT

RER 3 10 1
FMETROD 1 4 20 Z
METRD 2 | 2 20 0

BlLI= b 40 0

TAx] 30 30 3

SMNCF 3 20 Z
kPRICE=3
kCOMFORT=2

= Project
= Criteria

= PRICE

= TIME

= COMFORT
= Profiles

= M-G

= B-M

= Alternatives
= RER
= METRO_1
= METRO_2
= BUS
= TAXI
= SHCF

Definition / Performances Thresholds
Indifference Threzhold
uinls) -2 CH—
Hax[gj] = 30
Hin[ﬂg-] =1 Preference Threzhold
: D

PRICE

TIME 20 ¥eto Threzhold
COMFORT| 3

P ]

[ Disable Yeto

Edit Project

= Project
= Criteria

= PRICE

= TIME

= COMFORT
= Profiles

=+ M-G

- BH

= Alternatives
= RER
= METRO_1
« METRO_2
= BUS
= TAX]
= SMCF

Definition / Performances ‘[! Thresholds
Indifference Threzhold
uinls) 2 CH—
Max (g;) = 30
Hin[ﬂgj] =1 Preference Threshold
PRICE
TIME 30 Yeto Threshold
COMFORT | 1

R

[ Disable ¥eto
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ELECTRE TRI - example

Comparison to Profile

i Assignment by Category - 8| x

Category Name Fessimistic Assighment Cptimistic Assighment
B-h ht-5
SNCF METRO_2
ER M.
ME TRO_T > <
METRO_2 - R i METRO_2 BUS
BUS R < i
Good Bus  Q1ax
;r‘-l?:lf;l: : ;:: M':,'?iium ! TaxI
M Statistics of Assignment - |:||:-
Category Mame

Fesszimistic Assignment Cptimistic Assignment

Medium
Bad

33% [2 of 6)

33% (2 of 6)
33% (2 of 6)

17 % (1 of 6)
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ELECTRE TRI - example

i Degrees of Credibility Yisualisation of Alternative

ve: R~ -
Y MG Altemative: |L5ISILEION | 1002 |
1.000 0.800 PRICE i L
RER:
0.000 0.500 S <
METRO_I . COMFORT
1.000 0.000
METRO_2 ve: | ~ -
— 0.000 0.700 Alternathie: METHDE il 1["]%_
0.500 0.000
HUS 0.583 1.000 PRILE ’ '
TAxX] 0.000 0.000 TIME :
oot | LCOMFRT
sMCE - -
0.000 1.000 Alternative:  |[ENEN———— | 100% ~
2=0.75 FRICE E——— |
IC Assignment by Alternative e T Zecis
Alternative Mame Fessimistic Assignment Cptimistic Assignment

'METRO 1 Medium Medium
METRO 2 Medium Good

BUS Bad Medium
TAX] Bad Bad
SNCF Good Good
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